This  is  a  digital  copy  of  a  book  that  was  preserved  for  generations  on  library  shelves  before  it  was  carefully  scanned  by  Google  as  part  of  a  project 
to  make  the  world's  books  discoverable  online. 

It  has  survived  long  enough  for  the  copyright  to  expire  and  the  book  to  enter  the  public  domain.  A  public  domain  book  is  one  that  was  never  subject 
to  copyright  or  whose  legal  copyright  term  has  expired.  Whether  a  book  is  in  the  public  domain  may  vary  country  to  country.  Public  domain  books 
are  our  gateways  to  the  past,  representing  a  wealth  of  history,  culture  and  knowledge  that's  often  difficult  to  discover. 

Marks,  notations  and  other  marginalia  present  in  the  original  volume  will  appear  in  this  file  -  a  reminder  of  this  book's  long  journey  from  the 
publisher  to  a  library  and  finally  to  you. 

Usage  guidelines 

Google  is  proud  to  partner  with  libraries  to  digitize  public  domain  materials  and  make  them  widely  accessible.  Public  domain  books  belong  to  the 
public  and  we  are  merely  their  custodians.  Nevertheless,  this  work  is  expensive,  so  in  order  to  keep  providing  this  resource,  we  have  taken  steps  to 
prevent  abuse  by  commercial  parties,  including  placing  technical  restrictions  on  automated  querying. 

We  also  ask  that  you: 

+  Make  non-commercial  use  of  the  files  We  designed  Google  Book  Search  for  use  by  individuals,  and  we  request  that  you  use  these  files  for 
personal,  non-commercial  purposes. 

+  Refrain  from  automated  querying  Do  not  send  automated  queries  of  any  sort  to  Google's  system:  If  you  are  conducting  research  on  machine 
translation,  optical  character  recognition  or  other  areas  where  access  to  a  large  amount  of  text  is  helpful,  please  contact  us.  We  encourage  the 
use  of  public  domain  materials  for  these  purposes  and  may  be  able  to  help. 

+  Maintain  attribution  The  Google  "watermark"  you  see  on  each  file  is  essential  for  informing  people  about  this  project  and  helping  them  find 
additional  materials  through  Google  Book  Search.  Please  do  not  remove  it. 

+  Keep  it  legal  Whatever  your  use,  remember  that  you  are  responsible  for  ensuring  that  what  you  are  doing  is  legal.  Do  not  assume  that  just 
because  we  believe  a  book  is  in  the  public  domain  for  users  in  the  United  States,  that  the  work  is  also  in  the  public  domain  for  users  in  other 
countries.  Whether  a  book  is  still  in  copyright  varies  from  country  to  country,  and  we  can't  offer  guidance  on  whether  any  specific  use  of 
any  specific  book  is  allowed.  Please  do  not  assume  that  a  book's  appearance  in  Google  Book  Search  means  it  can  be  used  in  any  manner 
anywhere  in  the  world.  Copyright  infringement  liability  can  be  quite  severe. 

About  Google  Book  Search 

Google's  mission  is  to  organize  the  world's  information  and  to  make  it  universally  accessible  and  useful.  Google  Book  Search  helps  readers 
discover  the  world's  books  while  helping  authors  and  publishers  reach  new  audiences.  You  can  search  through  the  full  text  of  this  book  on  the  web 


at|http  :  //books  .  google  .  com/ 


^dU^T  )  ^^,  0  1-^^^ 


llarbarl)  College  l^ilirars 

THE  GIFT  OF 
GINN  AND  COMPANY 


3  2044  097  012  835 


ELEMENTS   OF  ALGEBRA 


WITH  EXERCISES 


BY 

GEORGE  EGBERT  FISHER,  M.A.,  Ph.D. 

AND 

ISAAC  J.   SCHWATT,  Ph.D. 

ASSISTANT  PROFESSORS  OF  MATHEMATICS  IN  THB 
UNIVERSITY  OF  PENNSYLVANIA 


PHILADELPHIA 

FISHER    AND    SCHWATT 

1901 


'u.Jiu^T  ):l  ^.o{.  z  rr 


MARVAf^C.  r^jLLL-GE  UGr^^RY 

G'rr  OF 

6INN  A  CCf^PANY 


Copyright,  1899, 
By  FI8HEE  AND  SCHWATT. 


Norfaiooti  $m$0 

J.  S.  CushiDK  &  Co.  -  Berwick  ft 
Norwood  MaM.  U.S.A. 


PREFACE. 

The  unusual  character  of  the  recognition  which  the  Tbxt- 
BooK  OF  Algebra,  Part  I.,  has  received  encourages  the  authors 
to  believe  that  a  book  on  the  same  lines,  but  in  briefer  form, 
will  have  a  still  wider  field  of  usefulness.  This  book  retains 
the  distinctive  features  of  the  larger  volume ;  but  it  is  in  many- 
respects,  for  younger  students,  an  improvement  on  the  latter. 

The  needs  of  beginners  have  been  constantly  kept  in  mind. 
The  aim  has  been  to  make  the  transition  from  ordinary  Arith- 
metic to  Algebra  natural  and  easy.  Ko  efforts  have  been 
spared  to  present  the  subject  in  a  simple  and  clear  manner. 
Yet  nothing  has  been  slighted  or  evaded,  and  all  difficulties 
have  been  honestly  faced  and  explained.  New  terms  and 
ideas  have  been  introduced  only  when  the  development  of  the 
subject  made  them  necessary.  Special  attention  has  been  paid 
to  making  clear  the  reason  for  every  step  taken.  Each  prin- 
ciple is  first  illustrated  by  particular  examples,  thus  preparing 
the  mind  of  the  student  to  grasp  the  meaning  of  a  formal 
statement  of  the  principle  and  its  proof.  Directions  for  per- 
forming the  different  operations  are,  as  a  rule,  given  after 
these  operations  have  been  illustrated  by  particular  examples. 

The  importance  of  mental  discipline  to  every  student  of 
mathematics  has  also  been  fully  recognized.  On  this  account 
great  care  has  been  taken  to  develop  the  subject  in  a  logical 
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manner.    Eigorous,  but,  as  a  rule,  simple,  proofs  of  all  princi- 
ples have  been  given. 

If  mathematics  is  to  develop  the  reasoning  power  of  the 
student  and  to  teach  him  to  think  logically,  it  is  better  to  omit 
a  proof  altogether  than  to  give  as  a  proof  logically  incorrect 
statements,  thus  training  the  mind  of  the  student  in  illogical 
thinking. 

Concrete  illustrations,  such  as  receiving  and  paying  out 
money,  going  north  and  going  south,  have  their  proper  places, 
but  cannot  be  said  to  constitute  proofs.  If  Algebra,  like 
Arithmetic,  treats  of  number,  then  the  laws  governing  the 
operations  with  numbers  should  be  derived  from  the  properties 
of  and  the  relations  between  them. 

The  subject-matter  in  the  book  has  been  printed  in  two 
sizes  of  type.  The  matter  in  smaller  type  consists  of  the 
formal  proofs  of  principles  and  of  the  more  difficult  portions 
of  each  topic  treated.  The  matter  given  in  the  larger  type  is 
logically  complete  (except  for  the  proofs  of  principles),  and 
can  be  taken  up  as  a  first  course  in  the  subject. 

To  economize  space  the  exercises  have  been  put  in  smaller 
type,  and  not  the  explanations  and  solutions  of  illustrative 
examples  in  the  text.  It  is  regarded  as  more  important  that 
the  student  should  have  these,  which  he  is  to  study,  most 
clearly  represented  rather  than  the  examples  which  he  is  to 
copy  and  then  work  from  his  paper. 

The  attention  of  teachers  is  especially  invited  to  the  follow- 
ing features  of  the  book : 

The  introductory  chapter  and  the  development  in  Chapter  II. 
of  the  fundamental  operations  with  algebraic  numbers. 

The  use  of  type-forms  in  multiplication  and  division  (Chap- 
ter VI.)  and  in  factoring  (Chapter  VIII.). 
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The  application  of  factoring  to  the  solution  of  equations 
(Chapters  VIII.  and  XXI.).  By  the  early  introduction  of 
this  method  it  has  been  possible  to  give  problems  which  lead 
to  quadratic  equations  before  the  formal  treatment  of  that 
topic. 

The  solutions  of  equations  based  upon  equivalent  equations 
and  equivalent  systems  of  equations  (ChaptjBr  IV.,  etc.).  This 
method  is  of  extreme  importance,  even  to  the  beginner.  The 
ordinary  way  of  treating  equations  is  illogical,  leads  to  serious 
errors,  and  is  therefore  also  pedagogically  wrong. 

Thus,  no  one  will  dispute  that  if  both  sides  of  an  equation 
be  multiplied  by  the  same  algebraical  number  an  equation  is 
obtained ;  but  whether  it  is  legitimate  to  assume  that  the  solu- 
tions of  this  equation  are  the  solutions  of  the  given  equation 
is  quite  another  matter. 

The  treatment  of  irrational  equations  (Chapter  XXIII.). 

The  special  suggestions  given  in  the  first  chapter  on  prob- 
lems (Chapter  V.),  and  applied  subsequently  to  assist  the 
student  in  acquiring  facility  in  translating  the  verbal  language 
of  the  problem  into  the  symbolic  language  of  the  equation. 

The  discussion  of  general  problems  (Chapter  XI.)  and  the 
interpretation  of  positive,  negative,  zero,  indeterminate,  and 
infinite  solutions  of  problems  (Chapter  XII.). 

The  outline  of  irrational  numbers  (Chapter  XVIII.). 

The  brief  introduction  to  imaginary  and  complex  numbers 
(Chapter  XX.). 

The  exercises  are  voluminous.  The  aim  has  been  not  only 
to  give  examples  for  sufficient  drill  in  the  applications  of  the 
principles,  but  to  include  also  many  which  tend  to  develop  the 
thinking  power  of  the  student,  rather  than  to  develop  him  in 
a  treadmill  way. 
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Errors  iu  the  text  and  in  the  exercises  may  have  been  over- 
looked. Any  suggestions  from  teachers  and  students  with 
respect  either  to  errors  in  the  text  and  exercises  or  to  the 
mode  of  presenting  the  subject  will  be  highly  appreciated. 

The  authors  take  pleasure  in  acknowledging  their  indebted- 
ness to  their  colleagues  in  secondary  schools  and  college's  for 
many  helpful  suggestions  and  criticisms  which  have  been  of 
much  assistance  to  them  in  preparing  this  book. 

The  book  is  published  in  two  forms : 

(1)  School  Algebra.     (2)  Elements  of  Algebra. 

The  Elements  contains  the  matter  in  the  School  Algebra 
and  additional  brief  chapters  on  the  more  advanced  subjects 
required  for  admission  to  universities  and  scientific  schools. 


University  of  Pennsylvania, 
Philadelphia,  April,  1899. 


G.  E.  F. 

I.  J.  S. 


PREFACE  TO  SECOND  EDITION. 

In  this  edition  a  number  of  typographical  errors  have  been 

corrected.     We  cordially  thank  those  who  have  called  any  of 

them  to  our  attention. 

G.  E.  F. 

I.  J.  S. 
University  of  Pennsylvania, 
Philadelphdl,  August,  1899. 
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CHAPTER  I. 

INTRODUCTION. 

Algebra,  like  Arithmetic,  treats  of  number.  But  the  mean- 
ing of  number,  and  the  mode  of  representing  it,  are  extended 
in  passing  from  ordinary  Arithmetic  to  Algebra. 

§1.    GENERAL  NUMBER. 

1.  In  ordinary  Arithmetic  all  numbers  have  particular  values 
and  are  represented  by  definite  symbols,  the  Arabic  numerals, 
1,  2,  3,  etc.  The  symbol  7,  for  instance,  stands  for  a  group  of 
seven  units. 

In  Algebra,  however,  such  symbols  as  a,  6,  a?,  y,  are  used  to 
represent  numbers  which  may  have  any  values  whatever,  or 
numbers  whose  values  are,  as  yet,  unknown. 

Just  as  we  speak  of  10  miles,  of  96  dollars,  etc.,  in  Arith- 
metic ;  so  in  Algebra  we  speak  of  a  miles,  meaning  any  nuwr 
her  of  miles  or  an  unknown  number  of  miles;  of  x  dollars, 
meaning  any  number  or  an  unknown  number  of  dollars,  etc. 

For  the  sake  of  brevity,  we  shall  say  the  number  a,  or  simply 
a,  meaning  thereby  the  number  denoted  by  the  symbol  a. 

2.  The  symbols  of  Arithmetic,  1,  2,  3,  etc.,  are  retained  in 
Algebra  with  their  exact  arithmetical  meanings.  The  numbers 
represented  by  letters  are,  for  the  sake  of  distinction,  called 
Literal  or  General  Numbers.  Other  symbols  than  letters  might 
be  used  to  represent  general  numbers,  but  letters  are  more  con- 
venient to  write  and  to  pronounce. 

3.  The  operations  of  Addition,  Subtraction,  Multiplication, 
and  Division  are  denoted  by  the  same  symbols  in  Algebra  as  in 
Arithmetic. 
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4.  The  Symbol  of  Addition,  -f-,  read  plus,  is  plaxjed  between 
two  numbers  to  indicate  that  the  number  on  its  right  is  to  be 
added  to  the  number  on  its  left. 

E\g.,  just  as  5  -|-  3,  read  Jive  plus  three,  means  that  3  is  to 
be  added  to  5 ;  so  a  +  6^  read  a  plus  b,  means  that  &  is  to  be 
added  to  a. 

5.  The  Symbol  of  Subtraction,  — ,  read  minus,  is  placed  be- 
tween two  numbers  to  indicate  that  the  number  on  its  right  is 
to  be  subtracted  from  the  number  on  its  left. 

E.g.y  just  as  5  —  3,  read  Jive  minus  three,  means  that  3  is  to 
be  subtracted  from  6 ;  so  a  —  6,  read  a  minus  b,  means  that  b  is 
to  be  subtracted  from  a. 

In  a  chain  of  additions  and  subtractions  the  operations  are 
to  be  performed  successively  from  left  to  right. 

E.g.,       7  +  4-3  +  2  =  11 -3  +  2  =  8+2  =  10. 

6.  The  Symbol  of  Multiplication,  x,  read  multiplied  by,  or 
times,  means  that  the  number  on  its  left  is  to  be  multiplied  by 
the  number  on  its  right. 

E,g,,  just  as  5x3,  read  Jive  multiplied  by  three,  or  three 
times  Jive,  means  that  5  is  to  be  multiplied  by  3 ;  so  a  x  5, 
read  a  multiplied  by  b,  or  b  times  a,  means  that  a  is  to  be  multi- 
plied by  6. 

A  dot  (•)  is  frequently  used,  instead  of  the  symbol  x,  to 
denote  multiplication ;  as  a  •  6  for  a  x  6. 

The  symbol  of  multiplication  between  two  literal  numbers, 
or  one  literal  number  and  an  Arabic  numeral,  is  frequently 
omitted. 

E.g,,  the  product  x  x  y  X  z,  or  x-y  *z,  is  usually  written, 
xyz.    The  product  a  x  6,  or  a  •  6,  is  written,  a  6. 

It  will  be  proved  later  that  a  x  &  =  6  X  a,  or  a6  =  6a.  On 
this  account  the  product  a  6  is  usually  written  6  a,  the  Arabic 
numeral  being  placed  first. 

But  the  symbol  of  multiplication  between  two  numerals 
cannot  be  omitted  without  changing  the  meaning. 

E.g.,  if  in  the  indicated  multiplication,  3  x  6,  or  3  •  6,  the 
symbol,  x ,  or  •,  were  omitted,  we  should  have  36,  not  18. 
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7-  The  Symbol  of  Division,  -=-,  read  divided  by,  is  placed 
between  two  numbers  to  indicate  that  the  number  on  its  left 
is  to  be  divided  by  the  number  on  its  right. 

E.g.,  just  as  10  -^  5,  read  ten  divided  by  five,  means  that  10  is 
to  be  divided  by  5 ;  so  a  -s-  6,  read  a  divided  by  b,  means  that  a 
is  to  be  divided  by  b. 

In  a  chain  of  multiplications  and  divisions  the  operations 
are  to  be  performed  successively  from  left  to  right. 

E.g.,      12  x2-^3x4  =  24 -3x4  =  8x4  =  32. 

8.  The  use  of  letters  to  represent  general  numbers  may  be 
illustrated  by  a  few  simple  examples. 

Ex.  1.  If  a  boy  has  3  books  and  is  given  2  more,  he  has 
3  +  2  books.  If  he  has  a  books  and  is  given  5  more,  he 
has  a-\-  5  books.  If  he  has  vi  books  and  is  given  7i  more, 
he  has  ?/i-f  n  books. 

Ex.  2.  If  a  boy  has  5  oranges  and  gives  away  2,  he  has  left 
5  —  2  oranges.  If  he  has  p  oranges  and  gives  away  7,  he  has 
left  p  —  7  oranges.  If  he  has  u  oranges  and  gives  away  v,  he 
has  left  u  —  v  oranges. 

Ex.  3.  If  a  man  buys  5  city  lots  at  120  dollars  each,  he  pays 
120  X  5  dollars  for  the  lots.  If  he  buys  a  lots  at  150  dollars 
each,  he  pays  150  a  dollars  for  the  lots.  If  he  buys  u  lots  at 
V  dollars  each,  he  pays  vu  dollars  for  the  lots. 

Ex.  4.  If  a  train  runs  60  miles  in  2  hours,  it  runs  60  -*-  2 
miles  in  1  hour.  If  it  runs  a  miles  in  6  hours,  it  runs  a  -f-  5 
miles  in  1  hour.  If  it  runs  p  miles  in  q  hours,  it  runs 
p-i-q  miles  in  1  hour. 

Ex.  5.  If  a  pupil  buys  2  note  books  at  10  cents  each  and  3 
note  books  at  12  cents  each,  he  pays  10  x  2  -f  12  x  3  cents  for 
all.  If  he  buys  a  note  books  at  m  cents  each  and  b  note 
books  at  n  cents  each,  he  pays  ma  -f  nb  cents  for  all. 

Ex.  6.  If,  in  a  number  of  two  digits,  the  digit  in  the  nnits^ 
place  is  3  and  the  digit  in  the  tens^  place  is  5,  tlie  number  is 
10  x  5  -f  3.  If  the  digit  in  the  units'  place  is  a  and  tlie 
digit  in  the  tens'  place  is  b,  the  number  is  10  6  +  a. 
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Ex.  7.  Just  as  2  =  1  +  1,  and  3  =  1  -f  1  -f  1, 
so  2 a  =  a -f  a,  and  Sa^a-^-a-^a. 

Therefore,  just  as  3  +  2  =  5,  so  3a  +  2a  =  6a. 
In  like  manner,  ^x-\-^x  =  ^x. 

9.  Observe  that  in  the  preceding  examples  the  reasoning  is 
the  same  whether  the  numbers  are  represented  by  letters  or  by 
Arabic  numerals.  The  results  of  these  operations  are  numbers 
in  all  cases,  whether  letters  or  numerals,  or  both,  are  involved. 

Thus,  the  result  of  adding  6  to  a,  a  +  6,  is  a  number,  just 
as  5  +  3,  or  8,  is  a  number.  Likewise,  a-^b^c,  db  —  cd, 
3a  —  5  6,  a-s-6  +  a-f-d,  etc.,  are  numbers,  expressed  by  means 
of  the  signs  and  symbols  of  Algebra. 

EXERCISES  I. 

1.  What  number  exceeds  7  by  3  ?  What  number  exceeds  6  by  o  ? 
What  number  exceeds  «  by  4  ?    What  number  exceeds  w  by  »  ? 

2.  The  width  of  a  room  is  a  feet,  and  the  length  is  b  feet  more  than 
the  width.     What  is  the  length  of  the  room  ? 

8.  A  man  is  now  n  years  old.  How  old  will  he  be  in  20  years? 
How  old  in  m  years  ? 

4.  What  number  is  less  than  15  by  8  ?  Less  than  a  by  9  ?  Less  than 
11  by  6  ?    Less  than  w  by  w  ? 

5.  A  number  N  is  divided  into  two  unequal  parts,  the*  greater  of 
which  is  6  ;  what  is  the  less  ?    If  the  less  is  a,  what  is  the  greater  ? 

6.  What  number  added  to  16  gives  26  ?  What  number  added  to  m 
gives  n  ? 

7.  What  number  subtracted  from  8  gives  5?  What  number  sub- 
tracted from  p  gives  q  ? 

8.  A  man  is  n  years  old ;  how  old  was  he  6  years  ago  ?  How  old 
was  he  m  years  ago  ?  How  long  must  he  live  to  be  90  years  old  ?  How 
long  to  be  p  years  old  ? 

9.  What  are  the  two  even  numbers  nearest  to  6,  one  greater  and  the 
other  less  than  6  ? 

10.  If  m  is  an  even  number,  what  are  the  two  nearest  even  numbers, 
one  greater  and  the  other  less  than  m  ?  The  two  nearest  odd  numbers, 
one  greater  and  the  other  less  than  m  ? 

11.  If  1  pound  of  tea  cost  76  cents,  how  much  do  3  pounds  cost  ?  If 
1  pound  cost  76  cents,  how  much  do  n  pounds  cost  ?  If  1  pound  cost  a 
cents,  bow  much  do  b  pounds  cost  ? 
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18.  If  3  men  can  do  a  piece  of  work  in  8  hours,  in  how  many  hours 
can  1  man  do  the  worlc  ?  If  a  men  can  do  a  piece  of  work  in  9  liours,  in 
liow  many  hours  can  I  man  do  the  work  ?  If  6  men  can  do  a  piece  of 
'work  in  h  hours,  in  how  many  hours  can  1  man  do  the  work  ? 

18.  10  X  2,  10  X  3,  etc.,  are  particular  multiples  of  10;  express  any 
multiple  of  10. 

14.   Write  a  number  containing  6  units,  6  tens,  3  hundreds.     , 

16.   Write  a  number  containing  a  units,  b  tens,  c  hundreds. 

16.  The  speed  of  sound  is  1100  feet  per  second.  What  is  the  distance 
of  a  cloud,  if  the  thunder  is  hea^d  3  seconds  after  the  flash  of  lightning  ? 
What  is  the  distance  of  a  cloud,  if  the  thunder  is  heard '  h  seconds  after 
the  flash  ? 

17.  If  A  rides  a  wheel  4  hours  at  the  rate  of  10  miles  an  hour,  and  B 
rides  3  horn's  at  the  rate  of  14  miles  an  hour,  how  many  miles  do  they 
both  ride  ?    How  many  more  miles  does  B  ride  than  A  ? 

18.  If  A  rides  a  wheel  h  hours  at  the  rate  of  r  miles  an  hour,  and  B 
rides  k  hours  at  the  rate  of  8  miles  an  hour,  how  many  miles  do  they 
both  ride  ?    How  many  more  miles  does  B  ride  than  A  ? 

19.  By  what  number  must  20  be  multiplied  to  give  40?  By  what 
number  must  20  be  multiplied  to  give  a  ?  By  what  number  must  a  be 
multiplied  to  give  20  ?    By  what  number  must  n  be  multiplied  to  give  h  ? 

80.  How  many  revolutions  does  a  wheel  21  feet  in  circumference  make 
in  passing  a  distance  of  35  yards  ?  How  many  revolutions  does  a  wheel 
c  feet  in  circumference  make  in  passing  a  distance  of  d  yards  ? 

81.  A  house  costs  a  dollars,  and  rents  for  h  dollars  a  month.  What 
per  cent  does  the  investment  pay  ? 

88.  If  22  yards  of  cloth  cost  ^33,  and  7  yards  are  sold  for  ^14,  what 
is  the  gain  on  each  yard  sold  ? 

88.  If  d  yards  of  cloth  cost  c  dollars,  and  h  yards  are  sold  for  a  dollars, 
what  is  the  gain  on  each  yard  sold  ? 

10.  Parentheses,  (),  and  Brackets,  [],  are  used  to  indicate 
that  whatever  is  placed  within  them  is  to  be  treated  as  a  whole. 
E.g.y  10  —  (2  -f  5)  means  that  the  result  of  adding  6  to  2,  or 
7,  is  to  be  subtracted  from  10 ;  that  is, 

10- (2 +  6)  =  10 -7  =  3. 
But  10  —  2  -f  6  means  that  2  is  to  be  subtracted  from  10  and 
5  is  then  to  be  added  to  that  result ;  that  is, 
10  -  2  +  5  =  8  +  5  =  13. 
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In  like  manner,  [27  —  (3  -|-  2)  x  5]  -r-  2  means  that  the  result 
of  multiplying  the  sum  3  -f  2  by  5  is  first  to  be  subtracted 
from  27,  and  the  remainder  is  then  to  be  divided  by  2 ;  that  is, 
[27  -  (3  +  2)  X  5]  H-  2  =  [27  -  25]  +  2  =  2  -^  2  =  1. 

Likewise,  the  result  of  multiplying  a  +  6  by  c  is  (a  +  h)c,  etc. 

EXERCISES  II. 
Find  the  values  of  the  following  Indicated  operations : 

I.  18 +(7 -3).  2.    12 -(8 -4). 

8.  (25-ll)-(18-7).  4.    (6  +  7)2. 

5.    12 +(4 -3)2.  6.    (7  +  8)^5. 

7.    (i2-6)-f-2.  8.    26-(16-7)h-2. 

9.  17-[(3  +  6)-(2  4-4)].  10.    [7 +(11  -  2)-(8  -  6)]  x  2. 

II.  What  is  the  result  of  subtracting  from  x  a  number  6  greater  than  h  ? 
12.   One-third  of  a  man's  property  is  a  +  100  dollars.     What  is  his 

entire  property  ? 

18.  The  length  of  a  rectangular  field  is  a  rods,  and  its  width  is  b  rods 
less.    What  is  the  area  of  the  field  ? 

14.  The  older  of  two  brothers  is  20  years  old ;  if  he  were  5  years 
younger,  he  would  be  three  times  as  old  as  his  younger  brother.  How 
old  is  his  younger  brother  ? 

15.  The  older  of  two  brothers  is  n  years  old ;  if  he  were  a  years 
younger,  he  would  be  h  times  as  old  as  his  younger  brother.  How  old  is 
the  younger  brother  ? 

11.  An  Algebraic  Expression  is  a  number  expressed  by  means 
of  the  signs  and  symbols  of  Algebra ;  as  a6  —  cd,  etc. 

12.  The  Symbol  of  Equality,  =,  read  is  equal  to,  has  the 
value,  etc.,  is  placed  between  two  numbers  or  expressions  to 
indicate  that  they  have  the  same  or  equal  values ;  as  3  -f  2  =  5. 

An  Equation  is  a  statement  that  two  numbers  or  expressions 
are  equal ;  as  7  x  9  =  63,  4  x  7  -f  3  =  31. 

The  first,  or  left-hand  member,  or  side,  of  an  equation  is  the 
expression  on  the  left  of  the  symbol  =  ;  the  second,  or  right- 
hand  member,  or  side,  is  the  expression  on  the  right  of  the 
symbol  =. 

13.  The  Symbol  of  Inequality,  >,  read  is  greater  than,  is 
used  to  indicate  that  the  number  or  expression  on  its  left  is 
greater  than  that  on  its  right ;  as  7  >  5. 
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The  Symbol  of  Inequality,  <,  read  is  less  than,  is  used  to 
indicate  that  the  number  or  expression  on  its  left  is  less  than 
that  on  its  right ;  as  3  <  4  +  2. 

AzJoms. 

14.  An  Axiom  is  a  truth  so  simple  that  it  cannot  be  made 
to  depend  upon  a  truth  still  simpler. 

Algebra  makes  frequent  use  of  the  following  mathematical 
axioms : 

(i.)  Every  number  is  equal  to  itself.     E.g.,  7  =  7,  a  =  a. 
(ii.)  The  whole  is  equal  to  the  sum  of  all  its  parts. 
E.g,,  7  =  3  +  4,   5  =  1  +  1  +  1+1  +  1. 

(iii.)  If  two  numbers  be  equal,  either  can  replace  the  other  in 
any  algebraic  expression  in  which  it  occurs. 

E.g.,  If  a  +  6  =  c,  and  6  =  d,  then  a-\-d^c,  replacing  b  by  d. 
(iv.)  Two  numbers  which  are  each  equal  to  a  third  number  are 
equal  to  ea/^h  other. 

E.g.,  If  a  =  6,  and  c  =  b,  then  a^c. 
(v.)  Tlie  whole  is  greater  than  any  of  its  parts  ;  and,  con- 
versely, any  part  is  less  than  the  whole. 
E.g.,  3  +  2  >  2  and  2  <  3  +  2. 

Fundamental  Principles. 

15.  The  following  principles  can  be  inferred  directly  from 
the  axioms : 

(i.)  If  the  same  number,  or  equal  numbers,  be  added  to  equal 
numbers,  the  sums  will  be  equal. 

(ii.)  If  the  same  number,  or  equal  numbers,  be  subtracted  from 
equal  numbers,  the  remainders  icill  be  equal. 

(iii.)  If  equal  numbers  be  multiplied  by  the  same  number,  or 
by  equal  numbers,  the  products  will  be  equal. 

(iv.)  If  equal  numbers  be  divided  by  the  same  number  {except  0), 
or  by  equM  numbers,  the  quotients  will  be  equal. 
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16.  Literal  numbers,  as  has  been  stated,  are  used  to  repre- 
sent numbers  which  may  have  any  values  lohatever,  or  numbers 
whose  values  are,  as  yet,  unknoutm.  But  it  is  frequently  neces- 
sary to  assign  particular  values  to  such  numbers. 

Substitution  is  the  process  of  replacing  a  literal  number  in 
an  algebraic  expression  by  a  particular  value.    See  axiom  (iii.). 

Ex.  1.   If  in  a  -f  6,  a  =  3  (read  a  has  the  value  3)  and  b  =  5, 

then 

a  +  6  =  3  +  6  =  8,  or  a  +  6  =  8. 

Notice  that  the  last  step  involved  an  application  of  axiom  (iv.). 
For  we  have  a  -\-  b  =  3  -\-  5,  and  3  -j-  6  =  8 ;  therefore,  by 
axiom  (iv.),  a  +  6  =  8. 

Ex.  2.  If  in  a  —  (6  -f  c),  a  =  11,  6  =  2,  and  c  =  3,  we  have 
a  -  (6  +  c)  =  11  -  (2  +  3)  =  11  -  5  =  6. 

Ex.  3.  If,  in  a-\-b-2a  +  Sb  —  c,  we  let  a  — 6,  b  =  llj, 
c  =  ^,  we  have 

a-|-6_2a  +  36-c  =  6  +  lli-2x6-f3xlH-| 
=  6  +  ^/-12-fi^-f  =  38i. 
Observe  that  in  the  work  of  the  last  example,  the  expres- 
sion a  +  6  —  2a  +  36  —  cistobe  understood  on  the  left  of  the 
symbol,  =,  in  the  second  line. 

Ex.  4.  If,  in  the  last  example,  a  =  3,  6  =  1,  and  c  =  1,  we 
h  av  e  a -h  6  -  2  a  +  3  6  -  c  =  3  +  1  -  6 -f  3  - 1  =  4  -  6 -f  3  - 1 . 

We  cannot  further  reduce  4—6+3—1,  since  we  are  unable, 
OS  yet,  to  subtract  6  from  4. 

EXERCISES    III. 

What  are  the  values  of  the  following  expressions  when  a  =  6,  6=4, 
c  =  2: 

1.   a  +  6.  2.  a  -  6.  3.  ab.  4.   a-^b. 

6.    a  —  6  -f-  c.  S.   a  —  h  —  c.  7.    abc.  8.   a  -h  6  x  c. 

9.  a+(6-c).  10.  a-(b-\-c).  11.  {a  ~  b)c.  12.  c^(a-b). 
18.  [a -\- {b  -  c)]a.  14.  [a -(6  -  c;]-h  6.  16.  (a-6)(c-l). 
16.    (12-a)^(7-6).         17.    [16 -(7  -  a)]  x  [(26  -  6)-(16  -  c)]. 
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17.  Some  of  the  advantages  of  using  literal  numbers  are 
shown  by  the  following  example  : 
Ex.  The  two  equations 


7  '  7         7         7  11  '  11        11        11 

are  particular  examples  of  the  following  arithmetical  principle : 
The  sum  of  two  fractions  which  have  a  common  denominator 
is  a  fraction  whose  denominator  is  that  common  denominator,  and 
whose  numerator  is  the  sum  of  the  two  given  numerators  ;  or, 
1st  num.       2d  num,  _  1st  num.  -f  2d  num, 
com,  den,      com,  den,  com.  den. 

This  principle  can  be  stated  still  more  concisely  if  the  terms 
of  the  fractions,  which  may  be  any  numbers  whatever,  are  rep- 
resented by  three  symbols,  say  a,  b,  c.    We  then  have 
a     b_a-j-b 
CO  c 

This  equation  states  by  means  of  signs  and  symbols  all  that 
is  contained  in  the  verbal  statement  of  the  principle.  It  is 
thus  a  symbolic  statement  of  a  general  principle,  and  includes 
all  particular  cases  that  result  from  assigning  particular  values 
to  a,  b,  c, 

18.  Notice  the  following  advantages  thus  secured  by  intro- 
ducing general  numbers : 

(i.)  General  laws  and  relations  can  be  expressed  with  great 
brevity,  and  yet  include  all  that  the  most  general  verbal  state- 
ments can  express, 

(ii.)  Such  symbolic  statements  mass  under  the  eye  the  various 
operations  involved,  and  thus  enable  the  eye  to  assist  the  under- 
standing and  memory. 

EXERCISES    IV. 

Express  in  algebraic  language  (i.e.,  by  means  of  the  signs  and  symbols 
of  Algebra)  the  following  principles  of  Arithmetic  : 

1.  If  a,  h,  and  c  are  any  three  numbers,  their  sum  diminished  by  any 
one  of  them  is  equal  to  the  sum  of  the  other  two. 
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If  0  is  the  result  of  subtracting  y  from  x,  express  in  algebraic  language 
the  following  principles  of  subtraction : 

2.   The  minuend  is  equal  to  the  subtrahend  plus  the  remainder. 

8.   The  subtrahend  is  equal  to  the  minuend  diminished  by  the  remainder. 

If  0  is  the  result  of  multiplying  x  by  y,  express  in  algebraic  language 
the  following  principles  of  multiplication : 

4.  The  multiplicand  is  equal  to  the  product  divided  by  the  multiplier. 

5.  The  multiplier  is  equal  to  the  product  divided  by  the  multiplicapd. 

If  a  is  exactly  divisible  by  &,  and  q  is  the  quotient,  express  in  algebraic 
language  the  following  principles  of  division  : 

6.  The  dividend  is  equal  to  the  divisor  multiplied  by  the  quotient. 

7.  The  divisor  is  equal  to  the  dividend  divided  by  the  quotient. 

If  -  is  any  fraction,  and  m  is  any  integer,  express  in  algebraic  language 
b 
the  following  principles  of  fractions : 

8.  If  the  numerator  of  a  fraction  is  multiplied  by  any  integer,  the 
value  of  the  fraction  is  multiplied  by  that  integer. 

9.  If  the  denominator  of  a  fraction  is  multiplied  by  any  integer,  the 
value  of  the  fraction  is  divided  by  that  integer. 

ProblemB  solved  by  Equations. 

19.  Another  advantage  of  using  literal  numbers  is  shown  by 
the  following  problem : 

Pr.  The  older  of  two  brothers  has  twice  as  many  marbles 
as  the  younger,  and  together  they  have  33  marbles.  How 
many  has  the  younger  ? 

The  number  of  marbles  the  younger  brother  has  is,  as  yet, 
an  unknown  number.  Let  us  represent  this  unknown  number 
by  some  letter,  say  a?.  Then,  since  the  older  brother  has  twice 
as  many,  he  has  xx2,  or  2x,  marbles.  The  problem  states, 
in  verbal  language :  the  number  of  marbles  the  younger  has  plus 

the  number  the  older  has  is  equal  to  S3; 
in  algebraic  language :  « -f  2  «  =  33,  or  3  a;  =  33. 

Dividing  by  3  [Art.  15  (iv.)],  x  =  11,  the  number  of  marbles 
the  younger  has.     The  older  has  2x,  =  22. 

Check:  oj  +  2«;  =  11  +  22  =  33. 
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BXBROISBS  V. 

1.  What  number  added  to  three  times  itself  gives  28  ? 

2.  Divide  69  into  two  parts  so  that  the  greater  shall  be  twice  the  less. 

3.  K  twice  a  number  be  added  to  three  times  the  number,  the  sum 
will  be  63.     What  is  the  number  ? 

4.  If  three  times  a  number  be  subtracted  from  five  times  the  number, 
the  remainder  will  be  6.     What  is  the  number  ? 

6.   Divide  160  into  two  parts  so  that  the  less  is  one-fifth  of  the  greater. 

6.  A  and  B  together  have  ^180,  and  A  has  five  times  as  much  as  B. 
How  many  dollars  has  each  ? 

7.  In  a  school  are  120  pupils ;  in  the  second  grade  are  twice  as  many 
as  in  the  first,  and  in  the  third  three  times  as  many  as  in  the  first.  How 
many  pupils  are  in  each  grade  ? 

8.  A,  B,  and  C  together  invest  $8000  ;  A  invests  twice  as  much  as  B, 
and  B  five  times  as  much  as  C.     How  many  dollars  does  each  invest  ? 

9.  Divide  30  into  three  parts,  so  that  the  second  shall  be  one-half  of 
the  first,  and  the  third  one-third  of  the  second. 

10.  Divide  62  into  three  parts,  so  that  the  second  shall  be  one-half  of 
the  first,  and  the  third  one-fourth  of  the  second. 

11.  Divide  85  into  three  parts,  so  that  the  first  shall  be  four  times  the 
second,  and  one-third  of  the  third. 

12.  If  one-fourth  of  a  number  be  subtracted  from  one-third  of  the 
number,  the  remainder  will  be  6.    What  is  the  number  ? 

13.  Three  boys.  A,  B,  and  C,  have  together  27  pencils.  B  has  twice 
as  many  as  A,  and  C  twice  as  many  as  A  and  B  together.  How  many 
pencils  has  each  ? 

14.  Three  boys.  A,  B,  and  C,  have  together  32  pens ;  B  has  one-third 
as  many  as  A,  and  C  three  times  as  many  as  A  and  B  together.  How 
many  has  each  ? 

16.  Three  boys.  A,  B,  and  C,  have  together  16  note  books  ;  A  has  five 
times  as  many  as  B,  and  the  number  that  A  has  more  than  B  is  twice 
the  number  that  C  has.     How  many  note  books  has  each  ? 

20.  General  numbers  are  most  frequently  represented  by 
the  italicized  letters  of  the  English  alphabet.  But  letters  of 
other  alphabets  are  sometimes  employed,  and  there  is  often  an 
advantage  in  using  the  same  letter  with  some  distinguishing 
marks  to  represent  different  numbers  in  the  same  discussion. 
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We  add  a  list  of  the  more  common  symbols. 

Oreek  letters:  a,  /3,  y,  8,  etc.,  read  alpha,  beta,  gamma,  delta, 
etc.; 

with  prime  marks:  a',  a",  a"',  a^*^,  read  a  prime,  a  two  prime, 
a  three  prime,  a  n  prime; 

with  suhsmpts :  a„  a^  a^,  etc.,  read  a  svh-one,  a  sub-two,  a  sub- 
three,  etc.,  or  simply  a  one,  a  two,  a  three,  etc. 

§2.    POSITIVE    AND    NEGATIVE    NUMBERS,   OR    ALGEBRAIC 

NUMBERS. 

1.  A  still  greater  extension  of  the  idea  of  number  in  passing 
from  Arithmetic  to  Algebra  is  arrived  at  by  the  following  con- 
siderations : 

In  ordinary  Arithmetic  we  subtract  a  number  from  a  greater 
or  an  equal  number.     We  are  familiar  with  such  operations  as 

7-5  =  2,    6-5  =  1,    5-5  =  0.  (i.) 

But  such  operations  as 

4-5,    3-5,  etc.,  (ii.) 

have  not  occurred  in  ordinary  Arithmetic  and  cannot  be  car- 
ried out  in  terms  of  arithmetical  numbers.  For,  from  an 
arithmetical  point  of  view,  we  cannot  subtract  from  a  number 
more  units  than  are  contained  in  that  number.  In  general,  the 
indicated  operation  a  —  b  can,  as  yet,  be  performed  only  when 
a  is  greater  than  b.  But  if  a  and  b  are  to  have  any  values 
whatever,  the  case  in  which  a  is  less  than  b,  that  is,  in  which 
the  minuend  is  less  than  the  subtrahend,  must  be  included  in  the 
operation  of  subtraction. 

2.  Now  observe  that,  as  the  minuend  in  equations  (i.)  de- 
creases by  1,  2,  or  more  units  (the  subtrahend  remaining  tlie 
same)  the  remainder  decreases  by  an  equal  number  of  units. 
When  the  minuend  is  equal  to  the  subtrahend,  the  remainder 
is  0.  If  then,  as  in  the  indicated  operations  (ii.),  the  minuend 
becomes  less  than  the  subtrahend  by  1,  2,  or  more  units,  the 
remainder  must  decrease  by  an  equal  number  of  units,  and 
therefore  become  less  than  0  by  1,  2,  or  more  units. 
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The  operation  of  subtracting  a  greater  number  from  a  less  is 
therefore  possible  only  when  numbers  less  than  zero  are  introduced. 
We  then  have  from  (i.)  and  (ii.) : 

Mln.  -  Subt  =  Rem. 

7-5  =  2 
6-5  =  1 

5-5  =  0  (iii.) 

4  —  5  =  a  number  one  unit  less  than  0 
3  —  5  =  a  number  two  units  less  than  0  , 

3.  Numbers  less  than  zero  are  called  Negative  Numbers. 
Numbers  greater  than  zero  are,  for  the  sake  of  distinction, 
called  Positive  Numbers. 

Positive  and  negative  numbers  are  called  Algebraic  or  Rela- 
tive Numbers. 

4.  The  Absolute  Value  of  a  number  is  the  number  of  \mits 
contained  in  it  without  regard  to  their  quality  (i.e.  whether 
positive  or  negative). 

A  positive  number  may  be  indicated  by  placing  a  small  sign,  "♦", 
to  the  left  and  a  little  above  its  absolute  value ;  as,  +5,  "♦"10,  +16 ; 
read  positive  5,  positive  10,  positive  16. 

A  negative  number  may  be  indicated  by  placing  a  small  sign,  ", 
to  the  left  and  a  little  above  its  absolute  value ;  as,  "5,  "10,  "16 ; 
read  negative  5,  negative  10,  negative  16. 

We  must,  as  yet,  carefully  distinguish  these  symbols  of 
quality,  ■*"  and  ",  from  the  (larger)  symbols  of  operation, -\-  and  — . 

5.  Equations  (iii.)  can  now  be  written  as  follows : 


Min.     -     Subt.    =   Kem. 

pos.  7  ^pos.  5  =  pos.  2 
pos.  6  —pos.  5  =pos.  1 
pos.  5  —pos.  5  =  0 
pos.  4  —  pos.  5  =  neg.  1 
pos.  3  —  pos.  5  =  neg.  2  , 


or 


Min.  -  Subt.  »  Rem. 

f  +7  -  +5  =  +2 
+6  -  +5  =  +1 
+5 -+5=  0 
+4  -  +5  =  -1 
+3  -  +5  =  -2 


(iv.) 


A  negative  remainder  does  not  mean  that  more  units  have 
been  taken  from  the  minuend  than  were  contained  in  it ;  such 
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a  remainder  indicates  that  the  subtrahend  is  greater  than  the 
minuend  hy  as  many  units  as  are  contained  in  the  remainder. 

Thus,  in  +10  -  +15  =  "5  and  +87  -  +92  =-5,  the  remainder, 
"5,  indicates  that  the  subtrahend  is,  in  each  case,  5  units 
greater  than  the  minuend. 

6.  The  results  of  the  preceding  articles,  restated  briefly,  are : 
A  positive  number  is  a  number  greater  than  zero,  by  as  many 

units  as  are  contained  in  its  absolute  value. 

E.g.,  +2  is  two  units  greater  than  0. 

A  negative  number  is  a  number  less  than  zero  by  as  many  units 
as  are  contained  in  its  absolute  value. 

E.g.,  "3  is  three  units  less  than  0. 

Zero  is  the  result  of  subtracting  a  number  from  an  equal 
number. 

E.g.,         0  =  +7  -  +7  =  -5  -  -6  =  +/I  -  +/I  =  -/I  -  -/i, 
wherein  n  denotes  any  absolute  number. 

Since  zero  can  be  neither  greater  nor  less  than  itself,  it  is 
neither  a  positive  nor  a  negative  number.  It  stands  by  itself, 
as  the  number  from  which  positive  and  negative  numbers  are 
counted. 

7.  The  Sign  of  Continuation,  •••,  read  and  so  on,  or  and  so  on 

to,  is  used  to  indicate  that  a  succession  of  numbers  continues 
without  end,  as  1,  2,  3,  •••,  read,  one,  two,  three,  and  so  on;  or 
that  the  succession  continues  as  far  as  a  certain  number  which 
is  written  after  the  sign  •••,  as  1,  2,  3,  •••,  10,  read  one,  two, 
three,  as  far  as,  or  to,  10. 

We  may  now  write  the  series  of  algebraic  numbers : 

...-4,-3,-2,-l,0,+l,+2,+3,+4,  ... 

In  this  series  the  numbers  increase  from  left  to  right,  and 
decrease  from  right  to  left ;  or  a  number  is  greater  than  any 
number  on  its  left  and  less  than  any  number  on  its  right. 
The  numbers  of  ordinary  Arithmetic  are  the  absolute  values 
of  the  positive  and  negative  numbers  of  Algebra. 
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Relations  between  Positive  and  Negative  Numbers  and  Zero. 

8.  From  the  results  of  the  preceding  article,  we  obtain  the 
following  general  relations  : 

(i.)  Of  two  positive  numbers,  that  number  is  the  greater  which 
Jias  the  greater  absolute  value;  and  that  nwmber  is  the  less  which 
has  the  less  absolute  value. 

(ii.)  Of  two  negative  numbers,  that  number  is  the  greater  which 
has  the  less  absolute  value;  and  that  number  is  the  less  which  has 
the  greater  absolute  value. 

For  example,  ""3  >"5,  or  ~5  <  ~3,  since  ""6  is  five  units  less 
than  0,  and  ~3  is  only  three  units  less  than  0. 

9.  Although  negative  numbers  arise  through  the  extension 
of  the  operation  of  subtraction,  it  is  necessary  to  treat  them  as 
numbers  apart  from  this  particular  operation. 

As  in  Arithmetic,  so  in  Algebra,  any  integer  is  an  aggregate 
of  like  units. 

Just  as  4  =  1  +  1  +  1  +  1, 

so        +4  =+1  ++1 ++1  ++1,  and  -4  ="1  +"1 +-1  +-1. 

Just  as  f  =  |  +  |, 

so        ^a)=^(i)-f  ^(i),  and  -(i)=-a)+-(i). 

Since  letters  are  to  represent  numbers  which  may  have  any 
values  whatever,  they  can  represent  either  positive  or  negative 
numbers.  Thus,  in  one  case  a  may  have  the  value  "'"2,  in 
another  case  the  value  ~7 ;  in  the  first  case  the  absolute  value 
of  a  is  2,  in  the  second  case  the  absolute  value  of  a  is  7. 

BXBBCISES  VI. 
1.    What  Is  the  absolute  value  of +8  ?    Of -11  ?    Of+(2  +  y)? 
For  what  values  of  x  do  the  following  expressions  reduce  to  0  : 
2.   X-+3?  8.   X--18?  4.   a:-+a?  6.   a;  - -(a  +  6)  ? 

What  values  of  a  make  the  first  members  of  the  following  equations 
identical  with  the  second  members : 
6.   a  -  +7  =  +2  ?  7.   a  -  +7  =  -2  ?  8.   o  -  +7  =  -6  ? 

What  are  the  results  of  the  following  indicated  operations  : 
9.    +17- +2?      10.    ^2 -+30?      11.    +19 -+25?       12.    +(i)_+(|)? 
13.    +(a  +  2)-+2?  14.   +n-+(«  +  3)?  16.   +9-+(n-|-9)? 
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How  many  units  is  each  of  the  following  numhers  greater  or  less  than  0 : 
16.   +10?  17.    -3?  18.   -(i)?  19.    +x?  20.    -y? 

Which  number  is  greater, 

31.   +3or-6?  22.    -12or-6?  23.   Oor-8?  24.   -5or+4? 

26.   +(6  +  a)or+a?    26.   -(6  + a)  or -a?    27.   -(6  +  a)  or +(2  +  a)  ? 

26.   -(a  +  1)  or  -(a  -  1)  ?  29.  -{a  +  1)  or  +(a  -  1)  ? 

Positive  and  Negative  Numbers  are  Opposite  Numbers. 

10.  The  student  is  familiar  with  the  principle  of  subtraction 
in  Arithmetic  that  the  remainder  added  to  the  subtraJiend  is  equal 
to  the  minuend.  This  principle,  like  all  principles  of  arith- 
metical operations,  is  retained  in  Algebra.  Consequently, 
continuing  equations  (iv.),  Art.  5,  we  have : 

Subt. +  Rem.  =  Min. 


Min.  -  Subt.  =  Rem 

+3-+6=-2 
+2-+5=-3 
+l-+6=-4 
0-+6=-5J 


(v.),     and 


+6 +-2  =+3 
+6  +-3  =+2 
+5+-4=+l 
+5+-6=  OJ 


(vi.) 


U.  The  last  of  equations  (vi.),  +5  -h  "5  =  0,  furnishes  an 
important  relation  between  positive  and  negative  numbers : 

The  sum  of  a  positive  and  a  negative  number  having  the  same 
absolute  value  is  equal  to  zero;  i.e.,  tioo  su^h  numbers  can^l  each 
other  when  united  by  addition. 

E.g.,        +1  +-1  =  0,  +3  -f -3  =  0,  -17^  -f  +17|  =  0. 

In  general,  +/i  -|--/i  =  0. 

For  this  reason,  positive  and  negative  numbers  in  their  rela- 
tion to  each  other  are  called  opposite  numbers.  When  their 
absolute  values  are  equal,  they  are  called  equal  and  opposite 
numbers. 

12.  Any  quantities  which  in  their  relation  to  each  other  are 
opposite,  may  be  represented  in  Algebra  by  positive  and  negative 
numbers ;  as  credits  and  debits,  gain  and  loss, 

Ex.  1.  100  dollars  credit  and  100  dollars  debit  cancel  each 
other.  That  is,  100  dollars  credit  united  with  100  dollars  debit 
is  equal  to  neither  credit  nor  debit;  or, 
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100  dollars  credit  -f  100  dollars  debit  =:  neither  credit  nor 
debit. 

If  credits  be  taken  positively  and  debits  negatitrlif^  then  100 
dollars  credit  may  be  represented  by  +100,  and  100  dollars  debit 
by  "100.  Their  united  effect,  as  stated  above,  may  tlien  be 
represented  algebraically  thus : 

+100 +-100  =  0. 

The  result,  0,  means  neither  credit  nor  debit. 

Similarly  for  opposite  temperatures, 

Ex.  2.  If  a  body  is  first  heated  10®  and  then  cooled  down  8% 
its  final  temperature  is  2**  above  its  original  temperature ;  or, 
stated  algebraically, 

+10  +-8  =+2. 

The  resvdt,  +2,  means  a  rise  of  2°  in  temperature. 
Similar  reasoning  applies  to  opposite  directions, 

Ex.  a  If  a  man  walks  10  miles  due  northy  and  turning,  walks 
14  miles  due  south,  he  is  then  4  miles  south  of  his  starting 
point;  or, 

+10 +-14  =-4. 

The  result,  "4,  means  that  he  is  now  4  miles  south  of  his 
starting  point. 

13.  It  is  evidently  immaterial  which  of  two  opposite  quanti- 
ties is  taken  positively  and  which  negatively  in  any  particular 
problem.  Thus,  we  might  call  distances  south  positive  and  dis- 
tances north  negative.  We  have  only  to  interpret  results 
differently. 

EXERCISES  VII. 

State  algebraically  in  two  ways  each  of  the  following  relations  (by 
Art.  13): 

1.  100  dollars  gain  and  20  dollars  loss  is  equivalent  to  80  dollars  net 
gain. 

2.  260  dollars  gain  and  250  dollars  loss  is  equivalent  to  neither  gain 
nor  loss. 

8.  A  rise  of  16°  in  temperature  followed  by  a  fall  of  22°  is  equivalent 
to  a  fall  of  7°. 
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4.  If  a  man  ascends  from  the  foot  of  a  ladder  20  steps,  and  then 
descends  7  steps,  he  is  18  steps  up. 

6.  If  a  man  ascends  from  the  foot  of  a  ladder  10  steps,  and  then 
descends  10  steps,  he  is  at  the  foot  of  the  ladder. 

6.  If  a  man  walks  150  feet  to  the  right,  then  60  feet  to  the  left,  and 
then  76  feet  to  the  right,  he  is  finally  175  feet  to  the  right  of  his  original 
position. 

7.  Two  men,  A  and  B,  run  a  race.  The  first  minute  A  runs  5  feet 
more  than  B,  the  second  minute  A  runs  8  feet  less  than  B ;  in  the  two 
minutes  A  runs  3  feet  less  than  B. 

14.  We  have  defined  negative  numbers  as  numbers  less  than  zero ; 
that  is,  as  the  result  of  enlarging  our  conception  of  the  operation  of  sub- 
traction. We  afterward  find,  as  we  have  seen,  that  they  often  have  a 
meaning  when  applied  to  practical  problems.  Yet  even  if  they  had  not, 
we  should  be  justified  in  introducing  them  in  order  to  make  our  principles 
general.     Sometimes,  indeed,  negative  results  indicate  an  impossibility. 

E.g.^  a  men  are  at  work  on  a  building,  and  6  men  quit  work.  How 
many  are  still  working  ?  Evidently  a  —  6.  If  6  >  a,  the  negative  result 
has  no  meaning,  and  indicates  that  we  have  stated  an  impossibility. 

A  man  has  a  dollars  and  pays  out  h  dollars.  How  many  dollars  has  he 
left?    Evidently  a  -  6. 

When  6>a,  the  negative  result  has  no  meaning,  if  the  money  be 
regarded  as  actually  handled.  But  in  dealing  with  book  accounts,  it  is 
quite  possible  that  the  debits  shall  exceed  the  credits ;  a  state  which 
would,  as  we  have  seen,  be  indicated  by  a  negative  result  (if  credits  be 
taken  positively  and  debits  negatively) .  So,  too,  when  applied  to  opposi- 
tion in  direction,  etc.,  negative  results  are  as  intelligible  as  positive 
results. 

In  fact,  there  is  no  more  objection  to  the  use  of  negative  numbers  than 
to  the  use  of  fractions,  for  each  kind  of  number  may  indicate  an  impos- 
sible state.  For  instance,  there  are  a  men  in  a  company,  which  is  divided 
into  h  equal  groups.  How  many  men  are  there  in  eiach  group?  Evi- 
dently a-^h.  If  a  be  not  exactly  divisible  by  6,  the  result  is  as  impossible 
as  taking  h  men  from  a  men,  when  6  >  a. 

In  Arithmetic  we  proceed  to  prove  all  the  laws  of  fractions,  without 
inquiring  whether  they  can  be  applied  in  all  cases.  So,  in  Algebra,  we 
shall  proceed  to  operate  with  and  upon  negative  numbers  without  inquir- 
ing whether  or  not  they  will  always  have  a  meaning  in  particular 
problems. 


CHAPTER  II. 

THXS  FOUR  FUNDAMENTAL  OPERATIONS  WITB 
ALGEBRAIC  NUMBER. 

§  1.    ADDITION  OF  ALGEBRAIC  NUMBERS. 

1.  Addition  of  one  algebraic  rmmher  to  another  is  the  process 
of  uniting  it  with  the  other  into  one  aggregate. 

As  in  Arithmetic,  the  one  number  is  said  to  be  added  to  the 
other,  and  the  result  of  the  addition  is  called  the  Sum. 

Addition  of  Numbers  with  Like  Signs. 

2.  Ex.1.  Add +3  to +4. 

The  three  positive  units,  +3,  when  united  by  addition  with 
the  four  positive  units,  +4,  give  an  aggregate  of  four  plus  three, 
or  seven f  positive  units.     That  is, 

+4  -f  +3  =  +(4  +  3)  =  -^7. 
In  like  manner 

Ex.2.   -4-h-3  =  -(4-f 3)=:-7. 

Ex.  3.  +2  +  +(J)  =  +(2  +  f )  =  +2|. 

These  examples  illustrate  the  following  principle : 
To  add  one  algebraic  number  to  another y  with  like  sign  (i.e., 
both  numbers  positive  or  both  negative) ^  add  arithmetically  the 
absolute  vahte  of  the  one  number  to  the  absolute  value  of  the  other, 
and  prefix  to  the  sum  the  common  sign  of  quality.  Or,  stated 
symbolically, 

+a++6=-^(a  +  6)     (i.).  "a -f  "6  =-(a  +  6)    (ii.). 

Addition  of  Numbers  with  Unlike  Signs, 
a  Ex.1.  Add -2  to +5. 

The  two  negative  units,  ~2,  when  united  by  addition  with 
the  five  positive  units,  '^5,  cancel  two  of  tJve  five  jx^dtive  units 
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(Chap.  I.,  §  2,  Art.  11).     There  remain  then  five  minus  two,  or 
three,  positive  units.     That  is, 

+5 +-2  =+(5 -2)  =+3. 

Ex.2.  Add +2  to -5. 

The  two  positive  units,  '^2,  when  united  by  addition  with 
the  five  negative  units,  ~5,  cam^el  two  of  the  five  negative  uniis. 
There  remain  then  five  minus  two,  or  three,  negative  units. 

That  is,  -5  -f +2  ="(5  -  2)  ="3. 

Observe  that  in  both  examples  the  sum  is  of  the  same  quality 
as  the  number  which  has  the  greater  absolute  value,  and  that  the 
absolute  value  of  the  sum  is  obtained  by  subtracting  the  less  abso- 
lute value,  2,  from  the  greater,  5. 

Ex.  3.  +2  +-(f)  =+(2  -  f)  =+lf 
These  examples  illustrate  the  following  principle  : 
To  add  one  algebraic  number  to  another,  with  unlike  sign,  sub- 
tract arithmeticaUy  the  less  absolute  value  from  the  greater,  and 
prefix  to  the  remainder  the  sign  of  quality  of  the  number  which 
has  the  greater  absolute  value.     Or,  stated  symbolically, 
+a  -|-"6  =+(a  —  6),  when  a>b    (HI), 
+a  -f  "6  ="(6  —  a),  when  a<b    (iv.). 

4.  The  proofs  of  principles  (i.)-(iv.)  are  as  follows : 

In  (i.),  the  positive  units  and  parts  of  positive  units  represented  by  +&, 
when  united  by  addition  with  the  positive  units  and  parts  of  positive  units 
represented  by  +a,  give  an  aggregate  of  positive  units  and  parts  of  posi- 
tive units  represented  by  +(a  +  6).     In  like  manner  (ii.)  can  be  proved. 

In  (iii.)j  the  negative  units  and  parts  of  negative  units  represented  by 
-6,  when  united  by  addition  with  the  positive  units  and  parts  of  positive 
units  represented  by  +a,  cancel  an  equal  number  of  positive  units  and 
parts  of  positive  units.  There  remain  positive  units  and  parts  of  positive 
units  represented  by  +  (a  —  6).     In  like  manner  (iv.)  can  be  proved. 

Addition  of  Three  or  More  Numbers. 

5.  To  unite  three  or  more  algebraic  numbers  by  addition, 
add  the  second  to  the  first,  to  that  sum  add  the  third,  again  to 
that  sum  the  fourth,  and  so  on. 

Ex.  1.     +2  H-+3  H-+7  =+5  ++7  =+12. 
Ex.  2.   +11  +-8  +-^2  =+3  ++2  =+5. 
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EXERCISES  I. 
Find  the  results  of  the  following  indicated  additions : 
1.    +11 +  +5.  2.   -9  4- -6.  8.    -2i  +  -3}.  4.   -16  + +7. 

.     6.    +16 +  -7.  6.   -3f++li.  7.   +6J  +  -2}.  8.   0  + -6. 

9.    +7 +  -5 +  +8.     10.   -8 +  +11  4- -3.      11.   "81  + +70  + -180  + +12. 
Add 
12.    +17  to +5.        13.   -6  to -27.        14.   +13  to +a.        16.   "18  to -6. 
16.    +10  to -6.        17.   -20  to +6.        18.   +20  to -6.        19.   ~(J)  to +(J). 
20.   +11  to  -a,  when  a  >  11.  21.   +11  to  -a,  when  a  <  11. 

22.   -17  to  +aj,  when  x  >  17.  28.   -17  to  +a;,  when  x  <  17. 

24.   -2  to  +8  +  -4.  26.   +18  to  -2  +  +36.  26.    -6  to  -11  -f  +16. 

Find  the  results  of  the  following  indicated  additions,  first  uniting  the 
numbers  within  the  parentheses : 

27.   +7 +(+8 +  -3).  28.    +11 +(-12  + +2). 

29.    (+2  +  -3)  +  (-ll  +  +12).  80.    (+6+-8)  +  (-12  +  +3). 

What  is  the  value  of  a  +  6, 

81.  When  a  =  +6,    6  =  +3  ?  82.   When  a  =  -7f  6  =  -3f  ? 

83.  When  a  =  +71,  6  =  -63  ?  84.   When  a  =  +26,  6  =  -34  ? 

86.   When  a  =  +2  +  -3,  6  =  -8  +  +7  ? 

86.  When  a  =  -6  +  +3,  b  =  +11  +  -4  ? 

What  is  the  value  of  a  +  6,  wherein  a  =  m-\-  n  and  b=p  +  q, 

87.  When  w  =  -1,   n  =  +2,  p  =  -3,   q  =  +4? 

88.  Whenw  =  +8,   w  = -3,  p  = -6,   q  =  -d? 

The  Associative  and  Commutatdve  Laws  for  Addition. 

6.  In  the  preceding  axticles  the  process  of  addition  has  been 
carried  out  from  left  to  right  from  number  to  number. 

E.g.,  +7  -+-3  ++5  +--8  =+4  +-+5  +--8  =+9  +-~8  =  +1. 

But  the  result  is  the  same  if  two  or  more  successive  numbers 
be  associated  in  performing  the  additions. 

E.g.y  +7  +-3  +  (+5  +--8)  =+7  +-"3  -f  "3  =+4  +-3  =+1. 
■^7  +  (-3  +-+5)  +-8  =+7  +-+2  +-8  =+9  +-"8  =+1. 
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This  example  illustrates  the  following  principle : 
The  Associative  Law.  —  The  sum  of  three  or  more  numbers  U 
the  same  in  whatever  way  successive  numbers  are  grouped  or 
associated  in  the  process  of  adding.     Or,  stated  symbolically, 

a  +  6  +  c  =  a  +  (6  +  c); 
a-f*-fc+rf=a+6+(c+rf)=a+(6+c+rf)=fl+(*-l-c)+rf. 

7.  In  an  indicated  addition,  the  number  on  the  right  of 
the  sign  -|-  is  to  be  added  to  the  number  on  its  left. 

E.^.,  In  ^5-f-3,  =^2, 

"3  is  added  to  +5  j  while  in 

-3+^5,  =+2, 
+5  is  added  to  "3.     But  the  result  is  the  same,  whichever  of 
the  two  numbers,  +5  and  ~3,  be  added  to  the  other.     That  is, 
+5-f-3=-3+^5. 
This  example  illustrates  the  following  principle : 
The  Commutative  Law.  —  The  sum  of  two  or  more  numbers 
is  the  same  in  whatever  order  they  may  be  added.     Or,  stated 
symbolically, 

a+6=6+a 

=  rf-|-c  +  6-|-a,  etc. 

8.  The  proof  of  the  principles  enunciated  in  Arts.  6  and  7  is  as  follows : 
The  total  number  of  units  and  parts  of  units,  positive  and  negative,  in 

the  given  numbers  is  the  same  in  whatever  way  they  may  be  grouped  or 
arranged  ;  a  given  number  of  positive  units  will  cancel  an  equal  number 
of  negative  units,  and  vice  versa;  and  a  given  number  of  parts  of  positive 
units  will  cancel  an  equal  number  of  like  parts  of  negative  units,  and  vice 
versa.  Therefore  the  final  result  will  be  the  same,  whatever  order  or  way 
of  associating  the  units  and  parts  of  units  may  be  used. 

9.  Since  a-\'b  =  b  +  ay  the  two  numbers  a  and  6,  when 
united  by  addition,  are  given  the  common  name  Summand. 

10.  The  Associative  and  Commutative  Laws  may  be  applied 
simultaneously. 

E.g.,  -2  4- +4  +-3  -f +1  =  ("2  +"3)  4-  (^4  -h+1)  ="5  4-^5  =  0. 
In  general,    a  -h  6  -f  c  =  a  +  (c  -f  6)  =  c  -|-  (a  +  6),  etc. 
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11.  In  adding  three  or  more  numbers,  some  of  which  are 
positive  and  some  negative,  the  Commutative  and  Associative 
Laws  enable  us  to. employ  the  following  method : 

Add  all  the  numbers  of  one  sign,  then  all  the  numbers  of  the 
opposite  sign,  and  add  the  two  resulting  sums, 

E,g., 
-8  ++3  +-5  +-^7  ^--^S  =-8  +-5  ++3  ++7  +■'3  ="13  ++13  =  0. 

EXERCISES  II. 

Find,  in  three  different  ways,  by  applying  the  Commatative  Law,  the 
values  of : 

1.   +18 +  -4 +  +2.  2.   +12  +  -13  +  +1.  8.    -20  + -3  + +17. 

Find,  in  the  most  convenient  way,  the  values  of : 

4.   -998  +  +600  +  -2.  6.    +3aS}  +  -126  +  +66f 

Find,  in  the  most  convenient  way,  the  value  of  a  +  b  +  c-\-  d^ 

6.  When  a  =  -6,  6  =  +100,  c  =  -96,  d  =  +4. 

7.  When  a  =  -763,  b  =  +1000,  c  =  -237,  d  =  -3. 

Find  the  values  of  the  following  expressions  by  the  method  of  Art.  11 : 

8.  +3  4--4+-6  4-+9  4-+2.  9.    -6 ++7 ++19 +-16 +-22. 

10.   -13 ++6 +-16 ++8 +-4.       U.   -(})++(J)  +  -(J)  +  -(J)  ++(J). 

12.  In  ordinary  Arithmetic  to  add  a  number  to  any  number 
increases  the  latter. 

E.g.,  7  +  4  =  11,  and  11  >  7. 

But  such  is  not  always  the  case  in  adding  one  algebraic 
number  to  another. 

E.g,,  +7  +-+4  =+11,  and  +11  >  +7 ; 

but  +7 +-4=  +3,  and    +3<+7. 

Property  of  Zero  in  Addition. 

13.  We  have  +3 +-+2 +"2  =+3. 

But  +3  +-  +2  +  -2  =  +3 + (+2  -h  -2),  by  Assoc.  Law, 

=+3+-0,  since  +2 +"2  =  0. 
Therefore,  by  Axiom  (iv.),  +3  -f  0  =+3. 
In  general,  N-\-'^a -\-'a^  N. 

But  N+-^a  4- -a  =  N+{+a  +--a)=  iV-+0. 

Therefore,  by  Axiom  (iv.),  ^  +  0  =  *.  (i.) 
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§2.    SUBTRACTION  OF  ALGEBRAIC  NUMBERS. 

1.  Subtraction  is  the  inverse  of  additioii.     In  addition  two 
numbers  are  given,  and  it  is  required  to  find  their  sum.  In' 
subtraction  the  sum  and  one  of  the  numbers  are  given,  and 
it  is  required  to  find  the  other  number. 

As  in  ordinary  Arithmetic,  the  given  sum  is  called  the 
Minuend,  the  given  number  the  Subtrahend,  and  the  required 
number  the  Remainder. 

Ex.  1.   Subtract  -2  from  +9  +"2. 

We  have  (+9  +'"2)— ~2  ="^9,  by  definition  of  subtraction. 

That  is,  if  from  the  stim  of  two  numbers  either  of  the  numbers 
be  subtracted,  the  remainder  is  the  other  number. 

In  general,  if  the  given  sum  be  a  +  6,  we  have,  by  the  defi- 
nition of  subtraction, 

(a  -h  6)  -  6  =  a  (i.)>    and    (a  +  6)  -  a  =  6  (ii.). 

2.  The  minuend  is,  as  a  rule,  a  single  number,  and  does  not 
appear  as  a  sum  of  two  numbers,  one  of  which  is  the  given 
subtrahend.  We  must,  therefore,  derive  from  the  definition  of 
subtraction  a  principle  which  will  enable  us  to  subtract  any 
one  number  from  any  other. 

Ex.  1.  Subtract  +5  from  +7. 

In  "♦"7— ■'"S,  the  minuend,  "♦"7,  is  to  be  expressed  as  the  sum 
of  two  numbers,  one  of  which  is  '♦"5.     But 

+7  =+7  +  (-5  ++5),  by  §  1,  Art.  13, 
=  C7  -f-"5)  -f-"*'5,  by  Assoc.  Law. 
Therefore,  by  definition  of  subtraction, 

+7  -+5  =  [(+7  + -5)  -h+5]-+5 
=+7 +-5  =+2. 
That  is,  to  subtract  +5  from  +7  is  equivalent  to  adding  "5  to  '^7. 
Ex.  2.   Subtract  -5  from  +7. 
We  have         +7  --5  =  [(+7  ++5)  +-5]  --5 
=+7-h-'5=+12. 
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That  is,  to  subtract  ~5  from  "'"7  is  equivalent  to  adding  """S  to  """T. 
These  examples  illustrate  the  following  principle : 
To  subtract  one  number  from  another  number^  reverse  the  sign 
of  quality  of  the  subtrahend,  and  add. 
Or,  stated  symbolically, 

M^H  =  M  +-6  (i.),  M--b  =  H  ++6  (ii.). 

E.g,,  +2  -+3  =+2  -f -3,  =-1.         ^2  -+3  ="2  +"3,  ="5. 
+2  --3  =+2  ++3,  =+5.         -2  --3  =-2  ++3,  =+1. 

3.  The  proof  of  the  principle  enunciated  in  Art.  2,  is  as  follows  : 
Let  N  denote  any  number,  positive  or  negative.    Then  in 

N  is  to  be  expressed  as  the  sum  of  two  numbers,  one  of  which  is  +6. 
We  have  N=  N  +  ^-b  ++6),  by  §  1,  Art.  13, 

=  (iV+-6)  +  +6,  by  Assoc.  Law. 
Therefore,  by  the  definition  of  subtraction, 

N-+b  =[(iV+-6)  +  +6]-+6  =  N+-b. 
In  like  manner  N —-b  =  N  -\--^b, 

SuccesBive  Additions  and  Subtractions. 

4.  Successive  subtractions  are  carried  out  by  applying  the 
principle  of  subtraction  at  each  step  of  the  process. 

E.g.,  +7  --2  -+4  --8  =+9  -+4  -"8  =+5  -"8  =+13. 
In  like  manner  successive  additions  and  subtractions  are 
performed. 

E.g.,  +9  +-5  -+2  -f +4  =+4  -+2  +■'4  =+2  +-^4  =+6. 

&  The  following  definition  is  based  upon  the  principle  that 
every  operation  of  subtraction  is  equivalent  to  an  operation  of 
addition. 

An  Algebraic  Sum  is  an  expression  which  consists  of  a  chain 
of  indicated  additions  and  subtractions. 

E.g.,  a^b,x-^y  —  z,  etc.,  are  algebraic  sums. 

EXERCISES  III. 
Find  the  results  of  the  following  indicated  subtractions : 
1.    (+2++9)-+2.  2.    (+4+-6)--5.  8.    (-7+-ll)--ll' 

4.    (-a +-7) --7.  6.    (-w++70-"w.        6.    (-w++n)-+?i. 
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7.   +18 -+6.  8.    -28 -+17.         9.   +7 -+8.  10.    +11 —+25. 

11.   +41^-60.       18.   -80 --86.        18.    -66 --46.       14.    +44  —  ~62 
16.   -a++3-+4.  18.   +11 -+13 +-12.       17.   -7 --U -t--a. 

18.    (-2 --6) +  (-6 ++3).  19.    (+ll--8)-(-2-+3). 

Subtract : 

80.  +3  from  +a,  when  a  >  3.  81.   +3  from  +a,  when  a  <  3. 

88.   -17  from  -x,  when  x  >  17.         83.   -17  from  -x,  when  x  <  17. 
84.   -11  from  +x.  86.   +14  from  -y. 

What  is  the  value  of  a  —  ft, 

86.   When  a  =  +4,  ft  =  +3  ?  87.   When  a  =  +6,  6  =  +6  ? 

88.    When  a  =  -7,  ft  =  +8  ?  89.   When  a  =  -4,  6  =  -9  ? 

80.  When  a  =  -2  +  "3,  6  =  +11  -  +4  ? 

81.  When  a  =  +6  -  -4,  6  =  -18  -  +7  ? 

What  is  the  value  of  a  —  6,  wherein  a  =  w  +  n  and  6  =  p  —  g, 
88.    When  w  =  -1,  n  =  +2,  p  =  -3,    g  =  +4  ? 
88.   When  m  =  +5,  n=z-6y  p  =  -11,  g  =  -12  ? 

6.  The  following  examples  illustrate  the  meaning  of  results  in  the 
subtraction  of  algebraic  numbers. 

Ex.  1.  Two  men,  A  and  B,  starting  from  the  same  point,  P,  walk  at 
different  rates  in  the  same  direction,  A  8  miles  to  the  point  Q,  B  11  miles 
to  the  point  B,    How  far  is  B  then  from  A  ? 

+11 

Po^^^  o-  oB(B) 

^  ^A)       '^ 

Fio.  1. 

As  we  have  seen  in  Ch.  I.,  distances  in  one  and  the  same  direction 
may  be  represented  by  numbers  of  the  same  sign.  Let  distances  toward 
the  right  be  taken  positively,  as  in  Fig.  1,  and  consequently  distances 
toward  the  left  negatively. 

The  distance  of  B  from  A  is  then  represented  by  QB,  and 

QB=  PB-PQ  =  +11  -  +8  =  +3. 

The  positive  result  shows  that  B  is  3  miles  to  the  right  of  A. 

In  general,  however  far  either  may  walk,  the  distance  of  B  from  A 
will  always  be  obtained  by  subtracting  A's  distance  from  the  starting 
point  from  B's  distance  from  the  same  point. 
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Ex.  2.  If  A  walks  8  miles  to  the  left  and  B  11  miles  to  the  left,  their 
distances  from  P  are  both  negative,  as  in  Fig.  2. 

-11 

( JST)  Bo  -o  '  ^^^ 

-8      ^(C)  -8 

Fio.  2. 

We  then  have     §2?  =  PB  -  PQ  =  -11  -  -8  =  -3. 

The  negative  result  shows  that  B  is  3  miles  to  the  left  of  A. 

In  a  similar  way  other  variations  of  the  problem  may  be  interpreted. 

EXEBCISBS   IV. 

1.  A's  assets  are  a  dollars  and  B's  are  b  dollars.  What  number 
expresses  the  excess  of  A^s  assets  over  B's,  if  assets  be  taken  positively  ? 
What  number,  if  assets  be  taken  negatively  ? 

What  are  the  meanings  of  the  results  of  Ex.  1, 

2.  When  a  =  3500,  b  =  2760  ?       8.    When  a  =  2000,  b  =  2000  ? 

4.    When  a  =  2600,  b  =  3000  ? 

5.  The  temperature  in  Chicago  on  a  certain  day  was  a°  and  in  Phila^ 
delphia  b°.  What  number  expresses  the  excess  of  temperature  in  Chicago 
over  that  in  Philadelphia  ? 

What  is  the  meaning  of  the  result  of  Ex.  6,  taking  temperature  above 
zero  positively, 

6.  When  a  =  +00,  6  =  +68  ?  7.   When  a  =  +66,  6  =  +98  ? 
8.   When  a  -  "12,  6  =  -4  ?  9.   When  a  =  -6,    6  =  -8  ? 

10.    When  a  =s  +6,    6  =  -2  ?  H.    When  a  =  "6,    6  =  +3  ? 

The  AsBOciative  and  Commutative  Laws  for  Subtraction. 

7.  If  a  number,  preceded  by  the  sign  -{-,  or  the  sign  — ,  stand 
first  in  a  chain  of  additions  and  subtractions,  or  first  within 
parentheses,  it  may  be  regarded  as  added  to,  or  subtracted 
from,  0.     Thus, 

++8  -+3  =  0  -f +8  -+3,     -+3  4- -^8  =  0  -+3  ++8. 

Since  every  operation  of  subtraction  is  equivalent  to  an 
operation  of  addition,  it  follows  that  the  Associative  and  Com- 
mutative Laws  which  were  proved  for  addition  hold  also  for 
subtraction,  and  for  successive  additions  and  subtractions. 


28  ALGEBRA.  [Ch.  li 

Ex.         -f +8  -+3  =  ++8  -f -3,  since  -+3  =  +"3 
=  -f -3  4- "^8,  by  Comm.  Law 
=  -+3  -f +8,  since  +"3  =  ~+3. 
Observe  that  in  chavging  the  order  of  the  operations  the  sign 
ofoperatioriy  -\-  or  —,  must  he  transferred  with  each  number. 

The  method  of  applying  the  Associative  Law  depends  upon 
a  proper  use  of  parentheses,  which  will  be  taken  up  in  the 
next  article. 

EXERCISES  V. 
Find  in  three  different  ways,  by  applying  the  Commutative  Law,  the 
values  of : 

1.   +8  +  -3  -  +4.  2.    -17  -  +12  +  -5.  8.    +28  -  -14  -f  "2. 

4.   -31  -  -17  +  -36  +  +46  -  -11  -  +19  +  "49  +  +11. 
6.    -45  +  +31  -  -16  -  +12  +  -6  -  -9  +  -8  +  +4. 
Find,  in  the  most  convenient  way,  the  values  of  : 

6.   +103 --12- +3.  7.    -799--11  +  -L 

Removal  of  Parentheses. 

a  We  have     +9  +  (+5 ++6)  =+9  4- +5 ++6, 
since  to  add  the  sum  +5  4-+6  is  equivalent  to  adding  succes- 
sively the  single  numbers  of  that  sum. 
Again,  +9  +  (+5  -"^6)  =+9  +  C5  +"6),  since  -+6  =  -f  "6, 

=+9 -h+S +~6,  removing  parentheses, 
=+9  4- +5  _+6,  since  -f  "6  =-+6. 
This  example  illustrates  the  following  principle : 
(i.)    When  the  sign  of  addition,  -f,  precedes  pareiitheses,  they 
may  be  removed,  and  the  signs  of  operation,  -f  and  —,  within 
them  be  left  unchanged;  that  is, 

^+(4-a  +  6)  =  ^4-a  +  6, 
//  -f  (+  a  -  6)  =  ^  -f  a  -  6,  etc. 
We  have        +9  -  (+5  -f-  "-G)  =+9  -+5  -+6, 
since  to  subtract  the  sum  ^5  -f+G  is  equivalent  to  subtracting 
successively  the  single  nuiubers  of  that  sum. 
Again,  +9  -  (+5  -+6)  =  +9  -  (+5  4--6),  since  -+6  =  -\--Q, 
=  ^9  —"^5  —"6,  removing  parentheses, 
=  -9  -+5  4- -^6,  since  --6  =  -f-+6. 
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This  example  illustrates  the  following  principle : 
(ii.)    When  the  sign  of  subtraction,  — ,  precedes  parentheses, 
they  may  be  removed,  if  the  sigiis  of  operation  within  them  be 
reversed  from  -\-  to  —,  and  from  —  to  -{■ ;  that  is, 

^-(-f  a  +  6)  =  ^-a-6, 

^  -  (4-  a  -  6)  =  ^  -  a  -f  6,  etc. 
For,  N  +  i+a  +  +h)=N++a  +  +6, 

since  to  add  the  sum  +a  +  +6  is  equivalent  to  adding  successively  the 
single  numbers  of  that  sum. 

JV  +  (+a  -  +6)  =  iV+  (+a  +  -6),  since  -  +6  =  +  -ft, 
=  iV+  ■*"o  +  ~6i  removing  parentheses, 
=  iV+  +a  —  +6,  since  +  -6  =  —  +6. 
Evidently  the  preceding  proof  does  not  depend  upon  the  signs  of  quality 
of  the  numbers  within  the  parentheses,  nor  upon  how  many  numbers  are 
inclosed.    In  a  similar  manner  (ii.)  is  proved. 

Insertion  of  Parentheses. 

9.  The  insertion  of  parentheses  is  the  converse  of  the  process 
of  removing  them. 

(i.)  An  expression  may  he  inclosed  within  parentheses  pre- 
ceded by  the  sign  of  addition,  if  the  signs  of  operation,  -|-  and  —, 
preceding  the  numbers  inclosed  within  the  parentheses  remain 
unchanged. 

E.g.,     ++7  -+5  +-3  --4  =  -h+7  -f  (-+5  +"3  -"4)  * 

=  4-^7-+5-f(4--3--4) 
=  ++7 --^5 +-3 +(--4). 

(ii.)  An  expression  may  be  inclosed  within  parentheses  pre- 
ceded by  the  sign  of  subtraction,  if  the  signs  of  operation  preceding 
the  numbers  inclosed  within  tJie  parentheses  be  reversed,  from 
-^  to  —  and  from  —  to  -^, 

E.g.,     ++7-+5-f-3--4  =  -f+7-(-f-^5--3  4--4) 

=  ^+7_^5-(--3-f-4) 
=  +^7 -+5  4- -3 -(+-4). 

The  insertion  of  parentheses  is  a  direct  application  of  the 
Associative  Law. 
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EXBBCISBS  VI. 
Find  the  values  of  the  following  expressions,  first  removing  parentheses  ; 

1.   +12 +  (+4 +  -6).  8.   -16 +(-6 -+2). 

8.  +28 +(-6- +6).  4.    +18 +(-2 +  -3 --5). 
5.    +11 -(+12 +-5).  6.    +16 -(-6- +2). 

7.   -17-(  3--5).  8.    -21 -(-4  4- -6 --6). 

9.  w  +  (w  —p)f  when  m  =  -4,  n  =  -6,  p  =  +6. 

10.  «  —  (j^  -  «),  when  x  =  +3,  y  =  -4,  «  =  +6. 

Insert  parentheses  in  the  expression  +8  —-5  4--T  — +7, 

11.  To  inclose  the  last  three  numbers  preceded  by  the  sign  -\-;  pre- 
ceded by  the  sign  — . 

12.  To  inclose  the  last  two  numbers  preceded  by  the  sign  -}-;  pre- 
ceded by  the  sigh  — . 

18.  To  inclose  the  first  and  third  numbers  preceded  by  the  sign  +  ; 
preceded  by  the  sign  — . 

10.  In  ordinary  Arithmetic,  to  subtract  a  number  from  any 
number  decreases  the  latter. 

E.g.,  7  -  4  =  3,  and  3  <  7. 

But  such  is  not  always  the  case  in  subtracting  one  algebraic 
number  from  another.     Thus, 

+7 -+4=  +3,  and    +3<+7; 
but  +7  --4  =+11,  and  +11  >  +7. 

Property  of  Zero  in  Subtraction. 

U.  From  §  1,  Art.  13,  we  have  N-{-0==N. 

If,  therefore,  from  N,  which  is  the  sum  of  N  and  0,  be  sub- 
tracted either  N  or  0,  the  remainder  is  0  or  N,  respectively,  by 
the  definition  of  subtraction. 

That  is,  H-N  =  Oy  and  H-Q  =  H.  (i.) 

§3.   MULTIPLICATION  OF  ALGEBRAIC  NUMBERS. 

1.  As  in  Arithmetic,  the  number  multiplied  is  called  the 
Multiplicand,  the  number  that  multiplies  the  Multiplier,  and 
the  result  the  Product.  In  ordinary  Arithmetic,  multiplication 
by  an  integer  is  defined  as  an  abbreviated  addition.     Thus,  to 
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inultiply  4  by  3,  the  number  4  is  used  three  times  as  a  sum- 
mand;  or 

4x3  =  4  +  4  +  4. 

Now  the  number  3  stands  for  an  aggregate  of  three  units ;  or 
3  =  1  +  1  +  1. 

We  thus  see  that,  just  as  3  is  obtained  by  taking  the  unit,  1, 
three  times  as  a  summand,  so  the  product  4  x  3  is  obtained 
by  taking  4  three  times  as  a  summand. 

2.  We  are  thus  naturally  led  to  the  following  definition  of 
multiplication : 

Tlie  product  is  obtained  from  the  multiplicand  just  as  the  mul- 
tiplier is  obtained  from  the  positive  unit 

The  above  definition  is  an  extension  of  the  meaning  of  arith- 
metical multiplication  when  the  multiplier  is  an  integer,  and 
gives  an  intelligible  meaning  to  arithmetical  multiplication 
when  the  multiplier,  is  a  fraction. 

Thus,  f  is  obtained  from  the  unit,  1,  by  taking  one-third  of 
the  latter  twice  as  a  summand ;  or 

In  like  manner,  to  multiply  5  by  |,  we  take  one-third  of  5 
twice  as  a  summand ;  or 

5xi  =  4  +  |  =  i^. 

3.  There  are  two  cases  to  be  considered  in  the  multiplicar 
tion  of  algebraic  numbers. 

(i.)   The  MultlpUer  Positive.— Ex.  1.  Multiply +4  by +3. 
By  the  definition  of  multiplication,  the  product, 
+4  X  +3, 
is  obtained  from  +4  just  as  +3  is  obtained  from  the  positive 
unit.     But  +3  is  obtained  from  the  positive  unit  by  taking  the 
latter  three  times  as  a  summand;  or 

+3=+l++l++l. 
Consequently  the  required  product  is  obtained  by  taking  ''■4 
three  times  as  a  summand;  or 

+4  X  +3  =+4  ++4  ++4  =+(4  +  4  +  4)=+(4  x  3)=+12. 
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Ex.  2.  Multiply  -4  by  +3. 

By  the  definition  of  multiplication,  we  have 

-4  X  +3  =-4  -f -4  -h-4  =-(4  -f  4  +  4)=-(4  x  3)  =  "12. 

(ii.)  The  MultipUer  Negative.  —  Ex.  3,  Multiply  +4  by  "3. 

By  the  definition  of  multiplication,  the  product, 

+4  X  -3, 

is  obtained  from  "^4  just  as  "3  is  obtained  from  the  positive 

unit.     But 

-3  =-1  -f -1  4--1  =  -^1  -+1  -^1; 
that  is,  ~3  is  obtained  by  subtracting  the  positive  unit,  ^1,  three 
times  in  succession  from  0.     Consequently,  the  required  product 
is  obtained  by  subtracting  the  multiplicand,  "^4,  three  times  in 
succession  from  0 ;  or 

+4  X  -3  =  -+4  -+4  -+4  =  -h-4  +-4  +"4  ="(4  x  3). 

Ex.  4.  Multiply  -4  by  "3. 

By  the  definition  of  multiplication,  we  have 

-4  x-3  =  --4  --4  --4  =++4  ++4  +^4  =+(4  x  3). 

4.  In  Art.  3  the  examples  were  limited  to  the  multiplication 
of  integers  having  the  same  or  opposite  signs. 

But  the  essential  part  of  the  results  therein  obtained  is  the  sign 
of  the  product 

Since  this  sign  depends  only  upon  the  signs  of  the  multi- 
plicand and  multiplier,  and  not  upon  their  absolute  values,  the 
sign  of  the  product  in  each  example  would  have  been  the  same 
as  above,  if  the  multiplicand  and  multiplier,  either  or  both, 
had  been  fractions. 

These  examples  illustrate  the  following  Rule  of  Signs  for 
Multiplication : 

Tlie  product  of  tufo  numbers  having  like  signs  is  positive;  and 
the  product  of  two  numbers  having  unlike  signs  is  negative.  Or, 
stated  symbolically, 

+a  X  +6  = +(a6),  -a  xH  =  '(ab), 

-a  X -6  =""{06).  +a  x "6  =-(a6). 


§  B]     MULTIPLICATION  OF  ALGEBRAIC  NUMBERS.       33 

5.  The  proof  of  the  principle  enunciated  in  Art.  4  is  as  follows : 

The  product  +a  x  +b, 

wlierein  a  and  b  are,  as  yet,  limited  to  integral  values,  is  obtained  from 
-*-a.  just  as  +6  is  obtained  from  the  positive  unit.  But  +6  is  obtained 
from  +1  by  taking  the  latter  b  times  as  a  summand;  or, 

+6  =+1  ++1  ++1  +  ...6  summands. 

Therefore  the  required  product  is  obtained  by  taking  +a  as  a  summand 

b  times ;  or        +ax+b=+a++a-h+a  + --b  summands 

=+(a  +  a  +  a  +  •••  6  summands) =+(a6). 

Consequently,   +a  X  +6  =  "♦•  (a6) . 

In  like  manner,  the  other  products  are  proved. 

Since  the  essential  part  of  the  above  proof  is  the  sign  of  the  product, 
tbe  results  hold  when  a  and  b  have  fractional  values. 

Continued  Products. 

6.  The  results  of  the  preceding  articles  may  be  applied  to 
determine  the  value  of  a  chain  of  indicated  multiplications, 
i.e.,  of  a  continued  product, 

E.g,,  +ax+bx  +c  =+(a6)  x  +c  =+(a6c), 

+a  X "^6  X ~o  =+(a6) x~o=  ~(abo), 
+a  X  ~6  X  "c  =~(ab)  x  "c  =:+(a6c), 
"a  X  ~6  X  ~o  =+(a6)  x  ~o  =-(abc). 
These  equations  illustrate  a  more  general  rule  of  signs :       ♦ 
A  continued  product  which  contains  no  negative  number,  or  an 
even  number  of  negative  numbers,  is  positive;  one  that  contains 
an  odd  number  of  negative  numbers  is  negative. 

In  practice  the  sign  of  a  required  product  may  first  be  deter- 
mined by  inspection,  and  that  sign  prefixed  to  the  product  of 
the  absolute  values  of  the  numbers  in  the  continued  product. 
E,g,,  the  sign  of  the  product 

(+2)  X  (-3)  X  (-7)  X  (+4)  X  (-5) 
is  negative,  since  it  contains  three  negative  numbers ;  the  product 
of  the  absolute  values  is  840.     Consequently, 

(+2)  X  (-3)  X  (-7)  X  (+4)  X  (-6)  =-840. 
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EXERCISES  VII. 
Find  the  values  of  the  following  indicated  moltiplicatious : 
1.   +2X+8.  9.   +6X+7.  8.    -8X+7.  4.    -11  x +9. 

5.   +6X-6.  6.   +7X-4.  7.   "7  x-9.  8.    -22  x -6. 

Find  the  values  of : 

9.    (+16x-4)  +  (-12x+l).  10.    (+16x-8)-(+5x+7). 

11.    (-lx+ll)--(-22x+2).  19.    (-52x-2)-(+12x-8). 

Find  the  values  of  the  following  continued  products : 
18.   -2x+4x-8.  14.   -6x-ax+7.  15.   +12  x -2  x  "5  x  "4. 

What  is  the  value  of  (a  -  6)  (c  +  d), 

16.  When  a  ="2,  6  =+4,  c=-5,  d=+6? 

17.  When  a  =+6,  6=8,  c=-9,  d=+10? 
What  is  the  value  of  a&cd, 

18.  When  a  =-2,  6  =+3,  c=-4,  d=+b? 

19.  When  a  =-7,  6=s+2,  c=£-3,  d=-6? 

The  Commutative  Law  for  Multiplication. 

7.  In  an  indicated  multiplication,  the  number  which  follows 
the  symbol  of  multiplication  is  the  multiplier.     Thus,  in 

-4  X +3  =-4 +-4 +-4,  =-12, 

the  multiplier  is  "^3 ;  while  in 

+3  X  -4  =  -+3  -+3  -+3  -+3,  =  -12, 

^e  multiplier  is  ~4.     But  the  result  is  the  same,  whichever  of 

the  two  numbers,  +3  or  "4,  is  used  as  the  multiplier. 
This  example  illustrates  the  following  principle : 
The  Commutative  Law.  —  The  prodiust  of  two  numbers  is  the 

same^  if  either  be  taken  as  the  multiplier  and  the  other  as  the 

multiplicand;  or,  stated  symbolically, 

a  X  6  sfit  6  X  tf . 

8.  It  follows  from  the  rule  of  signs,  Art.  4,  that  the  signs 
of  the  multiplier  and  multiplicand  may  be  interchanged  with- 
out affecting  the  sign  of  the  product. 

E.g.,   +3  x-4  =-(3  X  4)  =-12,  and  "3  x+4  =-(3  x  4)  =-12. 
This  principle  is  called  the  Commutative  Law  qf  JSigns. 
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We  have,  therefore,  to  prove  the  Commutative  Law  only  for 
the  multiplication  of  absolute  numbers. 

Take  first  a  particular  example :  4x3  =  3x4. 
Consider  the  following  arrangement  of  units  in  rows  and 
columns : 

1111 
1111 
1111 

The  total  number  of  units  in  this  arrangement  is  obtained 
either  by  multiplying  the  number  in  each  row,  4,  by  the  num- 
ber of  rows,  3,  giving  4x3;  or  by  multiplying  the  number  of 
units  in  each  column,  3,  by  the  number  of  columns,  4,  giving 
3x4. 

Consequently,  4x3  =  3x4. 

In  general,  consider  the  following  arrangement  of  units  in  rows  and 
columns : 

a  units  in  each  row 

ri    1    1    1 


b  rows 


The  total  number  of  units  in  this  arrangement  is  obtained  either  by 
multiplying  the  number  in  each  row,  a,  by  the  number  of  rows,  6,  giving 
a  X  & ;  or  by  multiplying  the  number  in  each  column,  h,  by  the  number 
of  columns,  a,  giving  b  x  a. 

Consequently,  a  x  6  =  6  x  «, 

wherein  a  and  b  are  absolute  integers. 

Consider  next  the  case  in  which  a  and  b  denote  absolute  fractions. 


^x?=.-i-- 
6     8     6x3 

^4  +  4. 

6x3" 
_2_x4 

3x6' 


6x8 
.4x2 
"6x3 


by  the  definition  of  multiplication, 


,  since  4x2  =  2x4  and  6x3  =  3x6, 


_2  +  2  +  2-f2_,     2 
3x6  8x6 


3x6     3x6 


2     ^2     4 
3x6     3     6* 
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Similar  reasoning  can  be  applied  to  the  product  of  any  two  absolate 
fractions. 

Consequently,  the  Commutative  Law  for  multiplication, 
a  X  b  =  b  X  a^ 
holds  for  all  values  of  a  and  b,  positive  or  negative^  integral  or  fractional. 

The  AsBOclative  Law  for  Multiplication. 

9.  In  finding  the  value  of  a  continued  product  in  Art.  6, 
the  indicated  operations  were  performed  successively  from  left 
to  right. 

E.g.,  (+4  X  +3)  X  -2  =  +12  x  "2  =  "24. 

But  the  same  result  is  obtained  if  +3  be  first  multiplied  by 
"2  and  then  +4  be  multiplied  by  the  product. 
E.g.,  +4  X  (+3  X  -2)  =+4  x  "6  =-24. 

This  example  illustrates  the  following  principle : 

The  Associative  Law.  —  The  product  of  three  numbers  is  the 
same  in  whichever  way  two  successive  numbers  are  grouped  or 
associated  in  the  process  of  multiplying ;  or,  stated  symbolically, 
{ab)c  =  a(6c). 

10.  For  the  reason  stated  in  Art.  8,  it  is  sufficient  to  prove 
this  law  for  absolute  numbers. 

Consider  the  following  arrangement  of  6's  in  rows  and  columns : 

c  columns  of  6's 
h    h 


a  rows  of  &^s 


b    b    b 
b    b    b 


EsMch  row  contains  b  x  c  units;  and,  since  there  are  a  rows,  the  total 
number  of  units  is 

(bxc)xa,  or  ax  (b  X  c),  by  Art.  7. 
But  each  column  contains  b  x  a,  or  a  x  b  units ;  and,  since  there  are 
c  columns,  the  total  number  of  units  is 

(a  X  6)  X  c. 
Therefore  Qa  x  b)  x  c  =  a  x  (b  x  c). 
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In  the  above  representation,  the  values  of  a,  h,  and  c  are  limited  to 
a.l>solute  integers.  It  can  be  shown,  however,  as  in  Art.  8,  that  the  law 
liolds  also  for  absolute  fractional  values  of  a,  &,  c. 

Ea      2,,4     6^2x4      6^2  X  4x6^2  X  (4x6)  ^2/4      ey 
*^*'  3     5     7      3x6     7     3x6x7     3x(6x7)      3      V6      1 } 

We  conclude,  therefore,  that  the  Associative  Law  for  multiplication 

liolds  for  all  values  of  a,  6,  c,  positive  or  negative,  integral  or  fractional, 

• 

11.  The  Associative  and  Commutative  Laws  may  be  extended 
as  follows: 

The  value  of  a  product  of  three  or  more  numbers  remains  the 
same  if  in  performing  the  indicated  multiplications,  the  order  of 
the  numbers  be  changed,  or  if  two  or  more  numbers  be  associated 
in  any  way. 

U.g.,  +2  X  -3  X  -4=+2  x  "4  x  -3=-4  x  +2  x  -3=etc. 

+2x-3x-4x+5=+2x(-3x-4)x+5=+2x-3x(-4x+5)=etc. 

In  general, 

abc  =  acb  =  boa  =  bac  =  cab  =  cba, 
abcd=a(bcd)  =  a{bc)d  =  ab{od). 

The  two  laws  may  be  applied  simultaneously.. 

E.g,, 
+2  x  -3  X  -4  X  +5=+2  X  (+5  x  "3)  x  -4=-3  x  ("4  x  +2  x  +5)=ete. 

In  general,        abed  =  a{cb)d  =  c{adb)  =  etc. 

12.  Since  the  multiplier  and  the  multiplicand  can  be  inter- 
changed without  affecting  the  value  of  the  product,  they  are 
both  given  the  common  name  Factor. 

Thus,  a  and  b  are  the  factors  of  the  product  ab. 

For  a  similar  reason,  each  number  in  a  continued  product  is 
called  a  factor  of  the  product. 

Thus  a,  b,  c,  and  d  are  factors  of  abed. 

In  subsequent  work  we  shall,  for  convenience  in  writing, 
frequently  place  the  multiplier  on  the  left. 

BXBBOISBS  VIII. 

1.  Express  the  sum,  +4  +  +4  +  +4,  as  a  sum  of  summands  each  equal 
to +3. 

2.  Express  the  sum,  -5  +  -6  +  -5  +  ~6,  as  a  sum  of  summands  each 
equal  to  "4. 
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8.  Expresa  the  sum,  -(f)  +  -(f)  +  -(J)  +  -(J)  +  -(f)  -f  -(|),  as  a 
sum  of  Bummands  each  equal  to  -(}). 

4.  Express  the  sum,  +9  +  '*'9  +  +9  +  ...  a  summands,  a0  a  sum  of 
summands  each  equal  to  +a. 

6.  Express  the  sum,  -6  4-~5  +  ..-«  summands,  as  a  sum  of  sum- 
mands each  equal  to  -x. 

Find,  in  the  most  convenient  way,  the  ralues  of : 
6.    -17  X  +6  X  -a.  7.   +38  x  -^  x  -4.  8.   "139  x  "3  x  +38f 

9.   +228  X  +250  X  -4.     10.    -139  x  -8  x  +121.       11.    -17  X  -16f  X  -3. 

Find,  in  the  most  convenient  way,  the  value  of  abc  i 
18.    When  a =-4,  6 =+33 J,  c=-9.       18.    When  a =+19,  6=-e6f,  c=-3. 
Find,  in  the  most  convenient  way,  the  value  of  abed, 

14.    When  a  =  -37i,  6  =  +6,    c  =  -3,      d  =  +8. 
18.   When  a  =  -12i,  b  =  -16,  c  =  +33i,  d=:-^. 

§4.   DIVISION  OF  ALGEBRAIC  NUMBERS. 

1.  I>Msion  is  th£  inverse  of  multiplication.  In  multiplication 
two  factors  are  given,  and  it  is  required  to  find  their  product. 
In  division  the  product  of  two  factors  and  one  of  them  are 
given,  and  it  is  required  to  find  the  other  factor.  As  in  ordi- 
nary Arithmetic,  the  given  product  is  called  the  Dividend,  the 
given  factor  the  Divisor,  and  the  required  factor  the  Quotient 

E.g,,  Since  -28--4x+7, 

therefore,         ^28  -f-+7  ="4,  and  "28  ^-4  =+7. 

2.  From  the  definition  of  division  we  infer  the  following 
principle : 

If  the  product  of  two  factors  he  divided  by  either  of  the  factors, 
the  quotient  is  the  other  factor. 

In  general,  if  the  given  product  be  a  x  6,  we  have,  by  the 
definition  of  division, 

(a  X  6)  -i-  6  =  a,  and  (a  x  6)  -5-  a  =  6.  (i.) 

3.  The  dividend  is,  as  a  rule,  a  single  number  and  does  not 
appear  as  the  product  of  two  factors,  one  of  which  is  the 
divisor. 
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Since  the  absolute  value  of  the  product  of  two  factors  is 
equal  to  the  product  of  their  absolute  values,  it  follows,  from 
tlie  definition  of  division,  that  the  absolute  value  of  the  quotient 
is  equal  to  the  quotient  of  the  absolute  values  of  the  dividend 
and  the  divisor. 

By  the  definition  of  division,  the  equations  of  §  3,  Art .  4, 
may  be  written 

+(a»)+-»-<i=+»;   -'(a»)-8--a=+»; 
+(a6)-5--a  =-» ;  -(a6)-^+a  ="6. 
From  these  equations,  we  derive  the  following  Rule  of  Signs 
for  Division : 

Like  signs  of  dividertd  and  divisor  give  a  positive  quotient; 
unlike  signs  of  dividend  and  divisor  give  a  negative  quotient, 
E.g,y  +8h-+2=+4;   -8h--2=+4; 

-8h-+2=-4;  +8-h-2=-4. 

4.  In  a  chain  of  indicated  divisions,  the  operations  are  to 
be  performed  successively  from  left  to  right. 

E.g.,  -16  -S-+4  -?--2  =-4  -^--2  =+2 ; 

+210  ^-3  -^-2  -s-^5  =-70  ^-2  -«-+5  =+36  -!-+6  =+7. 

Likewise,  in  a  chain  of  indicated  multiplications  and  divi- 
sions, the  operations  are  to  be  performed  successively  from 
left  to  right. 

E.g.y  -375  x+3-^--6  x+2-^-9  =-1125+-6  x+2-f.-9 
e=+226  x+2  ^-9  =+450  +-9  =-50. 

5.  In  a  succession  of  additions,  subtractions,  multiplica- 
tions, and  divisions,  the  multiplications  and  divisions  are  first 
to  be  performed,  and  then  the  additions  and  subtractions. 

E.g.,  +2  X -3  +-4  X  +5  =~6  +-20  ^'2^. 

When  a  different  order  of  performing  the  operations  is  pro- 
posed, the  required  order  must  be  indicated  by  the  insertion 
of  parentheses. 

E.g.,  +2  X  (-3  +  -4)  X  +5  =  +2  X  -7  X  +5  =  "70, 

not  -26,  as  before. 
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6.   From  the  definition  of  diyision,  we  ha?e 

QuotiMt  X  Diviaor  =  Dividend, 

Since  the  quotient  of  a  divided  by  &  is  a  -^  &,  we  have 

(a  -^  6)  X  6  =  a,  or  a  -^  6  X  6  =  a.  (1) 

From  (1)  and  Art.  2  (i.),  we  derive  the  following  principle  : 

If  a  given  number  be  first  divided  and  then  multiplied  by  one  and  the 
same  number^  or  be  first  multiplied  and  then  divided  by  one  and  the  same 
number,  the  result  is  the  given  number;  or,  stated  symbolically, 

^x6-5-6  =  ^-i-6x6  =  iirx+i  =  iir  +  +i  =  iir. 

That  is,  x6-^6=-^6x6  =  x +1=^+1,  (2) 

whatever  number  be  placed  on  the  left  of  the  two  indicated  operations. 
E.g,,  -11  X  +3  -^  +8  =  -11,   +11  +  -5  X  -6  =  +11. 

EXERCISES  IX. 
Find  the  values  of  the  following  indicated  divisions : 
1.    (-27  X  +3)-i-  +3.        2.    (-27  x  +3)-^  -27.        8.    (+2}  x  +6})-^  +2f 
4.   +27 -5- +9.  5.  +81 -5- -9.  6.   -33 -^ +11.  7.   -106-^-7. 

Find  the  values  of ; 

8.    (-16-T-+2)  +  (+18-f.-3).  9.    (-24 -^-8) -(-36 +  +6). 

10.    (-15  -^  -5)  -  (+100  -T-  -26)  +  (-200  -i-  +8). 

Find  the  values  of : 

II.    +210  -f.  -6  -J-  -7  -^  +2.  12.   +376  ^  -6  x  +2  -  -3. 

18.    -280  ^  -4  X  +2  X  -3  -^  -42.  14.    +16  x  "6  -f-  -2  -4-  +6  X  +4. 

Find  the  values  of  the  following  expressions  : 

16.  +180  -T-  -36  +  -4  X  -2.  16.    -25  x  +4  -  +36  -f-  -12. 

17.  +48  X  -2  -  -96  -^  -24.  18.    -7  +  +15  ^  +3  X  "2  -  -28  -5-  H. 

What  is  the  value  of  (a  -  6)  -^  (c  +  d), 

19.  When  a  =  +18,  6  =  -2,  c  =  +3,  d  =  +2? 

20.  When  a  =  -23,  6  =  +6,  c  =  -4,  d  =  -3  ? 

What  is  the  value  of  a  -^  6  x  c  -r-  (!, 

21.  When  a  = +125,  6  = -5,  c  =    +4,  d=-10? 

22.  When  a  =    -49,  6  =  -7,  c  =  +18,  d  =  -2? 
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The  Commutative  Ziaw  for  Division. 

7.  In  a  chain  of  divisions,  or  of  multiplications  and  divisions, 
tlie  successive  operations  are  to  be  performed,  as  has  been 
stated,  in  order  from  left  to  right. 

E,g.,  -14  -h +2  X -7  =-7  X -7  =  +49. 

+8  -h-4  -5- +2  =-2  -i-+2  =-1. 

But,  if  the  operations  in  the  above  examples  be  performed 
in  a  different  order,  the  symbol  of  operation,  x  or  -s-,  being 
carried  with  its  proper  constituent,  we  have 

-14  X -7  -h+2  =+98  -f-+2  =+49,  as  above. 

+8  ^+2  -!--4  =  +4  -J--4  =  -1,  as  above. 

This  example  illustrates  the  Commutative  Law : 

(i.)  To  multiply  any  number  by  a  second  number  and  then  to 
divide  the  product  by  a  third  number,  gives  the  same  result  as 
first  to  divide  the  given  number  by  the  third  number  and  then  to 
multiply  the  resulting  quotient  by  the  second  number;  and  vice 
versa  ;  or,  stated  symbolically, 

/lfx6-8-c  =  /lf-^cx6,  or  x6-i-c=-i-cx6. 

(ii.)  If  a  given  number  be  divided  successively  by  two  numbers, 
the  result  is  the  same  whichever  of  the  two  divisions  is  first  per- 
formed ;  or,  stated  symbolically, 

M-¥-b-^c  =  H-^G-¥-b,  or  -*-6-^c  =  -HC-i-6. 

These  principles  are  proved  as  follows  : 

(i.)  If  in  Nxb^c, 

N  be  replaced  by  JV-4-  c  x  c,  =  N,  by  (2),  Art.  6,  we  have 

JVx6-HC  =  JV-^cxcx6-^c 

=  JV-^cx6xc-^c,  since  xcx6  =  x6xc, 

=  JV-^  c  X  6,  since  x  c  -«-  c  =  x  +1,  by  (2),  Art.  6. 

In  like  manner,  it  can  be  shown  that  the  Commutative  Law  holds  for 
any  number  of  successive  multiplications  and  divisions. 
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The  AMooiatlTe  Law  for  Dlvisioii. 

a  By  Art.  4,  -32  x  ^4  h--2  =-128  -4- '2  =+64, 
while,  -32  x  (n  -f.-2)  =  -32  x  -2  =-^64. 

Likewise,         +32  -!--4  x  +2  ="8  x  +2  =-16, 
while,  +32  -^("4  ^-+2)  =  +32  -i--2  =-16. 

And,  -32  +  -4  -h  -2  =  +8  -^  -2  =  -4, 

while,  -32  -h(-4  x  -2)«-32  -5-+8  =-4. 

These  examples  illustrate  the  Asaociatiye  Law : 

(i.)  A  chain  of  multiplications  and  divisions  may  be  inclosed 
within  parentheses  preceded  by  the  symbol  of  multiplication,  ij 
the  symbols  of  operation,  x  and  -«-,  preceding  the  numbers  in- 
closed within  the  parentheses  be  left  unchanged;  or,  stated  sym- 
bolically, 

H  xa-i-b  =  H  x(a-!-6). 

(ii.)  A  chain  of  multiplications  and  divisions  may  be  inclosed 
within  parentheses  preceded  by  the  symbol  of  division,  if  the 
symbols  of  operation,  x  and  -8-,  preceding  the  numbers  inclosed 
within  the  parentheses  be  reversed  from  x  to  •+-  a7id  from  -*- 
to  X ;  or,  stated  symbolically, 

H -i-a-i-b=M -^(a  x6),  and/If -f-a  x  6  =  /lf-^(a-^6). 

The  proof  is  as  follows  : 

If  in  N^a-^b, 

N  be  replaced  by  iV -;-  (a  x  6)  x  (a  x  6),  =  N,  by  (2),  Art.  6, 
we  have  iV-^a-5-6  =  iV'-^(ax6)x(ax6)-i-a-^6 

=  iNr-7-(ox6)x&xo-4-a->-6, 

since  xax6=  x6xa, 
=  iV  -r-  (a  X  6)  X  &  -f-  6,  since  x  a  •+-  a  =  x  +1, 
=  iNr-h(a  X  6),  since  x  6  -f-  6  =  x  +1. 

In  like  manner  the  other  principles  are  proved,  and  all  can  be  extended 
to  include  any  number  of  successive  multiplications  and  divisions. 

9.   An  even  number  is  one  whose  absolute  value  is  exactly 
divisible  by  2;  as  4,  6,  etc. 
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Since,  by  the  Commutative  Law, 

2«-*-2=»2-!-2xn  =  lxwt=n, 
2  n  is  always  an  even  number  when  n  is  an  integer. 

EXERCISES  X. 
Find,  in  the  most  convenient  way,  the  values  of : 

1.    -26  x-12  ~+6.        2.    -100  x-7  +-36.      S.    "1000  x-ll  H-+126. 

4.    +33J+-20X+3.      5.    -30 +-9  x-12.        6.   -10 -J.+17  x-34. 
Find,  in  the  most  convenient  way,  the  value  ota-i-b-i-cxd, 

7.  When  a  =  +170,  6  =  -3,  c  =  +17,  d  =  -6. 

8.  When  a  =  -126,  6  =  -7,  o  =  +25,  d  =-14. 

Find  the  values  of  the  following  expressions,  first  removing  the  paren- 
theses : 

9.  +26  X  (+12-^-4).      10.   -20-^(-6-^+2).     11.    +  100-i-(+26  x-2). 
12.    -600+(-200+-26x+3-i--4).         1$.   +300-^ (-160^+6 x +8 +  -4). 

§  6.     ONE  SET  OF  SIGNS  FOR  QUALITY  AND   OPERATION. 

1.  In  conformity  with  the  usage  of  most  text-books  of 
Algebra  we  shall  in  subsequent  work  use  the  one  set  of  signs, 
-f-  and  — ,  to  denote  both  quality  and  operation.  For  the  sake 
of  brevity  the  sign  -f  is  usually  omitted  when  it  denotes 
quality;  the  sign  —  is  never  omitted. 

Thus,  instead  of  +2,  we  shall  write  -f  2,  or  2 ; 
instead  of  "2,  we  shall  write  —  2. 

2.  We  have  used  the  double  set  of  signs  hitherto  in  order 
to  emphasize  the  difference  between  quality  and  operation.  It 
should  be  kept  clearly  in  mind  that  the  same  distinction  still 
exists. 

We  now  have 

JV-f +2  =  N'\-  (4-  2)  =  N+  2,  omitting  the  sign  of  quality,  +; 

^ + "2  =  iV  -f-  (  —  2),  wherein  -f  denotes  operation,  and  —  denotes 
quality. 

^— "*"2  =  ^— (H-2)  =  iV—  2,  omitting  the  sign  of  quality,  +; 

JV— *2  =  JV—  (—  2),  wherein  vhe  first  sign,  — ,  denotes  opera- 
tion, the  second  sign,  — ,  denotes  quality. 
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3.  In  the  chain  of  operations 

(+2) +  (-5) -(+2) -(-11) 

the  signs  within  the  parentheses  denote  qucdityy  those  without 
denote  operation.     That  expression  reduces  to 

(+2) -(+5) -(+2) +  (+11), 

or  2  —  5  —  2  -h  11,  dropping  the  sign  of  quality,  +. 

In  the  latter  expression  all  the  signs  denote  operation^  and 
the  numbers  are  all  positive, 

4.  The  following  examples  illustrate  the  double  use  of  the 
signs  H-  and  — . 

Ex.1.  +4-|-+3  =  H-4-|-(4-3)  =  4-f3  =  7. 

Ex.2.  -5++2  =  -5  +  (-|-2)=-5+*2  =  -3. 

Ex.  3.  +7  - -6  =  H-  7  -  ( -  5)  =  +  7  4-  (+  6)  =  7  4-  5  =  12. 

Ex.4.  -4x+3  =  -4x  (-|-3)=-4x3  =  -12. 

Ex.5.  -4x-3  =  -4x(-3)  =  12. 

EXBBCISBS   XI. 

Find  the  values  of  the  expressions  in  Exx.  1-8,  first  changing  them 
into  equivalent  expressions  in  which  there  is  only  the  one  set  of  signs, 
+  and  —  : 

1.   +2  4- +3.  2.   +14  4- -9.  8.   -8  + +6.  4.   -4  + +5. 

6.    +8- +4.  6.     +6 --2.  7.    "8  - +3.  8.    -2  - -6. 

Find  the  values  of  the  expressions  in  Exx.  9-14,  first  changing  them 
into  equivalent  expressions  in  which  there  is  only  one  set  of  signs,  +  and 
— ,  and  then  removing  the  parentheses  : 

9.   +6 +(+4 +  +3).  10.   +7 +(-5 +  +3). 

11.    -8 -(-12  4- +4).  12.    +17 -(+6 +  -8). 

13.   +6-(-3  4--4)  +  (-2-+8).  14.    -7  -  (-6  - -8)  4- (+6  - -7). 

Find  the  values  of  the  expressions  in  Exx.  15-22,  first  changing  them 
into  equivalent  expressions  in  which  there  is  only  one  set  of  signs, 
4-  and  —  : 

16.     +3  X  +4.        16.   +18  X  -4.        17.     -9  x  +11.        18.     "4  x  "7. 

19.    +18  •++2.        20.   +36^-6.        21.    -18 -*- +3.  22.    -96-^-6. 


§  6]  POSITIVE  INTEGRAL  POWERS.  45 

What  are  the  values  ota-\-h  —  c-\-d  —  e  and  a  —  (6  —  c  4-  d  —  c), 
28.   When  o  =  3,  6=- 6,  c=-8,  d  =  -9,  e  =  7? 

24.  Whena=-9,  6  =  6,  c  =  -9,  <l  =  -ll,  e=-12? 
What  is  the  value  of  a(b  —  c  +  d), 

25.  When  a  =  6,  6=-9,  c=-ll,  <l  =  8? 

26.  Whena  =  -2,  6  =  11,  c  =  -12,  <l  =  -9? 

27.  When  a  =-13,  6  =-2,  c  =  3,  d  =  -3? 
What  is  the  value  of  a  -j-  (6  4-  c  —  <l  +  e), 

28.  When  a  =  -6,  6  =  -3,  c  =  4,  <l  =  ~6,  e  =  -7? 

29.  When  a  =  12,  6  =  -  2,  c  =  -  9,  d  =  13,  e  =  28  ? 
Find  the  results  of  the  following  indicated  operations : 

80.   4-7.  81.    -3+11.  82.   18-22. 

88.    1-66.  84.   2-4  +  6.  86.   6  -  8  -  2. 

86.    -2-3+17-26-18  +  1.  87.   1-4  +  6-6  +  8-11. 

88.    -7x11.  89.    16x(-8).  40.    (-9)x(-17). 

41.    (-9)x(-8).  42.    18 -^-C- 2).  48.    (-16)-4-6. 

44.    (_72)^(-12).         46.    ( -  96)  x  12 -f- 4.        46.   46-5-(-6)x3. 

47.  (-2)x(-3)  +  (-4)x6-7x(-3). 

48.  6x(-8)-16^-(-4)+2x(-6). 

§6.     POSITIVE  INTEGRAL  POWERS. 

1.  A  continued  product  of  equal  factors  is  called  a  Power  of 
that  factor. 

Thus,  2  X  2  is  called  the  second  power  of  2,  or  2  raised  to  the 
second  power;  aaa  is  called  the  third  power  of  a,  or  a  raised  to 
the  third  power. 

In  general,  aa>a  •••  to  n  factors  is  called  the  nth  power  of  a, 
or  a  raised  to  the  nth  power. 

The  second  power  of  a  is  often  called  the  square  of  a,  or  a 
squared;  and  the  third  power  of  a  the  cube  of  a,  or  a  cubed, 

2.  The  notation  for  powers  is  abbreviated  as  follows : 
a*  is  written  instead  of  oa;  a^  instead  of  a<m\ 

a**  instead  of  aaa  •••  to  n  factors. 

3.  The  Base  of  a  power  is  the  number  which  is  repeated  as 
a  factor. 

E.g.,  a  is  the  base  of  a',  a',  •••,  a\ 
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The  Exponent  of  a  power  is  the  number  which  indicates  how 
many  times  the  base  is  used  as  a  factor,  and  is  written,  to  the 
right  and  a  little  above  the  base. 

E.g,y  the  exponent  of  a*  is  2,  of  a*  is  3,  of  a*  is  n. 

The  exponent  1  is  usually  omitted.     Thus,  a}  =  a. 

An  exponent  must  not  be  confused  with  a  subscript.  Thus, 
a®  stands  for  the  product  aoa;  while  Oa  is  a  notation  for  a 
single  number. 

4.  The  definition  of  a  power  given  above  requires  the  ex- 
ponent to  be  a  positive  integer.  In  a  subsequent  chapter 
this  definition  will  be  extended  to  include  powers  with  negar 
tive  and  fractional  exponents. 

Notice  that  the  words  positive  integral  refer  to  the  exponent 
and  not  to  the  value  of  the  power,  which  may  be  negative  or 
fractional. 

E.g.,   (-  2)»  =  (-  2)(-  2)(-  2)  -  -  8 ;  (i)'  =  i  X  I  =  f 

5.  The  base  of  a  power  must  be  inclosed  within  parentheses 
to  prevent  ambiguity : 

(i.)    When  the  base  is  a  negative  number.    Thus, 

(-5)2  =  (-5)(-5)  =  25;  while  -5«  =  -(5  x  5)  =  ~ 25. 

(ii.)    When  the  base  is  a  product  or  a  quotient.    Thus, 
(2  X  5)«=  (2  X  5)(2  X  5) (2  x  5)  =  1000; 
while  2  x  6»  =  2(5  x  5  X  5)  «  260. 

Likewise   f |Y=  ?  x  ?  =  %  while  ?«  ?  ><  ^  -  ^ 


^3;      3     3     9'  3         3        3 

(iii.)    When  the  base  is  a  sum.     Thus, 

(2  +  3)«  =  (2-f3)(2  +  3)  =  5x6  =  25; 
while  2  -h  3^=2  -h  3  X  3  =  2  -f  9  =  11. 

(iv.)    When  the  base  is  itself  a  power.    Thus, 

(2»)2=  2«  X  2«  =  (2  X  2  X  2)  (2  X  2  X  2)  =64, 
while  2^  =  23^3^2^  =  2  X  2x2x2x2x2x2x2  x  2  =  512, 
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EXEBCI8BS  XII. 

f 

Express  the  following  powers  in  the  abbreviated  notation : 
1.   2x2x2.  2.    (-3)(-3)(-3).  8.   aaaaaa, 

4.    (xy){xy){xy).  6.   (--3a)(- 3a)(- 3a)(-3rt). 

6.   5  •  5  •  5  •••  to  8  factors.  7.  6  x  5  x  5  —  to  f n  factors. 

8.  (—  a6)(—  a6)(—  ah)  •••  to  n  factors. 

9.  32  X  3*  X  3^  X  3*  X  32.  10.  X"  .  3B"  .  3C»  ...  to  m  factors. 

Express  the  following  powers  as  continued  products : 

11.   2».  \t.   (-3)».  18.    (6x)*.  14.  (--e«)*. 

16.   4-.  16.   a?».    ,  17.    (a6)J».  18.  (-7x)«. 

19.    (22)»..         ao.   (--3*)2.  21.   (a*)«.  88.  [(-xy)«]». 

Express  the  following  powers  in  the  abbreviated  notation : 

23.  (a  +  x)(a  +  «)(o4-x)(a  +  a;). 

24.  {aaa .—  6)(aaa  —  h){aaa  —  6)  ••.  to  17  factors. 

Express  in  algebraic  notation : 

85.  The  sum  of  the  squares  of  a  and  6. 
26.   The  squjirc  of  the  sum  of  a  and  5. 

87.  The  sum  of  the  cubes  of  x,  y,  and  z, 

88.  The  cube  of  the  sum  of  ai,  y,  and  z, 

Propertl«s  of  Positive  Integral  Powers. 

6.   (i.)   AU  (even  and  odd)  powers  of  positive  bases  are  positive, 
E.g.y    2«=2x  2x2  =  8.  3*  =  3  x  3  x  3  x  3  =  81. 

In  general,  (+  a)"  =  (+  a)  (+  a)  (-{-  a)  •••  n  factors. 
=  ■+-  a**,  n  even  or  odd, 

(ii.)  Even  powers  of  negative  bases  are  positive;  odd  powers 
of  negative  bases  are  negative. 

Notice  that  the  words  even  and  odd  refer  to  the  exponents. 
Also,  that,  for  all  integral  values  of  w,  2  n  is  even  (§  4,  Art.  9), 
and  hence  that  2  ?i  +  1  or  2  n  —  1  is  odd. 

E.g.,  (-2)^=(-2)(-2)(-2)(-2)  =  16; 

(-5)»=(-6)(-5)(-5)  =  -125. 
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In  general, 

(—  a)**  =  (—  a)  (—  a)  (—  a)  ...  2  n  factors, 

=4-  (aaa  ...  2n  factors),  by  §  3,  Art.  6, 

And, 

(-  a)^^  =  (-  a)  (-  a)  (-  a)  ...  (2n  +  1)  factors, 

=  — [aaa  ...  (2n  + 1)  factors],  by  §  3,  Art.  6, 

7.  If  a  =  6,  then  a"  =  6*.     This  principle  follows  directly 
from  the  axioms. 

EXEBCISBS  XIII. 

Find  the  values  of  the  following  powers : 
1.  2».  2.   32.  8.    (-3)6.         4.    -36.  6.    (-2)«. 

6.    -2«.         7.   (-5)*.         8.    -6*.  9.    (-x)*.  10.    (^xy. 

Express  as  powers  of  2 : 
11.   8.  18.   64.  18.   512.  14.   4096, 

Express  as  powers  of  —  3  : 
16.   9.  16.   81.  17.    -243.  18.    729. 

Express  as  products  of  powers  of  2  and  3  : 
19.   24.  80.   144.  81.    1536.  28.   2916. 

Determine,  by  inspection,  the  signs  of  the  following  powers  * 
23.    (-5)".  24.   (-7)76.  25.    (-3)^.  26.    :-4)*+i. 

27.    (—  7)»-i,  when  n  is  even.  88.    (—  3)»,  when  n  is  even. 

Find  the  values  of  the  following  expressions : 
89.  22  +  32.  80.    (2  +  3)2.  81.    (38 -5«).  88.    (3-6)' 

83.   5x4«.  84.    (5x4)«-  85.   2(- 7)«.  86.    [2(-7)]». 

87.   2  X  3*  -  (3  X  2)*.        38.    (5  x  6)2  -  6  x  52.        89.   2^  -  (-  2)7. 
40.   292* -(-29)24.  41.    [9(-4)]ii  +  36".        42.    (-37)i»  +  37«. 

When  a  =  1,  &  =  —  3,  c  =  2,  find  the  values  of : 
43.   a«.  44.   6».  45.    ab^.  46.    (a6)«.  47.   (b'Y^ 

48.   b<  49.   a2  +  62  +  c2.  50.    (ad)* +(6c)« +(ac)». 

Find  the  values  of  the  following  sums  when  n  =  5,  0  =  2,  5=  —  3: 
51.    12  +  22  +  32+... +n2.  58.    (l  +  2  +  3+...  +  n)». 

58.  a  +  a2  +  a»  +  ... +  a».  54.   6  +  6«  + 6»  + ... +6". 


CHAPTER   III. 

TBXS     FITNDAMENTAI.    OPERATIONS    WITH    INTEaRAL 
AI.aEBRAIC  EXPRESSIONS. 

§1.    DEFINITIONS. 

X.  An  Integral  Algebraic  Expression  is  an  expression  which 
involves  only  additions,  subtractions,  multiplications,  and  posi- 
tive integral  powers  of  literal  numbers ;  that  is,  in  which  the 
literal  numbers  are  connected  only  by  one  or  more  of  the  sym- 
bols of  operation,  +,  — ,  x,  but  not  by  the  symbol  -^. 

JE.g.,  l-^-x-i-a^y  Ba^b-^-iccPy  etc. 

The  word  integral  refers  only  to  the  literal  parts  of  the  expres- 
sion. At  the  same  time,  the  letters  are  not  limited  to  integral 
numerical  values,  but,  as  always,  may  have  any  values  whatever. 

E.g,,  a-\-b  is  algebraically  integral ;  but  when  a  =  ^,  6  =  f , 
we  have  a +  6  =  ^-j- 1  =  1^. 

2.  Coefficients.  —  In  a  product,  any  factor,  or  product  of  fac- 
tors, is  called  the  Coefficient  of  the  product  of  the  remaining 
factors. 

E.g.,  in  3  oftc,  3  is  the  coefficient  of  abc,  3  6  of  ac,  etc. 
A  Numerical  Coefficient  is  a  coefficient  expressed  in  figures. 
E.g.,  in  —  3  oft,  —  3  is  the  numerical  coefficient  of  ab. 
A  Literal  Coefficient  is  a  coefficient  expressed  in  letters,  or  in 
letters  and  figures. 
E.g.,  in  3  ab,  a  is  the  literal  coefficient  of  3  b,  and  3  a  of  6. 
The  coefficients  -f  1  and  —  1  are  usually  omitted. 

3.  The  sign  +  or  the  sign  — ,  preceding  a  product,  is  to  be 
regarded  as  the  sign  of  its  numerical  coefficient 

49 
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Thus,  -{-  3  a  means  the  product  of  positive  3  by  a ;  —  5x 
means  the  product  of  negative  5  by  x.  In  particular,  -]-a 
means  the  product  of  positive  1  by  a,  and  —a  means  the 
product  of  iiegative  1  by  a,  unless  the  contrary  is  stated. 

EXBBCISBS  I. 
What  is  the  coefficient  of  x  in 
1.   2a;?         8.    -3x?  8.   bax?         4.    -7&a;?  6.    (a  +  6)*? 

6.  If  the  sum,  a  +  a  +  a  +  a,  be  represented  as  a  product,  what  is  the 
coefficient  of  a  ? 

7.  If  the  algebraic  sum,  — 6_ft  —  6  —  ft  —  ft,  be  reprosented  as  a 
product,  what  is  the  coefficient  of  —  ft  ?    Of  5  ? 

8.  If  the  sum,  2ax  +  2ax  +  2ax-| —  to^  suminands,  be  represented 
as  a  product,  what  is  the  coefficient  of  2  ox  ?    Of  2  a  ?    Of  ay  ? 

4.  Terms.  —  In  the  expression  4  a  —  3  6,  the  sign  —  means 
operation,  i.e.,  subtraction. 

But,  since  4a  —  36=4a4-(— 3  6), 

the  given  expression  is  the  result  of  adding  4  a  and  —  3  6. 

Upon  these  considerations  are  based  the  following  definitions  : 

The  Terms  of  an  algebraic  expression  are  the  additive  and 
subtractive  parts  of  that  expression. 

E.g.,  the  terms  of  4  a  —  3  6  are  4  a  and  —  3  6. 

The  Sign  of  a  Term  is  the  sign  of  quality,  -|-  or  — ,  of  its 
numerical  coefficient. 

E.g.,  the  sign  of  the  term  4  a  is  -f,  of  —  3  6  is  — . 

A  Positive  Term  is  one  whose  sign  is  -f  ;  as  4  a. 

A  Negative  Term  is  one  whose  sign  is  —  ;  as  —  3  6. 

5.  Like  or  Similar  Terms  are  terms  which  do  not  differ,  or 
which  differ  only  in  their  numerical  coefficients. 

E.g.,  in  the  expression  -f3a  +  6a6  —  5a-j-7a6,  H-3a  and 
—  5  a  are  like  terms ;  so  are  +  6  ab  and  -f  7  ab. 
Unlike  or  Dissimilar  Terms  are  terms  which  are  not  like. 
E.g.,  -j-  3  a  and  -{-7  ab  in  the  above  expression. 
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6.    A  Monomial  is  an  expression  of  one  term ;  as  a,  —  7  &C. 
A  Binomial  is  an  expression  of  two  terms ;  as  —  2  a*  +  3  6c. 
A  Trinomial  is  an  expression  of  three  terms. 
E.g.,  a-\-b  —  Cy  —  3  a*-f  7  6'  — 5  c*. 

A  Multinomial  *  is  an  expression  of  two  or  more  terms,  in- 
cluding, therefore,  binomials  and  trinomials  as  particular  cases. 
J5J.gr.,  a  +  6*,  a^-\-b  —  (?f  ab  +  bc  —  cd-  ef. 

§2.    ADDITION  AND  SUBTRACTION. 

1.  Like  Terms  can  be  united  by  addition  and  subtraction 
into  a  single  like  term. 

Just  as  2  =  1  H-  1,  so  2  a^  =  ajy  -|-  iry ; 

just  as     —  3  =  —  1— 1  —  1,  so— 3«y  =  —  ajy  —  ajy  —  ajy. 

Therefore,  just  as    2-(-3)  =  2H-3  =  5, 
so  2  ajy  -  (-  3  xy)  =  [2  -  (-  3)]  xy=^5xy. 

That  is,  to  add  or  subtract  like  terms,  add  or  subtra^  their 
numerical  coefficients  and  annex  to  that  result  their  common 
literal  part, 

Ex.  1.  Add  -  7  a6  to  4  aft. 

We  have    4  a6  +  (-  7  oft)  =  [4  -f  (-  7)]  a6  =  -  3  oft. 

Ex.  2.  Find  the  sum  of  3  a,  —ba,  8  a,  —  4  a. 
By  the  Commutative  Law  for  addition 
3a-|-8a  +  (-5a) +  (- 4 a)  =  [3 +-8 -{-(- 5) -|-(-4)]a  =  2 a. 

Ex.  3.   Subtract  —Ba^y  from  —  7  oi^y. 
We  have 
'-7x'y-^(-5x'y)=z-7x^  +  5a^y==(-7  +  5)a^y=:-2x'y. 

EXBRCISBS  II. 
Add 

1.  2  a  to  3  a.  2.    -  7  y  to  3  y.  8.   4  6  to  -  9  &. 

4.    -  6  c  to  ~  5  c.  5.    -  4  x8  to  J  x».  6.  -^  a^  to  J  a^. 

*  The  word  Polynomial  is  frequently  used  instead  of  Multinomial. 
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Subtract 
7.  2  a  from  6  a.  8.   3  &  from  —6  5.  9.    10  m  from  -  m. 

10.    -9yfrom2y.  11.   -16x>  from -6z^.     18.    ~3ad  from7a&. 

18.    -  7  x*-^(y  -  z)  from  2  3^-\y  -  z). 
Find  the  sum  of 

14.   a,  2  a,  -  3  a.  15.    -  a6,  -  3  aft,  -  7  a&. 

16.   3  x«,  -  4  36",  -  9  a«.  17.  2  a^fta,  -  a^b^,  -  5  a^ft^. 

18.  -  6  aa;"»,  7  ax"»,  -  9  ax*,  3  ax^. 

19.  (x»  +  y«),  -  3(x»  +  y"),  4 (x»  +  y*)»  -  7  (x«  +  y"),  15 (x»  +  y). 

Simplify  the  following  expressions : 

80.   6x-2x  +  4x.      81.    -96-26-36.         88.   -7m+4fn-5iii. 
28.    -x«»  +  7xa»  +  2xa"-6x2n.       94.   a26  -  2 6a«  -  3 a26  +  4 6a'. 
86.    -  (a  +  6  -  c)  +  2(a  +  6  -  c)  +  U  (a  +  6  -  c)  -  7  (a  +  6  -  c). 
86.    3x  +  (-6x).       87.    -10a  +  (-12a).      88.  12x2-C-7a«). 
89.   2a -[-4a -(-6a)].  30.   m  +  [2m- (3m  -  4to)]. 

31.   6y-[62f-4y-(-3y  +  2y)]-y. 
88.  X  -  [x  -  2 X  -  (x  -  3x)  -  (x  -  4 x)]. 

2.  Unlike  Terms  are  added  and  subtracted  by  writing  them 
in  succession,  each  preceded  by  the  sign  +  if  it  is  to  be 
added,  by  the  sign  —  if  it  is  to  be  subtracted. 

Ex.1.  Add  3 6  to  2 a.     We  have  2a +  3  6. 

Ex.  2.  Add  -Sa^  to2f.    We  have 

Ex.  3.   Subtract  —  11  m  from  2  n.    We  have 

2  71  -  (- 11  m)  =  2n  + 11  m. 
Such  steps  as  changing  +(— 3«^  into  —  3aj*,  and  —  (— llw) 
into  H-  11  m  should  be  performed  mentally. 

3.  A  multinomial  consisting  of  two  or  more  sets  of  like 
terms  can  be  simplified  by  uniting  like  terms. 

Ex.  1.  2a  —  36  —  5a  +  46 

=  2a  —  6a  —  36  +  4  6,  by  the  Commutative  Law, 
=  —  3  a  -f-  6,  by  the  Associative  Law. 
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Add 

BXERCISBS  III. 

1.    a  to  1. 

8.    -3to2x. 

8. 

—  a;  to  —  y. 

4.   a;2  to  -  ya. 

6.   a^toa. 

6. 

-7«to  -3x. 

7.    -  2  ab  to  a^ 

8.   -  a:y2  to  -  aJ2y. 

9. 

-  3  m»  to  2  n"». 

Subtract 

10.    X  from  1. 

11.    —  a  from  2. 

18. 

-2m  from  -3k 

18.    —sfifiomSx. 

14.    —  bx  from  —  cy. 

16. 

7  X*  from  -  2  y». 

Add 

16.    1,  -  X,  za. 

17.    -3,  2x,  -3y. 

18. 

—  o6,  —  ac,  —  ad. 

19.    Subtract  —  3  x*  from  the  sum  of  2  and  —  4  x. 

80.  Add  —  6  x^  to  the  result  of  subtractiug  —  2  x  from  0. 

Simplify  the  following  expressions  by  imiting  like  terms : 

81.  a  +  l  +  a-1.  88.  2x  +  6  +  3x-7. 

88.  -5wn  +  3n-2nm  -6n.  84.  3x2-4ya  +  2xa-6y». 

85.  a  +  6-3a  +  c-46  +  6a-6c-8a-3c  +  llft. 

86.  6  TO*  -  CTO*  4-  3  +  9  cm*  -  8  m*  +  5  m*  -  m*c  +  H. 

87.  9  a6*  -  6x  -  13  a6*  -  a*6  4-  3  6x  -  2  a6*  +  10  a*6  -  2  6x  -  dbK 

88.  3(a  +  m)-4(a  +  m)-2(a  +  m^+8(a  +  m). 

89.  (a  +  «)8  -  2(a  +  «)»  +  2(a  +  «»)  +  7 (a  +  «)«  -  6(o  +  ««). 

Simplify  the  following  expressions,  first  removing  parentheses : 

80.   a  +  l--(2-3a).  81.   6x-(-2y  +  3x). 

88.   2m  +  3n-(6m-4n)-(-3m  +  7n). 

88.   l_[a8-2-(-2a»-3)]. 

84.   xa-ya  +  [-3x2-2y2-(2xa-3y2)]. 

86.   2  xy  +  5ya  -  (2xy  -  3y«)-[2  xy  -  (3xy  -  2y«)  +  Sya?]. 

Find  the  values  of  the  expressions  in  Exx.  30-35, 

86.  When  a  =  1,  x  =  3,  y  =  —  6,  «  =  10,  m  =  4,  n  =  —  7. 

87.  When  a  =  -3,  x  =  6,  y  =  -7,  0  =  8,  m  =  -l,  n=-2. 

Simplify 

88.  a+(a  +  l)  +  (a  +  2)  +  (a  +  3). 

89.  x  +  (a;  +  2)  +  (x  +  4)+ •••+(a  +  10). 

40.   2m+(2m-l)  +  (2m-2)+-+(2m-9). 

41.  Find  the  sum  of  7  terms,  the  first  term  being  x^,  and  each  succeed 
ing  term  being  1  less  than  the  preceding  term. 

42.  Find  the  sum  of  6  terms,  the  first  term  being  m  +  n,  and  each 
succeeding  term  being  p  less  than  the  preceding  term. 
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Addition  and  Snbtraotion  of  Multinomials. 
4.  Ex.  1.  Add  -2a-|-36to3a-66. 
We  have  (3a-56)-|-(-2a-|-36)  =  3a-56  —  2a-|-36, 

=  a-26. 

Ex.  2.  Subtract  —  2a-|-36  from  3a  —  66. 
We  have  (3a  -  56)  -  (-  2a  +  3  6)  =  3a -  56  -|-  2a  —  3^>, 

=  5a-86. 

In  adding  multinomials,  it  is  often  convenient  to  write  one 
underneath  the  other,  placing  like  terms  in  the  same  column. 

Ex.3.   Find  the  sum  of   -4:3^  +  3^ -Sz^,  2ic*  — 32*,  and 

2f-^5z^ 

We  have  ^^a^^sf^Sj^ 

27?  -3«* 

2/-f5g» 

-2a^  +  52/*-6«* 

It  is  evidently  immaterial  whether  the  addition  is  performed 
from  left  to  right,  or  from  right  to  left,  since  there  is  no  carry- 
ing as  in  arithmetical  addition. 

Ex.  4.  Subtract  -  2a  4-  3  6  from  3  a  -  5  6. 
Changing  mentally  the  signs  of  the  terms  of  the  subtrahend, 
and  adding,  we  have 

3a-56 

--2a  +  36 

5a-86 

Ex.  5.  Subtract  2^2-322  from  -4a;"4- 3y*,  and  from  the 

result  subtract  2  ^  +  5  »^. 

When  several  multinomials  are  to  be  subtracted  in  succession, 

the  work  is  simplified  by  writing  them  with  the  signs  of  the 

terms  already  changed.     We  then  have 

~4ar^-f-32/* 
-2x2  ^32,j 

-2y^-bz^ 
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EXERCISBS  IV. 
Add 

1.   a  +  4too  — 4.  8.— x  +  ytox  —  y. 

8.  7a-46to -3a4-26.  4.  2x«- xy  to -x«  + y*. 

6.  x^  +  x  +  ltoa^-x  +  l. 
6.  2a«-3a6-ft«U) -a«  +  6aft  +  2ft«. 
Subtract 
7.   a  -  1  from  a  +  1.  8.  a  -  2  6  from  0. 

9.  8  a  —  3  6  from  7  a  — 2  b,  10.   x  —  y  from  x  4-  y. 

11.  -x2y-xy2frt>mx»  +  y».  18.   a»6  +  a6»  frt>m  a*  +  6*. 

18.  a»-2a2-a-2frt>ma-6. 

14.  -x*  +  7x»  +  3x2  +  3x-9from0. 

16.  x8-8x2y  +  3xy2-ySfromx»  +  3x2y  +  3xy«  +  y». 

16.  2x*-3x»-7x2+3x  +  lfrt>m2  +  4x-6x»-2x^  +  3«*. 

17.  X*  -  x*  +  x2  -  X  +  1  from  X*  +  x«  +  1. 

18.  -Jx6-|x8  +  fa^-lfromx6  + Jx*-x»-f 

19.  -  3(x  +  y)2  +  4(x  +  y)-  7  from  -(x  +  y)«  -  7(x  +  y)  +  3. 

Find  the  sum  of 

ao.    7a-96-c,  6a-36-2c,  2a  +  36-5c 

21.  3x2-6x+l,  7x2  +  2x-3,   _x«-2x-3. 

22.  x2-ax  +  a2,  2x2  +  3ax-4a^  x2  +  ax  +  2a2. 

28.  Sa^-4ab  +  b^,  a'^-2ab-2b^,  2a^-Zab  +  4b^. 

24.  <i2_2a6  +  262,  2a»-3a&  +  &»,  a^-^bab-bK 

26.  2x2y8  +  4x«y2,  -  6 xV  +  2 x^yS  _  3 x^y^,  4 xV  -  6 xV  -  « » V- 

26.  3a -26  + 6c,  a  +  6  -  c,  -2a +  66 -3c,  -2a  +  6-c. 

27.  x8  +  2x2-3x  +  l,   2x8-3x2  +  4x-2,    6x8  +  4x2  +  5, 
6x«-6a5?-4x-3. 

28.  6a«-3a2  +  2a,  a»-a^  a2  -  a  +  1,  a«-2a2-a-2. 

29.  2a  +  6-(c  +  <i),  a+(6-c)-d,  a  +  6-(c-d). 
89.   0  +  26  +  C,  2a-(6-c)-(2,  3a  +  6-(2c  +  d). 

31.  3(a  +  6)-4(a+6)2  +  6(a  +  6)8,    (a  +  6)2  -  2 (a  +  6)8, 
-(a  +  6)8+2(a  +  6)2-(a+6). 

32.  7(x2+y2)-3(x2-y2)  +  2xy,   2(x2-y2)-4xy,   3(x2+y2)_(a;2_y2). 
33    Subtract  the  sum  of  a2  +  a6  +  6*  and  a6  from  2  a2  +  3  a6  +  2  62. 
84.    Subtract  the  sum  of  a2  and  62  +  c^  from  the  sum  of  62  and  a2  —  c^. 
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85.  How  much  does  m*  +  n*  exceed  m^  —  n^7 

86.  How  much  does  \  ^x^  exceed  2  —  3  x^  ? 

87.  What  expression  must  be  added  to  2a  —  3&  +  4c  to  give  4a -h 
26-2C? 

88.  What  expression  must  be  added  to  xy-\-xz+yz  to  give  x3+y^+2^  ? 

89.  What  expression  must  be  subtracted  from  a^  +  a&  +  6^  to  gire 
a2-2a6+62? 

40.  What  expression  must  be  subtracted  from  x'  —  2xy  +  f*  to  give 
x«  +  2xy  +  ya? 

41.  What  expression  must  be  added  to  x^  +  x  +  1  to  give  0  ? 

If  x  =  2a-3&  +  4c,  y  =  -.3a  +  26-7c,  «  =  9a-76  +  6c,  find 
the  values  of 

42.  X  +  y  +  «.        48.   X  —  y  +  «.       44.   x  +  y  —  2.       46.   x  —  y  -  2. 
Given  the  four  expressions : 

x  =  6a2-3a6+  6«-3ac  +  26c+  c«, 
y  =  2a«  +  5a6-36a  +  2ac-4  6c  +  3c«, 
«  =  4  a^  -  7  a&  +  5  62  -  4  ac  -  5  6c  +  c^, 
u  =  2  a*  +  9  o6  -  8  6*  +  3  ac  +  3  6c  +  2  c«, 
find  the  values  of 

46.  X  +  y  —  «  +  tt.  47.   X  +  y  —  «  —  ti.  48.  x  —  y  —  «  —  u. 

§3.     MULTIPLICATION. 
PrincipleB  ol  Powers. 
1.  Products  of  Powers. 

Ex.   xx^a^  =  (x)  (xx)  (xxx)  =  xxxxxx  =  afi  =  0?^+*+'. 

This  example  illustrates  the  following  principle : 

The  product  of  two  or  more  powers  of  one  and  the  same  base 
is  equal  to  a  power  of  that  base  whose  eocponent  is  tJie  sum  of 
the  exponents  of  the  given  powers;  or,  stated  symbolically, 

F9r,  a'^a'^  =  (aaa  •  •  •  to  m  factors)  (aaa  •  ••  to  n  factors) 

=  aaa •••to  (w  +  n)  factors  =  a"*+*. 
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EXEBCISES  V. 

^Express  each  of  the  following  products  as  a  single  power: 

1.    2x22.                     2.    (-7)«(-7)«.  •  8.  (-2)»2*. 

4.    5*(-6)«.                6.   aV.  e.  (-a:)»x*. 

7.    (a6)2(a&)«.            8.  a^^cfi.  9.  (- x)(-x)«(- x)». 

lO.    cfia^cfl,                  11.  a'*-'a"+*.  12.  x«+"a:*-**. 

IS.    (a2+6«)«(a»  +  6*)*.  14.  (x  +  y)«(x  +  y)*. 

2.   Powers  of  Powers. 

Ex.   (a*)*  =  a^d'a^'a^d'  =  a^^*+^  =  a*^*  =  a». 

This  example  illustrates  the  following  principle : 

-4  power  of  a  power  of  a  given  base  is  equal  to  a  power  of 

that  base  whose  exponent  is  the  prodtict  of  the  given  exponents; 

or,  stated  symbolically, 

(a-)*»  =  a-«;  [(a'»)"]''  =  a-"»;  etc. 
For,  (a"»)«  =  a'^a'^a'*  •  •  •  to  n  factors 

--  ^m+m+m+  —  to  n  nunnutndfl  —  gmn^ 

Likewise,     [(a«)»»]J' =(a«»*»)i'  =  a"^;  and  so  on. 

EXEBCISES  VI. 

Find  the  values  of  the  following  powers : 
1.    (3»)«.  2.   32*.  8.    (4«)a.  4.    [(-2)«]*.  6.   (-28)». 

Simplify  the  following  powers : 
6.    (11*)6.  7.    [(-18)6]«.  8.    [(2»)«]*.  9.    (a«)*. 

10.    (-a^)«.  11.   [(-«)*]».  12.    [(a6)2]6.         13.    [(x^yy, 

14.    [(-n2)6]8.      16.   (x«)ft».  16.    (x8)ft».  17.    [(x  +  y)«]«. 

Express  the  following  powers  as  powers  of  2 : 
18.   [(28)2]*.  19.    (28*)*.  20.   86.  21.   3226. 

Express  the  following  powers  as  powers  of  32 : 
22.   38.  28.   32«.  24.   9*.  26.   27«. 

Express  the  following  powers  as  powers  of  6* : 
26.  616.  27.   681.  28.    126*.  29.   25». 

Simplify  the  following  powers : 
30.  (a2a8)*.  81.   (x2a:6)6.  82.    [(-«)V]8.  88.   [(- c)8c*]6«. 
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Write  the  squares  and  the  cubes  of  .* 

84.   a».  86.    ~a8.  86.    (x^z^y.  87.    [(-y)W. 

88.   x+y.  89.    (a  -  6)«.  40.    -  (a  +  6  -  c)». 

Write 

41.  The  fourth  power  of  a.  42.   The  ath  power  of  4. 

Write  the  sum  of  ten  terms,  the  first  term  being  x, 

48.   When  each  term  is  the  square  of  the  prececv;!^  term. 

44.   When  each  term  is  the  nth  power  of  the  preceding  term. 

Simplify 

46.  3(a8)*+2(a*)»-4(a2)«.        46.  3((|6)*-2(a*)«-6(aio)2+7[(«2)5]2. 

3.  Like  and  Unlike  Powers.  —  Two  powers  are  said  to  be  Uk£ 
or  unlike  according  as  their  exponents  are  equal  or  unequal, 
whether  or  not  their  bases  are  equal.     Thus, 

a*,  6*  are  like  powers ;  a\  a',  a*  are  unlike  powers. 

4.  Products  of  Like  Powers. 

Ex.  aW  =  (aaaa)  (bbbb)  (cccc) 

—  (abc)  (abc)  (dbc)  (abc),  by  the  Commutative  Law, 
=  (a^cy,  by  the  definition  of  a  power. 

This  example  illustrates  the  following  principle : 

(i.)  The  product  of  like  powers  of  two  or  more  given  buses  is 
the  like  power  of  the  product  of  the  bases;  or,  stated  symbolically, 

a«6"'  =  {aby ;  a*6*£?"'  =  {abcy,  etc. 

For,  a'wft"*  =  {aaa ...  to  m  factors)  (Jbhh ...  to  w  factors) 

=  (a6)(a5)(a6)  ...to  m  factors,  by  the  Commutative  Law, 
=  {(iby^  by  the  definition  of  a  power. 

In  like  manner  the  principle  can  be  extended  to  the  product  of  any 
number  of  like  powers. 

(ii.)  The  converse  of  the  principle  is  evidently  true : 

{abY  =  fl"*"* ;   (abcy  =  a^b'^o'^,  etc. 

^g-i  {^yf  =  ^t\   (2 a^by  =  2\aFyV  =  8 a^b\ 
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EXERCISES    VII. 

Express  the  following  products  of  powers  as  powers  of  products : 
i;  78x6«.  2.    (8)*x(-3)*.      8.    a^ft*.        4.    (-a;)«y«. 

5.    (-a)666(„c)6.       6.   a2(6  +  c)a.  7.   a«6W      8.  ajiyV-s. 

Express  the  following  powers  of  products  as  products  of  powers,  re- 
ducing powers  of  any  numerical  factors : 

9.    (xy)8.  10.    (-2tt)».  11.   (-2xy)*.         12.    (abc^. 

18.  (a268c)4.         14.    (-3a;2y)*.        16.    (-a:V«)^        16.    Cm^n^)p. 

Write 

17.   The  square  of  twice  a,  IS.  Twice  the  square  of  a. 

19.  Four  times  the  square  of  the  difference  between  x  and  y, 
SO.   The  square  of  four  times  the  difference  between  x  and  y. 

Given  two  numbers,  a  and  6,  write  in  algebraic  language : 

81.  The  square  of  the  first  number,  plus  twice  the  product  of  the  two 
numbers,  plus  the  square  of  the  second  number. 

22.  The  cube  of  the  first  number,  plus  three  times  the  product  of  the 
square  of  the  first  by  the  second,  plus  three  times  the  product  of  the  first 
by  the  square  of  the  second,  plus  the  cube  of  the  second. 

28.  Write  in  algebraic  language  the  verbal  statements  in  Exz.  21  and 
22,  when  the  given  numbers  are  2  a  and  —  3  &. 

Degree.    Homogeiieoafl  Ibtpreealoiie. 

5.  An  integral  term  which  is  the  product  of  n  letters  is  said 
to  be  of  the  nth  degree,  or  of  n  dimensions. 

Thus,  the  Degree  of  an  Integral  Term  is  indicated  by  the  sum 
of  the  exponents  of  its  literal  factors. 

E.g.y  Sab  IB  oi  the  second  degree;  2a^^,  =i2xxyy  is  of  the 
third  degree. 

The  Degree  of  a  Multinomial  is  the  degree  of  that  term  which 
is  of  highest  degree. 

E.g,y  the  degree  of  T^y-^-xi^  —  acV^  is  the  degree  of  ic^^ ; 
I.e.,  the  sixth, 

6.  It  is  often  desirable  to  speak  of  the  degree  of  a  term,  or 
of  an  expression,  in  regard  to  one  or  more  of  its  literal  factors. 


60  ALGEBRA.  [Ch.  m 

E.g.,  the  term  aoi^t^  is  of  the  fifth  degree  in  x  and  y,  of  the 
first  degree  in  a,  of  the  second  degree  in  x,  of  the  third  degree 
in  y,  etc. 

The  expression  aa:^  +  2  bxy  +  cy^  is  of  the  second  degree  in 
X,  in  y,  and  in  x  and  y.  . 

7.  A  Homogeneous  Expression  in  one  or  more  letters  is  an 
expression  all  of  whose  terms  are  of  the  same  degree  in  these 
letters. 

E.g.,    .    a'  +  2  a6  -f  6*  is  homogeneous  in  a  and  6. 

8.  If  the  terms  of  a  multinomial  be  arranged  so  that  the 
exponents  of  some  one  letter  increase,  or  decrease,  from  term 
to  term,  the  multinomial  is  said  to  be  arranged  to  ascending, 
or  descending,  powers  of  that  letter.  The  letter  is  called  the 
letter  of  arrangement. 

E.g.,  a'  +  3  a%  -f  3  ab^  -f  ft*  is  arranged  to  descending  powers 
of  a,  which  is  then  the  letter  of  arrangement ;  or  to  ascending 
powers  of  b,  which  is  then  the  letter  of  arrangement. 

EXERCISES  VUI. 
What  is  the  degree  of  2  a^lWifi 

1.   In  a  ?         2.   In  X  ?         3.   In  &  and  y?        4.   In  a,  6,  x,  and  y  ? 
What  is  the  degree  of  the  expression  a'x*  —  6  a%'hfiy  +  6  ahx^y^ 
6.  In  a;  ?  6.   In  y  ?  7.   In  a  ?  8.   In  6  ? 

9.  Arrange  2x  —  3x^  +  7  —  2x*  +  3x2  to  ascending  powers  of  a: ;  to 
descending  powers  of  x. 

10.  Arrange  3  y  —  7  xy'  +  5  x^y'^  ^  4  352^4  to  ascending  powers  of  jc ;  to 
ascending  powers  of  y. 

11.  Arrange  29  a^M  +  4  5«  -  30  a^ft*  +  26  a*62  -  12  ab^  to  descending 
powers  of  a ;  to  descending  powers  of  6. 

Multiplication  of  Monomials  by  Monomials. 

9.  Ex.  1.  3ax56  =  3x5xax6  =  15aft. 
Ex.  2.             2a;x(-4y«)  =  2(-4)an/2  =  -8a^. 

Ex.  3.     I  a^  x  6  a62  X  11  6*  =  f  x  6  X  11  X  a^oh%^  =  44  a%\ 
Ex.  4.      3  a"+^62  X  5  aSft**"^  =  3x5  a^+^a^ft^^ft^-^  =  15  a"'+*6i+". 
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Xliese  examples  illustrate  the  following  method : 

The  product  of  two  or  more  monomials  is  obtained  by  multiply- 
ing the  product  of  their  num£rical  coefficients  by  the  product  of 
their  literal  factors. 

BXEBCISES  IX. 
Multiply 

1.  3  a  by  4.  2.    -  6  by  -  2  a.  8.   7  by  -  Sx^. 

4.  2aby3a.  6.   2i  a;  by  -  6  a^.  6.    -3a2by-4a. 

7.  -  2  a6  by  5  ah,  8.  3  a^h  by  -  7  aft^.  9.   4  hH  by  -  3  ft^c*. 

10,  3  ahc  by  ah^ifi,  11.    -  3  x^z  by  xy^,  12.   a%xy  by  ahH^'^, 

13.  2(a  +  6)8  by  -  3(a  +  h)\  14.   7i  a\x  -  y)«  by  6  a\x  -  y)a. 

15.  12  a*6"*  by  -  }  a6».  16.   3  a«-i&«+i  by  -  12  a^ft*. 

Simplify  the  following  continued  products : 
17.    3a6x66cx6ac.  18.    -  1  x'hf  y,  {-- 2  y^z)  x  Z xz^, 

19.     -axyxl  ahx^z  x  2  ftaj^yar.  20.   x22r+*  x  5  a:«y**»  x  ( -x*»y2»-i). 

21.  (2  ax8)*  X  (5  ah^y  x  (-  2  a2x2y«)*. 

22.  (1  -  x)8  X  3  a6  X  4(1  -  x)*  x  (-  2  a^c). 

The  DiBtributive  Law  for  Multiplicatioii. 

10.  If  the  indicated  operation  within  the  parentheses  in  the 
product,  4(2  4-  3),  be  first  performed,  we  have 

4(2  +  3)  =  4x6  =  20. 

But  if  each  term  within  the  parentheses  be  multiplied  by  4 
and  the  resulting  products  be  then  added,  we  have 

4  X  2  +  4  X  3  =  8  4- 12  =  20,  as  above. 

Therefore  4(2  +  3)  =  4  x  2  +  4  x  3. 

This  example  illustrates  the  following  principle : 

The  Distributive  Law.  —  The  product  of  a  multinomial  by  a 
monomial  is  obtained  by  multiplying  each  term  of  the  multinomial 
by  the  monomial  and  adding  algebraically  the  resulting  products. 
That  is, 

a{b  -\-  G  —  d)  ^  ab  +  ac  —  ad. 
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(i.)  For,  let  a  be  limited  to  positiye  integral  yalues. 
Then 

a(Jb  +  c  —  d)  =  (&  +  c  —  (f)  +  (&  +  c  —  (f)+-«toa  summands, 

=  (&  +  &  H —  to  a  summands)  +  (c  +  c  +  •••  to  a  summands) 

—  (d  +  (2  +  •••  to  a  sommands), 
=  oft  +  flw  —  od. 

(ii.)  Let  a  be  limited  to  negative  integral  values,  and  be  denoted  by 
—  X,  80  that  x  is  an  absolute  number. 
Then 

a(6+c—d)  =  — x(6+c-d),  replacing  a  by  — x, 

=  — (6+c— d)  — (6+c— d)—  •••  to  05  summands, 

=  — &-6 to  OB  summands —c—c——  to  a;  summands 

-\-d-\-d-{--"  to  X  summands, 
=  +  (— 6— & — 'to  a;summands)+(— c— c— •••  to  x  summands) 

—  {—d—d to  X  summands), 

=  +  (-x)6+(-x)c-(-x)d 
^ab-^ac—ad,  replacing  —  x  by  a. 

In  (i.)  and  (ii.)a  was  limited  to  integral  numeric&l  values.  Similar 
reasoning  can,  however,  be  applied  when  a  is  a  numerical  fraction. 

Thus,      K4  +  ^)  =  i±l  +  i±i  =  J  +  *  +  |  +  |  =  «x4  +  Jxf 

Multiplication  of  a  Multinomial  by  a  Monomial. 

U.  The  multiplication  of  a  multinomial  by  a  monomial  is  a 
direct  application  of  the  Distributive  Law. 

Ex.  1.  Multiply  (a?  -  y)  by  3. 

We  have  3(x  —  y)  =  3aj  —  3y. 

Ex.2.  Multii.^y3aj-22/-7»by-'4a?. 
We  have 
^4tx(Sx^2y-7z)={-4.x){3x)-(-4:x)(2y)-(-^x)(7z) 
=  -12a^-{-Sxy-{-2Sxz. 

Such  steps  as  changing  (— 4aj)  (3aj)  into  — 12  ic^,  —  (— 4aj)  (2y) 
into  -^Sxy,  and  —(—4  a?)  (7  2)  into  ■i-2Sxz,  should  be  per- 
formed mentally. 

Ex.3.  ^a^y(xy  —  Sxz-t2yz)=^^a^y^—12a?yz-\-S3:^7fz. 
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EXERCISES   X. 

Multiply 

1.    a  +  lby3.  2.  2a-5by-4.  ^.  2tf -36  by  -  2a. 

4-.    7x-8yby3a;.  6:  6 a«  -  3 c*  by  2 a«6. 

Simplify  tile  following  expressions : 
6.    2a-3((r-l).  7.   3a;-2(3aj-2).  8.   a2-a(a-l). 

9.    5a  +  2a(a-l)-3a(a  +  l).  10.   1 -[6(a  -  6)  +  6(a  +  6)]. 

11.   5a:-3(a;-2y)-7[6x-3(x-3y)]. 

19.  a  +  a(l  +  a*)-a[l-a(l-a)]. 

Multiply  a^b  -  3  ab^c  +  4  6c«  by 

13.    2ab.  1*.    -.3ac.  15.   a«6c«»-i.  16.    -^ab^. 

Multiply  x8-2x2  +  6a;-lby 

17.    -2.  18.   Sx.  la    -5x2.  20.   Jx». 

21^    Multiply  (x2  +  1)*  -  6  a(xa  + 1)^  +  3  o6  by  -  2  o262(x2  +  1)«. 

Simplify  the  result  of  substituting  a  +  &  —  c  for  x,  and  a  —  6  +  c  for  y, 
in  the  following  expressions : 

22.    66x-7ay*  28.  3 a^ftx -  14 aft^y.  24.   7a6x  +  26cy. 

Find  the  values  of  the  results  of  Exx.  22-24, 

25.  When  a  =  -2,  5  =  3,  c  =  -  4. 

26.  When  a  =  6,  6  =-  7,  c  =  -  SJ. 

Multiply  5  X»  -  3  X«- V  ^  4  x»-5y4  +  yn-A  by 

27.  x8.  28.    -6^.  20.   3xV.  30.    -6tx»jr. 

Write  the  squares,  the  cubes,  and  the  nth  powers  of : 

81.   a^K         82.  x«-«.  88.  2x"»+»y.  84;    -3a"»+*^V« 

The  DiBtributive  Law  when  the  Multiplier  in  a  Multinomial. 

12.  Ex.   (2  +  3)(7-5)  =  (24-3)7-(24-3)5 

=  2x7  +  3x7-2x5-3x5. 
In  general 

(a  +  b)(G-{-d'-e)  =  ac-\-bG-\-ad-\-M  —  ae  —  6e,  etc. 

For,  (a  +  6)(c  +  d  -  c)  =  (a  +  6)c  +(0  +  6)d  -(a  +  5)e,  by  Art.  10, 

==ae  -^bc  +  ad  +  bd  —  ae  —  be. 
Similarly  for  any  number  of  terms  In  either  multiplier  or  multiplicand* 
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Multiplication  of  Multinomiala  by  Multinomials. 

I3w  From  the  preceding  article  is  derived  the  following 
principle  for  multiplying  a  multinomial  by  a  multinomial : 

Multiply  edch  term  of  the  multiplicand  by  each  teirm  of  the 
multiplievy  arid  add  cUgebraically  the  resulting  products. 

Ex.1.   Multiply  -3a-\-2b  by  2a-3b. 

Wehave  (-3a  +  26)(2a- 36)=  (-3a)  x2a-4-26  x2a 
-3a  X  (-36) +26  X  (-36) 
=:_-6a«  +  4a6  4-9a6-6  6* 
=  -6a*  +  13a6-66*. 

The  work  may  be  arranged  as  follows :  Write  the  mvltipliej 
under  the  multiplicand,  the  first  partial  product,  i.e.,  tJie  prodvd 
of  the  multiplica'nd  by  the  first  term  of  the  multiplier j  under  the 
multiplier,  the  second  partial  produx^  under  the  first,  and  so  on, 
placing  like  terms  of  the  partial  products  in  the  same  column, 

Wehave  -3a  -f   26 

2a  -   36 


-6a^4-   4a6 

+    9a6-66« 

-  6a«  4- 13  a6-662 

It  is  customary  to  multiply  from  left  to  right,  instead  ol 
from  right  to  left  as  in  Arithmetic. 

Ex.  2.   Multiply  a^ -\-q^ -4:a^x-2aa?  hy  x-3a. 

Arranging  the  multiplicand  to  descending  powers  of  x, 
we  have 

a?  —  2 aoc^  —  4:a^x  -\- a^ 
X  —3a 


aj*-2aiB«-4aV-f-      a^x 
-  3 aa^+ 6 a^aj^ -I- 12 a^aj- 3a* 

t;^ ^  5a3^  +  2 a^aP  +  13a^x  -" 3a^ 
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Ex.  3.   Multiply  a"  -  3  a»6  +  3  aft*  -  6»  bj  a»  -  2  a6  +  6», 
We  have 

a»-3o»6  +  3a6»-6» 

a»-2a6  +6» 

cf-3 

-2 

a*b+   3 
+    6 
+    1 

a«6»-    1 

-  6 

-  3 

+  2o6« 
+  3       -b' 

a* -  5  a*6  +  10 a^^  - 10 aV  4-  5a6*  -  6* 

In  this  work  the  literal  parts  of  the  first  three  terms  of  the 
second  and  third  partial  products  were  omitted,  it  being  under- 
stood that  the  numerals  remaining  are  the  coefficients  of  thq 
literal  parts  just  above  in  the  first  and  second  partial  products. 

Observe  that  in  the  last  exaniple  the  multiplicand  and 
multiplier,  and  also  the  product,  are  homogeneous. 

Ex.4.   Multiply  2aj"»+^-5af»+7iB«-^-9ir-^  by  a^-a^-K 
We  have 

2  a;"»+^-  5  ar+  7  x^^-  9  oT'^ 


-2 


+    5 


7^-^-   9 

-    7 


a^- 


_|_9ajSm-8 


2a^i-  7ic*»  +  12«3«-i- 16  01^'^+  9ar*— « 


EXERCISES  XI. 
Multiply 
1.   a;  +  3  by  a;  +  7.  2. 

3.    -3a6  +  7  by  2a6~6.  4. 

6.  X  +  3  by  y  +  4.  6. 

7.  a  +  &  by  2a -36.  8. 
9.   5x2 -a;  by  1  -2x.                            10. 

11.  -  17  aV  4-  12  a^x*  by  a^x  -  3  a^^. 

12.  2  a"^»-^  -  3  a"»-ix»  by  5  a^x"  -  2  a"^^. 

13.  |a"»+^6*»-*—  Ja»-*6"*+2  by  —  J(r»6"»+^  +  a"»+^6". 

14.  x2  -  3fl5  +  1  by  X  -  4.  16.   4a2  -  6a  +  9  by  2a  +  3. 
16.    1  -  2a  +  4a2  -  Sa^  by  1  +  2a.            Vt,   k'^ -k  ^  \  \iy  k^  ^- k -^  1. 


2a -7  by  3a +  4. 
ia-6  by  Ja-8. 
--6a +  7  by  26-3. 
ax —  by  by  ax -{-2  by. 
—  3  a6  +  ac  by  7  a6  —  5  ac. 


18.   a*  -  a6  +  &*  by  a  +  6. 


19.   2  a^  -  a  by  o3  -  o  +  1. 
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90.   8aj«  +  18x2y +  18a-y»  +  27y8  by  2x-3y. 

21.  4a  -  4ai  +  2a8  by  2  +  2  a  +  a\ 

22.  262  _  36  +  4  by  62  _  26 -3. 

88.  a26  +  2a62  -  1  by  2a2  -  a6  +  1. 

24.  2x2  +  3xy  +  4y2  by  3a^-4xy  +  y». 

25.  -l  +  3x«-6x«  by  4x-a^  +  2xT. 

26.  x«-2a;2  4.3a:-4  by  4a;»4-3aj2^-2x+l, 

27.  x*  +  2x«  +  «»-4a5-ll  by  a;2-2x  +  3. 

28.  x*  -  xy  +  y2  +  «  +  y  +  1  by  X  +  y  -  1. 

89.  3ia»6  +  2A  oW  -  4i  a»6«  by  2ia»  -  ^a^)  +  a6«. 

80.  3x'"  -  2x«-i  +  4X*-*  by  2x*-i  +  4x*-»  -^  6x»-». 

81.  3  aJ*-*  +  o'-*  -  2  aF-i  -^  4  af  by  2  a  J»^  +  3  a'-*. 
89.   3  a*-2j.«  _  a«-^  +  a»  by  a2x»-i  -  3  x»»+i  ~  2  ox*. 

88.  2  X  (a«  +  6«)»  -  8  x8  (a«  +  63)2  +  4  x8(a2  +  62) 

by  x(a2  +  62)a-2(a2  +  62). 

84.  (X  +  y)«+2  +  3  (X  +  y)«+i  -  6  (x  +  yY 

by  6  (X  +  y)"+i  +  4  (x  +  y)"  -  2  (x  +  y)»»-». 

Perform  the  following  indicated  operation8 : 

86.    (x-2)(x  +  3)(x-4).  86.    (x  -  3)(x  -  6)(x  -  7). 

87.    (2x-3y)(4x  +  y)(x  +  6y). 
•     88.    (xy-2«)(3«-4xy)(«  +  5xy). 

89.   (2m2  +  3TO-2)(w-l)(2w  +  3). 

40.  (x2  +  4x-l)(x2-2x+l)(x  +  2). 

41.  (a2~a  +  l)(a2  +  a  +  l)(ci*-.a2  +  l). 

42.  (rt*  +  6") (a"  +  6")  {a;p  -  bp). 

43.  (1  +  x»  +  x«)  (3  -  2  x*»  +  X")  (6  x*»-i  -  3  x«-*). 

14.  Th£  converse  of  the  Distnbutive  Law  evidently  holds; 
that  is, 

ab  +  ac  —  ad  =  a{b  +  c  —  d)f  etc. 

E.g.,  ax  +  6x  =  (a  -f  6) «,   2  ay  —  3  6y  =  (2  a  —  3  6)jf. 

15.  If  the  coefficients  of  the  multiplicand  and  multiplier, 
arranged  to  a  common  letter  of  arrangement,  be  literal,  it  is 
frequently  desirable  to  unite  the  terms  of  the  product  which 
are  like  in  this  letter  of  arrangement 
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Ex.   Multiply  x  +  ahy  x-\-  b. 
"We  have  x  -\-a 

X  +b       ■ 

a^  -^ax 

bx-\-ab 

a^  +  ax -\-  bx  +  ab  =ss a^ ^  (a  +  b)x -{-  aiyhj  Art.  14. 

BXSR0I8B8  XII. 

Arrange  the  values  of  the  following  products  to  descending  powers  of 
X,  uniting  like  terms  in  x  : 

1.    (05*  +  ax  +  &)(«  +  a).  «.  (x*  -  ax«  +  6a;  -  c)(x  -  6). 

8.    [x2  +  (a  -  6)x  -  ab](x  -  c). 

4.    [x2~(a-|-6)«-|-o6][aC"  +  (<3-d)x-cd]. 

6.    (i)x8  4-gx2  +  rx  +  «)(ax2  + 6x  +  c). 

26ro  In  Mtiltiplioation. 

16.  Since  ^.  0  =  N{b  -  b),  by  definition  of  0, 

=:Nb-m  =  o, 

we  have  ^.0  =  0  and  0-^  =  0. 

That  isi  a  product  is  0  if  one  of  its  factors  be  zero. 

17.  The  words  is  not  equal  to,  does  not  have  the  same  value 
a«,  etc.,  are  frequently  denoted  by  the  symbol  ^, 

E.g.,  1 1^2^  read  seven  is  not  equal  to  2. 

18.  It  follows,  conversely,  from  Art.  16 : 

If  a  product  be  0,  one  or  more  of  its  factors  is  0. 

That  is,  if  P  X  Q  =  0, 

then  either  P  =  0  and  Q  ¥=  0 ; 

or  Q  =  0  and  P^  0 ;  or  P=:  0  and  Q  =  0. 

EXERCISES  XIII. 

1.  What  is  the  value  of  2 (a  -  6),  when  b  =  a? 

2.  What  is  the  value  of  (a  +  6)(c  ~  d),  when  c  =  d? 

3.  What  is  the  value  of  (&  +  c)  (a  +  6  -  c),  when  c  =  a  +  6  ? 

4.  What  is  the  value  of  (x^  -  9)(x*  -  Tx*  +  2x  -  9),  when  x  =  3? 
Whenxi=-3? 
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If  P  X  Q  X  7?  =  0,  what  can  we  infer, 

6.  WhenPijfcO?      6.   When  QzpO?     7.   When  P  =jfc 0  and  7? :jfc 0 ? 
Eor  what  values  of  x  does  each  of  the  f  ollowmg  expressions  reduce  to  0 : 

8.  a;(a;-2)?  9.    (a;  -  4)(a;  +  7)?  10.    (x-l)(a;-a)? 

11.    (a;-6)(a;  +  8)(x2_26)?  12.   x(x  -  a)(x  -  d)(x- c)? 

§4.   DIVISION. 

1.  One  power  is  said  to  be  higher  or  lower  than  another 
according  as  its  exponent  is  greater  or  less  than  the  exponent 
of  the  other. 

E.g.,  a*  is  a  higher  power  than  a*  or  &',  but  is  a  lower  power 
than  a*  or  V. 

2.  Quotient  of  Powers  of  One  and  the  Same  Base. 

Ex.   a^  -^a^=:  (aoAxaaaa)  -^  (aaa) 

=  (aaaa)  x  (aaa)  -f-  (aaa),  by  Assoc.  Law, 
=  aaaa  =  a*  =  a^"^ 
This  example  illustrates  the  following  principle : 
(i.)    The  quotient  of  a  higher  power  of  a  given  base  by  a  lower 
power  of  the  same  base,  is  equal  to  a  power  of  that  base  whose 
exponent  is  the  exponent  of  the  dividend  minus  the  exponent  oj 
the  divisor;  or,  stated  symbolically, 

fl/n  _s_  fl/?  _  Qm-n^   whcu  ih  >  fl. 

For      a"»  -^  a*»  =  (aaa  •••  to  m  factors)  -r-  (aaa  •••  to  n  factors) 

=  [aaa  •••  to  (w  —  n)  factors]  x  (aaa  •••  to  n  factors) 

•^(aaa  •..  to  »  factors) 
=  aaa  —  to  (m  —  n)  factors,  =  a"»-«. 

(ii.)  a*"  -!-  a"  =  1,  when  m  =  n. 

E.g.,  a2--a*=l. 

EXERCISES  XIV. 
Express  each  of  the  following  quotients  as  a  single  power : 
1.   28-2.  2.   a;6^x2.  3.    (-6)t^(-5)*. 

4.    (-6)6^68.  6.    (-a)»-^a*.  6.    (ah)^^(aby. 

7.  (-a)7-j.(-a;)*.        8.   (_  xy)" +(- a;2/)T.     9.   a^ -^  a\ 
10.   3»  -r-  S"*.  11.    a«+i  -^  a.  12.  ic«+7  ^-  a?». 
18.    6*+8  ^  5«+i.               14.   «n  ^  ^n-i.  15.   a^  -h  a«-^ 
10.    (a  +  6)6-j-(a  +  6)a.                    n.    (xy  -  l)a»-* -^ (xy  -  l)'-8. 
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Diviaioii  of  Monomials  by  Monomials. 

3-    Ex.1.  12a-*-4  =  12-^4xa,  =3a. 

Ex.2.    -27a^-^3aj»  =  (-27-^3)x(aj'-j.iB*),  =-9ic». 
Ex.  a  15a36«-j.(-  5a6^  =[15-^ (-  5)]  x  (a?^a)  x  (6*-f 

=  -3a». 


6«) 


Tliese  examples  illustrate  the  following  method : 

TTie  quotient  of  one  monomial  divided  by  another  is  the  quotient 

of  their  numerical  coefficients  multiplied  by  the  quotient  of  their 

literal  fadors, 

BXEBCI8B8  XV. 


Divide 

1.   6  a  by  3. 

2.   12xby 

—  X.               8.    —  15  m  by  3  m. 

4.   6a^by2x. 

6.   9a^by 

-3x«.            6.    -lla^by  -6a«. 

7.   4a6by  -2a. 

8.   a  a&c  by 

-  3  ac.         9.   i  a»6  by  3  a^ft. 

10.   6a:8yby6x*. 

11.    -  16  a^W  by  -  3  aft^. 

12.    7  a^ftwcw  by  -6a*&«c«. 

18.   Jm«nVl^y  -JmanV. 

14.    16(a  +  &)by3(fl 

\-\rh). 

16.   26  x»(x  +  1)»  by  -  6  x(x  +  1)« 

16.    10a2"6«by  -6a 

;"5«. 

17.    -27x»+iy3"by  -Qxy**. 

18.   x2n-iy3-.+2  by  a;«+iy2-»-«. 

19.   (r-i6«-«  by  a»-»&*»-*. 

Simplify 

20.  a8x6-*-(-ax»)x2axy.  21.   35x2y»«  x  2x2r«-j-(7x2y%2). 

28.  6  X-+ V*  -^  (  -  x^-iy"— )  X  (3  x^yH'^), 

The  Distributive  La^7  for  Division. 

4.  If  the  indicated  operation  within  the  parentheses  in  the 
quotient  (8  +  6)  -j-  2  be  first  performed,  we  have 

(8  +  6) -^2  =  14^2  =  7. 

But  if  each  term  within  the  parentheses  be  first  divided  by 
2  and  the  resulting  quotients  be  then  added,  we  have 

8-^2  +  6-^2  =  4  +  3  =  7,  as  above. 

Therefore         (8  +  6)  -5-  2  =  8  -f-  2  +  6  -^  2. 

This  example  illustrates  the  following  principle : 
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Distribative  Law.  —  The  qtwtient  of  a  multinomial  by  a  tivo- 
nomicU  is  obtained  by  dividing  each  term  of  the  multinomial  by 
the  monomial  and  adding  algebraically  the  resulting  qtiotients; 
that  is, 

{a-\-b'-c)-i-d=a't'd  +  b-i-d—G-T-d. 

For,  since  -*-dxc!  =  -f-l,  we  have 
(a  +  6  —  c)^c!=(a-^dxd  +  &-i-dX(l  —  c-5-(?xd)-f-(l 

=  (a  -^d+6-i-(f--c-f■d)xd-i-d,  by  §3,  Art  14, 

=  a-^c!  +  6-*-d  —  c-rd,  since  x  d  -s-  d  =  X  1. 

St  It  follows,  conversely,  from  the  Distributive  Law  that 

Zero  In  Division. 

6.  Since  0  -?-  ^= (a  —  a)-f-  -AT,  by  definition  of  0, 

=  a-hJV^-a-h-JV^=0. 
We  have  O-^-H^O,  when  M^O. 
Observe  that  this  relation  is  proved  only  when  ^:^  0. 

7.  It  follows,  conversely,  from  Art.  6 : 
If  a  quotient  be  0,  the  dividend  is  0. 
That  is,  if  AT  +  iV'  =  0,  then  M=0. 

Diviiion  of  a  Multinomial  by  a  MonomiaL 

8.  The  division  of  a  multinomial  by  a  monomial  is  a  direct 
application  of  the  Distributive  Law. 

Ex.  1.  Divide  6  ic*  -  12  a;  by  3  a?. 
We  have  (6a:*-12a:) -f-3a?  =  6ic*-f-3aj- 12a;-h3aj 

=  2aj-4. 

Ex.  2.   Divide  - 105  aV  -  75  a^ft^  +  27  aV)*  by  -  15  a% 

We  have  (~  105  a^b^  -  75  a^b^  -f  27  aV)  ^  (-  15 a%) 

=  (-  105  a^b^  -5-  (-  15  a'b)  -  75  a^6«  -f-  (-  15 a'b) 

+  27a%*-^(-15a«6) 
=  7a5  +  66»-|6». 
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EXERCISES  XVI. 
Divide 

1.   5  +  10aby5.  2.  4a  +  86by-4. 

8.  az-\-bzhyx.  4.  3a« -6a&  by -3a. 

6.  21  a86  -  14  «6«  by  -  7  aft.  6.   8  am«  -  2  a«w  +  4  aHii^  by  2  aw. 

7.  26(a  +  6)«-2a(a-f6)by6(a+6). 

8.  2(x-y)«-2a(x-y)*-6(aj-y)«by2(a;-y)«. 

Simplify 

9.  2a«-  (a«-3a)^a. 

10.  (6x-4x2)^2x-(-2a;2y  +  3a;y)-4-fljy. 

11.  (a6  -  a^b  +  Sa^b)^ab  -  (4a»  -  4a2)  -T-2a. 

Divide  9aV  -  6  a'x*  +  12  a^sfi  by 

12.  3aa.  18.   -8x».  14.  ox^.  16.  -fa^xs. 

Divide  36  a^h^  -  21  a*6«c«  +  14  a»6«c»  by 

16.  7a«.  17.  -3a86«.  ig.  -SaSftc*.  19.   fa^ftv. 

Divide  15x2"+iy6  -  12  x2»+«y8  -  18  a^^+Syi  by 

20.   3x».  21.    -5x"+iy2.  22.    -Sx^+^y.  23.   ix2«  V- 

24.  Prove  that  the  sum,  or  the  difference,  of  two  even  numbers  is 
exactly  divisible  by  2,  and  is  therefore  an  even  number. 

25.  Prove  that  the  sum,  or  the  difference,  of  two  odd  numbers  is  even. 

26.  Prove  that  the  sum,  or  the  difference,  of  an  even  and  an  odd  num- 
ber is  odd. 

Division  of  a  Multinomial  by  a  Mtdtinomial. 

9.  The  division  of  one  multinomial  by  another  is  performed 
in  a  way  similar  to  that  of  dividing  one  number  by  another  in 
Arithmetic. 

Ex.  Divide  125  by  5. 
We  have 

■^^^  I  5  or,  omitting  ciphers,  125  |_5_ 

100    20  +  5,  =25                                     10      25 

25  25 

25  25 


72  ALGEBRA.  [Ch.  H 

The  work  is  equivalent  to  the  following : 

126-^5  =  20  + (126 -20x6) +  6  =  20 +  25 -3- 5  =  25. 

This  example  illustrates  the  following  principle : 

The  quotient  of  dividing  one  number  (dividend)  by  another 
(divisor)  is  equal  to  any  number  whatever  (partial  quotient),  plus 
the  quotient  of  dividing  the  dividend  minus  the  paHial  quotient 
tim£8  the  divisor,  by  the  divisor. 

If  D  be  the  given  dividend,  d  the  given  divisor,  and  q  any 
assumed  number,  the  principle  enunciated  above,  stated  sym- 
bolically, is: 

Although  the  partial  quotient  may  be  any  number  whatever, 
yet  in  practice  we  should  take  the  greatest  number  whose 
product  by  the  divisor  is  equal  to  or  less  than  the  dividend. 

A  quotient  consisting  of  more  than  one  figure  is  obtained  by 
successive  applications  of  the  same  principle. 

We  have 
[g  +(i>  -  gd)-^  d]  =  [g  +(D  -  qd)-i'd]  xd-i-d,  since  x  d  -^  d  =  x  1, 
=  [g(H-(2)-gd)-r-dx  d'l-^d,  by  the  Distr.  Law, 
=  [qd  -f  (D  —  gd)]  ^  d,  since  -^  d  X  d  =  -^  1, 
=2)  -^  d,  since  qd  —  qd  =  0. 

10.  The  principle  of  Art.  9  evidently  holds  when  the  divi- 
dend, D,  and  the  divisor,  d,  are  algebraic  expressions. 

Ex.   Divide  a?  +  Sx-^2  byaj  +  l. 
We  have 

(«2-^.3a.+2)-5-(a;+l)=aj+[(a^4-3aj+2)-a;(ir+l)]-^(ir+l)    (1) 
=x-\-(x^-\'3x-\-2-a?-x)-h{x+l)  (2) 

=aj+(2aj+2)^(ir+l)  (3) 

=a;+2+[(2aj+2)-2(ir+l)]^(aj+l)    (4) 

=a;+2+0^(aj4-l) 
=x-\-2,  since  0-5-(ir4-l)=0. 
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We  take  the  quotient  of  the  term  containing  the  highest 
power  of  X  in  the  dividend  by  the  term  containing  the  highest 
power  of  X  in  the  divisor  as  the  partial  quotient  at  each  step. 

The  work  may  be  arranged  more  conveniently  thus : 


if2  -I-  3  a?  +  2 


x  +  1 


x-\-2,  quotient. 


ijj2  _|_     X         •••  x(x  4- 1)  to  be  subtracted  from  a*  -f  3  a;  +  2 ;  see 
(1)  and  (2)  above. 
2  x-{'2  •••  Remainder  to  be  divided  by  a;  +  1 ;  see  (3)  above. 
2  a?  4-  2  •  ••  2(a;  -f  1)  to  be  subtracted  from  2  x  +  2 ;  see  (4). 

11.  The  method  of  applying  the  principle  of  Art.  9  to  the 
division  of  multinomials,  as  illustrated  by  this  example,  may 
be  stated  as  follows : 

Arrange  the  dividend  and  divisor  to  ascending  or  descending 
powers  of  some  common  letter,  the  letter  of  arrangement 

Divide  the  first  term  of  the  dividend  by  the  first  term  of  the 
divisor,  and  write  the  result  as  the  first  term  of  the  quotient. 

Multiply  the  divisor  by  this  first  term  of  the  quotient,  and  sub- 
tract  the  resulting  product  from  the  dividend. 

Divide  the  first,  term  of  the  remainder  by  the  first  term  of  the 
divisor,  and  write  the  result  as  the  second  term  of  the  quotient. 

Multiply  the  divisor  by  this  second  term  of  the  quotient,  and 
subtract  the  product  from  the  remainder  previously  obtained. 
Proceed  with  the  second  remainder  and  all  subsequent  remainders, 
in  like  manner,  until  a  remainder  zero  is  obtained,  or  until  the 
highest  power  of  the  letter  of  arrangement  in  the  remainder  is  less 
than  the  highest  power  of  that  letter  in  the  divisor. 

In  the  first  case  the  division  is  exact ;  in  the  second  case  the 
quotient  at  this  stage  of  the  work  is  called  the  quotient  of  the 
division,  and  the  remainder  the  remainder  of  the  division. 

Ex.  1.  Divide 

a^b  -  15b*-\-19ab^  -h  a*  -Sa'b^  by  a» -  5b^  +  Sab, 
Arranging  dividend  and  divisor  to  descending  powers  of  a, 
we  have 
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a*+    a»6  ^  8a«y  +  19a6«  -  156M  a*  4- 3q6  -  5 y 

-2a%-3aW  +  19aft« 
-2tt«6-6aW  +  10a6« 


Ex.2.  Divide  Sa^  —  f  by  2 icy  +  4 jb*  +  y*. 

Arranging  the  divisor  to  descending  powers  of  «,  we  have 

8a^-f  4aj«y-f2a?|/«  |  2a?  -      y 

—  4aj*y  —  2aJ2/'  —  / 
-4aj2y-2a^-2/* 

Observe  that  the  remainder  after  the  first  partial  division  is 
arranged  to  descending  powers  of  x, 

Ex.  3.  Divide  12  a"+^  +  8  a"  -  45  a«-^  +  25  a""*  by  6  a  -  5. 
We  have 

12a-+^+    8a"-45a«-*-h25a*-*|6a-5 

12 a"+^  - 10 a«  I  2a*  +  3a*-^-5a— • 

18  a" -45  a"-* 
18a»-15a«-^ 


-30a«-^-f  25a«-» 
-30a"-*  +  25a''-« 


Ex.  4.    Divide     a^  '\-  (a  +  b  -{-  c)ix^  -\-  {ab  +  ac  +  bc)x  +  abc 
hj  a^-\-(a-\'b)x-\-ab. 
We  have 


a^  +  (a  -^  b  -^  c)oc^  +  (ab  -{-  ac  +  bc)x  +  abc 
a^+  (a-\-b       )  or^  +  ab  x 

C7?  +  (oc  +  6c)  «  4-  a6o 
cic*  -f-  (ac  +  &c)  aj  -f-  a&c 


3^  -\-{a-{-b)x^ab 


X  -{-  c 
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BXEBCISB8  XVii. 

Find  the  values  of  the  following  indicaled  diYiaioiis : 

1.  (xa+2x  +  l)-i-(x+l).  t.    (*«+llx  +  30)-5-(«  +  6). 

3.  (x2 -x--90)--(a;  +  9).  4.    (x«  -  6x  +  6)-(x -S). 

6.  (4x«-12x  +  9)-f-(2x-3).  6.    (2m«  -  Sto  +  l)-!-(m  -  1). 

7.  C2a2  +  a-6)-*-(2a-3).  8.    (3x«- ISx  -  10)  +  (8x  + 2). 

9.    (6x*-10-llaj«)~(2a<~5). 

10.  {2a«+6a«  +  7ax)-!-(2x  +  3a). 

11.  (a«-2a6  +  6*)^(a-6). 

13.    (35x«  +  xy-88y«)H-(7x-lly). 
18.    (x«  +  6}xy  +  8j!^)-i-(x  +  5y). 

16.   (a«  -  18  oxy  -  243 xV)  -s- (a  +  9xy). 

16.  {8xV-65xy«2-e3«*)  +  {xy-9a«). 

17.  (6n»-7n2x  +  2nx2)-i-(-x  +  2fi). 

18.  (x*y  +  6x6-2x»y3)  +  (3x3  +  2xy), 

19.  (-19a2a^  +  3x*  +  iax8)-h(Jx-a). 
80.    {4x»-3x2-24x-9)  +  (x-3). 

SI.  (3x»-13x«  +  23x-21)  +  (3x-7). 

22.  (3x*-3x»-2xa--x-l)-r-(3x2+l). 

83.  (a»  -  8  a26  -f  3  aft^  -  ft*)  +  (a  -  6). 

84.  (06-60*+ 9a«-4)-^(a3-l). 

25.  (21  cfih  +  20  6*  -  22  a^ft*  -  29  a*62)  ^  (3  a^ft  -  5  6«). 

26.  (4x*y*- JxV+  12xV-lla^y*)^(4a:^2-xy»). 

27.  (x8-f  8x2-f  9x--18)-(x2  +  6x-6). 

28.  (x*H-x8-4x24-5x-3)-4-(x2  +  2x--3). 

29.  (6x*-x8-llx2-10x-2)--(2x2-3x-l). 

30.    (x8-l)-^(x2  +  xH-l).  81.    (a»-f  8)-(a2->2a  +  4). 

32.    (I25a^-64y8)-(5x2-4j/).        88.    (a^x^  +  j^)-^(ax+ y). 

84.    (x*  +  a2-f.l)-.(x2-x4-l).  86.    (a*x6  4-64x)--(4ox+a2x2+8). 

86.  (24x8  4-26x-x»)-T-(5-f  x  +  a*  +  6x2). 

87.  (4a*  -  26c*  -  30 6^  -  9  6*)-T-(2a2  +  Sc^  +  362). 

88.  (27x*-6c2x2  +  Jc*)-(ca-6cx  +  0x2). 

89.  (8a8n»  +  32a«  +  in6)-4'(4anH-n«  +  4a2). 
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40.  (16  a*62  +  9  a^b*  -  12  a^b*  -  8  a^ft  +  3  a«)  -!-  (a*  +  3 a^b^  -  2  a»6). 

41.  (28  a^c  -  20  aV*  -  13  a*c'^  +  16  a^C^)  -f-  (2  a^d^  +  7  a^c  -  6  ac*) . 

42.  (81  «8  »  90  6*;?*  +  81  6««3  -  20 6^)^(9 «*  +  962;52  _  56*). 
48.  (x8  +  y«  +  3xy-l)-^(a  +  y-l). 

44.  (a»  +  68  +  c»-3a6c)-=-(a  +  6-f  c). 

45.  (a2  +  2a6  +  62-a;2  +  4«y-4y2)^(a4  6-x  +  2y). 

46.  (a2  -f  2  ac  -  62  _  2  6(i  +  c2  -  (f2)-5-(a  +  c  -  6  -  d), 

47.  (32  a*  +  66)  -^  (16  a*  -  8  a»6  +  4  a262  -  2  a68  +  6*). 

48.  (81  x8  -  16  y»)  -  (27  a^  +  18  xY  +  12  x^y*  +  8  y«). 

49.  (J^aa-iJia6  4-9ac  +  26'«-6c)^(}a-36  +  Jc). 

60.  (28  xs  _  43|  y2  ^.  140  y«  -  112  «2)  ^  (7  »  +  8}  y  -  14  «). 

61.  (fa26+6acd-i6c2+16c2(i-ia6<Z+t&cd-8cd2)H.(fa+4c-2<f). 

62.  (|a*x  -  Ifia^xa  +  Ifa-^xs  +  ^ax*  -  x^)  ^(}a«  -  faSx  +  i**). 

Find  the  values  of  the  following  indicated  divisions : 

68.  [(6  +  c)x2  _  6cx  4-  x8  -  6c(6  +  c)]  ^  (x^  -  6c). 

64.  [x8  +  (a  +  6  +  c)x2  -f  (a6  -\- ac -\-  bc)x  +  a6c]-4-(x  +  6). 

66.  [x8  +  (a  +  6  -  c)x2  -f  (a6  -  ac  -  bc)x  -  a6c]  -r-  (x  -  c). 

66.  [a6c  -  62(a  +  c)  +  «*(&  +  c)  +  c2(a  +  6)]  -^  (a6  +  ac  +  be). 

67.  [a(a--l)x8  +  (rt8  +  2a-2)x2  +  (3a2_<;f8)aj__<j4]^(ax2  +  2a-a2). 

68.  [x^  -(1  +  w)x*  +(1  +  w  +  «)x8  -(w  +  n  +  l>)x2  -f  (p  +  n)x  - p] 

^[x2-(x-l)]. 

69.  [(10a2  +  29  -  34a)x  +(5  -  2a2  +  3a8  _  8a)x8  +  8a2  +  21  -  26a 

H-  (17  -  22a  +  4a8)x2]H-[(a  -  2)x+(a2  _  l  +  a)x2  +  2a  -  3]. 

Find  the  values  of  the  following  indicated  divisions : 

60.  (6x3»-25x2»  +  27x»-6)-f-(2x«-6). 

61.  (6xs«  -  llx4«  -f  23x3"  +  13x2«  -  3x«  -f  2)-?-(3x"  -f  2). 

62.  (6  x2«+i  -  29  x2»  +  43  x2«-i  ~  20  x2«-2)  ^  (2  x»»  -  6  x«-i) . 

63.  (1  +  a«*  -  2  a^)  -e-  (3  a2»  +  2  a^*  -f  2  a"'  +  a*«  +  1). 

64.  [2a2(6  +  c)2n_i]^[a(6  +  c)»-f  J]. 

66.    [8  (x  -  y)8«  _  x8]  -^  [4  (X  -  y)2«  +  2  x(x  -  y)«  +  x^]. 

12.  In  the  equation      D-i-d  =  q  -{■  (D  —  qd)  -i- d, 
D  —  qd  is  the  remainder  at  any  stage  of  the  work,  and  q  is  the  corre- 
sponding partial  quotient.     If,  for  brevity,  we  let  R  stand  for  the  re- 
mainder at  any  stage,  we  have, 

D-r-d  =  q-{^R^d,  (1) 
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That  is,  the  resuU  of  ditidimg  one  Hnmber  bff  amoiher  t»  ^nal  io  (A« 
yarticU  quoiieiU  €U  any  stage^  plus  the  remainder  at  this  stage  divided  bff 
he  given  divisor, 

JS,g.,  29-5-6  =  4  +  6^-6  =4 +  i; 

(a«-x  +  2)-s.(x  +  l)  =  (x-2)  +  4+(x  +  l). 

13.    If  both  membeis  of  the  equation 

D-^d  =  q-\-  R-i-d 
be  multiplied  by  (2,  we  have,  by  Ch.  L,  §  1,  Art.  15  (m.), 
2>^dxd=(9  +  U-5-(Od 
-qd-\-R-i-dy.d 
=  5d  +  ^,  since  -t-  d  x  d  =  -4- 1, 
Therefore,  D=.qd  -\-  R. 

That  is,  the  dividend  is  equcd  to  the  product  of  the  quotient  at  any  stage 
hy  the  divisor,  plus  the  remainder  at  this  stage, 

E.g.^      29  =  4x6  +  5,  andx«-x  +  2  =  (x-  2)(x  +  1)  +  4. 

EXERCISES  XVIII. 

Find  the  remainder  of  each  of  the  following  indicated  divisions,  and 
verify  the  work  by  applying  the  principle  of  Art.  13 : 

1.    (x2-7x+ll)--(x-2).  2.    (3x3  +  5x-0)-*.(x-4). 

8.    (x«  -  17  x2  +  15x  -  13)  -4-  (2  X  -  5). 

4.    (6x«-7x2  +  2x-l)-^(x2-7x  +  3). 

6.    (6  n6x»  +  12n«x»  -  14  »*x6  +  n«  -  1)  -^  (2x»  -  n). 

6.  (12  6*  +  8  62c8  _  2  6*c  -  4  ftc'  -  38  ft'c?)  -=-  -  (2  c^  +  6  6c  -  4  ft^). 

7.  (4  c*»x8»  -  13  c*»x*«  +  14  c*"x»»  -  2  c*^")  -4-  (c^x^i*  _  2  c^-x*  +  c»"). 

Infinites. 
14.    The  following  considerations  lead  to  an  important  mathematical 
concept. 

Observe  that  the  quotients 

1^(1 -.9)     =i^-.i      =10, 
l-^(l-.99)  =l-f-.01    =100, 
1  ^(1  _  .999)=  1  +  .001  =  1000,  etc., 
increase  as  the  divisors  decrease,  the  dividend  remaining  the  same. 

If  the  divisor  be  still  further  decreased,  the  dividend  remaining  the 
same,  the  quotient  will  be  still  further  increased. 

Thus,  1  -^  (1  —  .999999999)  =  1  -^  .000000001  =  1000000000,  etc. 
It  is  evident  that,  by  taking  the  divisor  sufficiently  small  (and  positive), 
we  can  make  the  quotient  as  great  as  we  please.    If  the  divisor  become 
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lesB  than  any  assigned  number,  however  small,  the  quotient  will  become 
greater  than  any  assigned  number,  however  great    That  is, 

If  the  dividend  be  positive^  and  remain  the  same,  as  the  divisor  decnutM 
below  any  assigned  positive  number,  however  small,  i.e.,  beco^nes  more  and 
more  nearly  equal  to  0,  the  quotient  increases  beyond  any  astiigned  positive 
number,  however  great. 

The  symbol,  +ao,  read  a  Positive  Inflnite  Nttmber,  or  a  Positive  Inflnite, 
is  used  as  an  abbreviation  for  the  words,  a  number  greater  than  an$ 
assigned  positive  number,  however  great. 

The  principle  enunciated  above  can  be  expressed  symbolically  thus : 

+  ilf  -h  0  =  +  flD.  (1) 

15.  It  is  important  to  observe  that  the  symbol,  +  oo ,  does  not  stand 
for  one  definite  number.  It  stands  for  any  number  which  is  greater  than 
any  assigned  positive  number,  however  great,  but  which  can  be  still  further 
increased.  Therefore  one  inflnite  number  can  be  greater  or  less  than 
another  infinite  number. 

Likewise,  equation  (1),  Art.  14,  is  to  be  understood  only  as  expressing 
the  fact  that,  as  the  divisor  becomes  more  and  more  nearly  equal  to  0,  the 
quotient  increases  beyond  any  assigned  positive  number,  however  great 

16.  We  can  also  arrive  at  the  conception  of  a  positive  inflnite  number 
by  taking  the  dividend  and  the  divisor  both  negative.    Thus, 

-  1  ^(1  -  1.1)  =  -  1  -4-(-  .1)=  10, 
_  1  ^(1  -  1.0001)  =  -  1  -i-(-  .0001)  =  10000,  etc. 

17.  In  a  similar  manner,  we  gain  the  conception  of  a  Negatire  Infinite 
Number,  or  a  Negatite  Inflnite. 

Thus,  _  1  ^(1  _  .9)  =  -  1  ^-  .1  --10, 

-1  ^(l-.9999)  =  -l  -.0001  =-10000,  etc. 
We  therefore  have  —  ^  -^-  0  =  —  so. 

18.  The  numbers  ^Yl!ich  we  have  hitherto  used  in  this  book  are,  for 
the  sake  of  distiivt  ..i,  called  finite  numbers.  In  subsequent  work  we 
shall  assume  that  ih  j  numbers  involved  are  finite,  Unless  the  contrary  is 
expressly  stated. 

19.  Observe  that  the  quotients 

1  -5-  10  =  .1,   1  -^  100  =  .01,   1  -i- 1000000  =  .000001,  etc. ; 
decrease  as  the  divisors  increase.     It  is  evident  that  if  the  divisor  become 
greater  than  any  assigned  number,  however  great,  the  quotient  will  become 
less  than  any  assigned  number,  however  small.     That  is. 

If  the  dividend  remain  the  same,  as  the  absolute  value  of  the  divisor 
increases  beyond  any  assigned  number,  however  great,  the  quotient  de- 
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recLses  in  absolute  valw  beloit  any  assigned  number,  hoteerer  stnalh  i.e., 
ecomes  more  and  more  nearly  eqnal  to  0.     Or,  stated  symboUcaUy, 

20.     If  M^  y  =  0,  and  .V ^  oo,  then  by  Art.  7,  Jf  =  0. 

pn      The  consideration  of  other  relations  which  involve  0  and  oo  Is 
lef  erred.    It  is  important  to  notioe  that  the  relation 

Oxa  =  0 
3f  §  3,  Art.  16,  vww  proved  only  for  the  case  in  which  a  ia  finite. 

BXBBCISBS  Xr^ 

MISCELLANEOUS    EXAMPLES. 

Given 

a  =  2a:*-3x«+6x2-7,  6  =  x»  +  llx« -3x  +  5, 

c  =  7a:*  +  5iK»-9x«-6a;,  d  =  5x*  -  7x«  + 3a- 1, 

find  the  values  of 
1.   a  -{-  b  +  c  -  d.  2.  a-6  +  c-<f.  8.  a-6-c  +  <J. 

4.    a4-6-7(c-d).     a.   6-c  +  8x(a  +  d).      a   d- c  -  6x^(0 -6). 
7.    (a  +  &)(c-d).        8.    (a-d)(6-c).  9.   (a -6  +  c)d. 

Multiply : 

10.  4  a*x3"+s  _  J  a2x*"+i  +  10  x»»-i  by  A  a^x**-*  +  7  J  x>»-». 

11.  4  a"^^6«  +  a»-«6  -  2  a"»+*6»  by  3  a*6«  -  a"»+8&«  -  5  a-»+«6*. 
IB.  5  a*+^b^^  -  2  a»-'6H-i  +  3  om+Jrftr  -2  +  a«+'6' 

by  cr+'ft'  +  4  a"-^&^*  —  2  a»-*'6*'+*. 

13.  x*(x2  -f  2)"-«  +  2  x2(x«  +  2)a^i  +  4(x3  +  2)5-+» 
by                x7(x2  -I-  2)'»-«  -  4  x3(x^  +  2)^-^  +  8  x(x2  +  2)4"+i. 

Divide : 

14.  2xw  -  .076x6  +  9.65x7  -  1.05  x*  -  19.25  x?  +  8.5  x» 
by  2.5x«  -  3x»  +  .5x"'  -  .15x*. 

16.     6  a*»+'6«+«  -  }  a*»6«+*  +  }  a4n-i2>m+4  ^  j  ^4«-s6»»+3  _  ^^  a4n-3ft«+a 
by  3  a^^+ift^+i  -  J  a2»6«. 

16.  15  a3n-2«-4^2p+?  ^  14  a6»-»-4^4p+4  _  ^  (,9n-456p+l 

by  6  a2»-^&3-p  +  6  a^+^-^ft?. 

What  is  the  value  of  (x  +  l)(x  +  2)(x  +  3)...(x  +  n),  when 

17.  x  =  l,  n  =  3?         18.   x=-2,  n  =  5?         19.   x  =  8,  n  =  4? 

20.  What  is  the  value  of 

(^n  -  5)«-i(w  -  4)«-2(w  -  6)»-3  -  (w  -  2)«-*(w  -  l)"-^  when  »  =  6  ? 

21.  What  is  the  value  of  s(s  -  a)(s  -  b) (s  -  c),  when 

a=:i(a  +  b-hc),  a  =  5,  6  =  6,  c  =  9  ? 


CHAPTER  IV. 

INTEGRAL  ALGEBRAIC  EQUATIONS. 

An  equation  has  been  defined  (Ch.  I.,  §  1,  Art.  12)  as  a  state 
ment  that  two  numbers  or  expressions  are  equal. 
We  must  now  distinguish  between  two  kinds  of  equations. 

§1.   IDENTICAL  EQUATIONS. 

1.  Examples  of  the  one  kind  are : 

(a-f.&)(a-6)=a*-6l  (1) 

(a2  _  lf)-t-{a  -  6)  =  (a  +  hy-^(a  +  h).  (2) 

The  first  member  of  (1)  is  reduced  to  the  second  member 

by  performing  the  indicated  multiplication.     Both  members  of 

(2)  are  reduced  to  the  common  form,  a-{-h,hy  performing  the 

indicated  divisions. 

2.  An  Identical  Equation,  or  simply  an  Identity,  is  an  equa- 
tion one  of  whose  members  can  be  reduced  to  the  other,  or 
both  of  whose  members  can  be  reduced  to  a  common  form,  by 
performing  the  indicated  operations. 

3.  Notice  that  identical  equations  are  true  for  all  values  that 
may  be  substituted  for  the  literal  numbers  involved. 

E,g,j  if  a  =  5  and  &  =  3,  equation  (1)  becomes 
8x2  =  25-9,  or  16  =  16; 
and  equation  (2)  becomes 

16  -^  2  =  64  --  8,  or  8  =  8. 
We  need  not  further  discuss  identical  equations,  since  we 
have  constantly  dealt  with  them  in  the  preceding  chapters. 

§2.    CONDITIONAL  EQUATIONS. 
1.  Examples  of  the  second  kind  are : 

«-Hl«3.    (1)  a:«-l  =  8.    (2)  a  +  y  =  5.    (3) 
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Th.e  first  member  of  (1)  reduces  to  the  second  member,  when 
a:  =  2.  It  seems  evident,  and  we  shall  later  prove,  that  a?  -f  1 
reduces  to  3  ordy  when  x  =  2. 

The  first  member  of  (2)  reduces  to  the  second  member,  when 
a?  =  -f  3  and  when  a;  =  —  3.  We  shall  later  prove  that  a?  —  l 
reduces  to  8  only  when  a;  =  +  3  or  —  3. 

The  first  member  of  (3)  reduces  to  the  second  member,  when 
a;  =  1  and  3^  =  4,  when  x  =  —  3  and  3^  =  8 ;  but  not  when  x  =  5 
and  y=6,  when  a;  =  —  4  and  3^  =  8.  Therefore,  equation  (3)  is 
true  for  many  pairs  of  values  of  x  and  3^,  but  not  for  all  pairs 
of  values  chosen  at  random. 

2.  Such  equations  impose  conditions  upon  the  values  of  the 
literal  numbers  involved.  Thus,  equation  (1)  imposes  the  con- 
dition that  if  1  be  added  to  the  value  of  x,  the  sum  will  be  3. 

A  Conditional  Equation  is  an  equation  one  of  whose  members 
can  be  reduced  to  the  other  only  for  certain  definite  values  of 
one  or  more  letters  contained  in  it. 

Whenever  the  word  equation  is  used  in  subsequent  work,  we 
shall  understand  by  it  a  conditioned  equation,  unless  the  con- 
trary is  expressly  stated. 

3.  The  Unknown  Numbers  of  an  equation  are  the  numbers 
whose  values  are  fixed  or  determined  by  the  equation. 

The  Known  Numbers  of  an  equation  are  the  numbers  whose 
values  are  given  or  known. 

In  the  equation  a*  —  1  =  8 

the  unknown  number  is  x,  and  the  known  numbers  are  1  and  8. 

In  the  equation  aj  +  3^  =  3 

the  unknown  numbers  are  x  and  y,  the  known  number  is  3.. 

The  unknown  numbers  are  usually  represented  by  the  final 
letters  of  the  alphabet,  x,  y,  z,  etc.,  as  in  the  above  examples. 

4.  An  Integral  Algebraic  Equation  is  an  equation  whose  mem- 
bers are  integral  algebraic  expressions  in  the  unknown  number 
or  numbers. 

The  known  numbers  may  enter  in  any  way  whatever. 

E.g,,  3  08*  —  4  =  2  x,  and  J  a?  +  6  y  =  |,  are  integral  equations. 
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8.  The  Degree  of  an  integral  equation  is  the  degree  of  its 
term  of  highest  degree  in  the  unknown  number  or  numbers. 

6b  A  Linear  or  Simple  Equation  is  an  equation  of  the  first 
degree. 

E.g.,  a?  +  1  =  6  is  a  linear  equation  in  one  unknown  number; 
2a;-f33^  =  5isa  linear  equation  in  two  unknown  numbers. 

7.  A  Solution  of  an  equation  is  a  value  of  the  unknown  num- 
ber, or  a  set  of  values  of  the  unknown  numbers,  which  if 
substituted  in  the  equation,  converts  it  into  an  identity. 

E.g.,  2  is  a  solution  of  the  equation  aJ  -|- 1  =  3, 
since,  when  substituted  for  *  in  the  equation,  it  converts  the 
equation  into  the  identity  2  -f  1  =  3. 

Solutions  of  the  equation  a^  —  1  =  8  are  +3  and  —  3. 

The  set  of  values  1  and  2,  of  x  and  y,  respectively,  is  a  solu- 
tion of  the  equation  x  -f-  y  =  3. 

8.  To  Solve  an  equation  is  to  find  its  solution. 

The  process  of  solving  an  equation  is  also  frequently  called 
the  solution  of  the  equation. 

An  equation  is  said  to  he  satisfied  by  its  solution,  or  the  solu- 
tion is  said  to  satisfy  the  equation,  since  it  converts  the  equation 
into  an  identity. 

9.  When  the  equation  contains  only  one  unknown  number,  a 
solution  is  frequently  called  a  Root  of  the  equation. 

E.^.,  3  and  —  3  are  roots  of  the  equation  «^  —  1  =  8. 

§3.     EQUIVALENT  EQUATIONS. 

1.  We  shall  now  give  some  principles  upon  which  the  solu- 
tion of  integral  equations  depends.     But  it  is  to  be  kept  in 
mind  that  the  final  test  of  the  correctness  of  a  solution,  no 
matter  how  obtained,  is  that  it  shall  satisfy  the  given  equation. 
Consider  the  equation    ^x  —  5  =  1.  (1) 

Adding  5  to  both  members,  by  Ch.  I.,  §  1,  Art.  15  (i.), 
wehave  f  a;--5  +  5  =  l -f  6,  or  |a;==6.'  (2) 
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Multiplying  both  members  of  (2)  by  3,  by  Ch.  I.,  §  1,  Art. 
15  (iii.), 
we  have  2  a?  =18.  (3) 

Dividing  both  members  of  (3)  by  2,  by  Cb.  I.,  §  1,  Art.  15  (iv.), 

we  have  aj  =  9.  (4) 

It  is  evident  that  equation?  (1),  (2),  (3),  and  (4)  are  satisfied 
by  the  same  root  9. 

2.  Two  equations  are  equivalent  when  every  solution  of  the 
first  is  a  solution  of  the  secot^dj  and  e'\iery  solution  qf  the  second 
is  a  solution  of  the  first. 

E.g.,  equations  (1),  (2),  (3),  and  (4)  of  Art.  1. 

3-  The  methods  of  solving  integral  equations  depend  upon 
principles  which  enable  us  to  change  a  given  equation  into  an 
equivalent  equation  whose  solution  is  more  easily  obtained 
than  that  of  the  given  one.  This  process  is  called  transfoi-ming 
the  equation,  or  the  transformation  of  the  equation. 

rvpdamralM  PnnpipiM  fqr  iiolviiis  Iptosir^l  l^qnatlona. 

4.  In  the  principles  of  equivq-lent  equp-tions  which  we  shall  now  prove, 
the  solutions  are  limited  to  finite  values. 

5.  The  transformp-tions  made  in  the  example  of  Art.  1  illus- 
trate the  following  principles : 

(i.)  Addition  and  Subtraction.  —  If  the  same  number  or  expres- 
sion he  added  to,  or  subtracted  from,  both  members  of  an  equation, 
the  derived  equation  will  be  equivalent  to  the  given  one. 

(ii.)  MttltipUcntioi}.  —  If  both  members  qf  an  equation  be  mul- 
tiplied by  one  and  the  sam£  number,  not  0,  or  by  an  expression 
which  does  not  contain  the  unknown  number  or  members,  the 
derived  equation  will  be  equivalent  to  the  given  one. 

(iii.)  Division.  —  If  both  members  of  an  equation  be  divided  by 
one  and  the  same  number,  not  0,  or  by  an  expression  which  does 
not  contain  the  unknown  number  or  numbers,  the  derived  equa- 
tion mill  be  equivalent  to  the  given  one. 
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(i.)  Let  P=§ 

be  the  given  equation,  and  H  be  any  number  or  expression.  Then  the 
equation 

wherein  the  upper  signs,  +,  go  together  and  the  lower  signs,  — ,  go 
together,  is  equivalent  to  the  given  one. 

For  any  solution  of  the  given  equation  makes  P  equal  to  Q.  There- 
fore, by  Ch.  I.,  §  1,  Art.  15  (i.)  and  (ii.),  that  solution  makes  I*±  X 
equal  to  Q  ±  N^  and  hence  is  a  solution  of  the  derived  equation.  Conse- 
quently, no  solution  is  lost  by  the  transformation. 

But  the  given  equation  is  obtained  from  the  derived  equation  by  sub- 
tracting the  number  or  expression  which  was  added,  or  by  adding  the 
number  or  expression  which  was  subtracted,  in  forming  the  derived  equa- 
tion. Therefore  any  solution  of  the  derived  equation  is  a  solution  of  the 
given  equation,  and  no  solution  is  gained  by  the  transformation.  Conse- 
quently, the  two  equations  are  equivalent. 

(ii.)  It  is  more  convenient  to  prove  this  principle  when  all  the  terms 
of  the  equation  are  in  the  same  member,  say  the  first.  The  latter  equa- 
tion is,  as  we  have  seen,  equivalent  to  the  given  one.  Then  any  solution 
must  reduce  the  first  member  to  0. 

Let  P=0 

be  the  given  equation,  and  N  be  any  number,  not  0,  or  any  expression 
which  does  not  contain  the  unknown  number  or  numbers.  Then  the 
equation 

N'P=N'0  =  0 
is  equivalent  to  the  given  one. 

For  any  solution  of  the  given  equation  must  reduce  P  to  0,  and,  there- 
fore, by  Ch.  III.,  §  3,  Art.  16,  must  also  reduce  iV-  P  to  0.  Hence  it  is 
also  a  solution  of  the  derived  equation.  That  is,  no  solution  is  lost  by 
the  transformation. 

Any  solution  of  the  derived  equation  must  reduce  iV  •  P  to  0.  But  2i 
is  not  0,  and,  since  it  does  not  contain  the  unknown  number  or  numbers, 
it  cannot  reduce  to  0  for  any  value  of  the  unknown  number  or  numbers. 
Consequently,  by  Ch.  III.,  §  3,  Art.  18,  any  solution  of  the  derived  equa- 
tion must  reduce  P  to  0,  and  hence  is  a  solution  of  the  given  equation. 
That  is,  no  solution  is  gained  by  the  transformation.  Consequently,  the 
two  equations  are  equivalent.     In  a  similar  way  (iii.)  is  proved. 

6.  It  is  important  to  notice  that  the  solution  of  an  equation 
does  not  rest  simply  on  the  principles  used  in  Art.  1.  For,  by 
these  principles  we  should  be  permitted  to  multiply  both 
members  of  the  equation  by  0,  or  to  multiply  or  divide  both 
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members    by  an  expression  which    contains    the    unknown 
numbers. 

If  the  multiplier  were  0,  any  value  of  the  unknown  number 
would  be  a  solution  of  the  derived  equation,  but  not  of  the 
given  equation. 

E.g.,     2a;-.6  =  0has  therootS,  while  (2a?-6)x0  =  0 
is  evidently  satisfied  by  1,  2,  3,  4,  etc.,  without  end. 

If  the  multiplier  contain  the  unknown  number  or  numbers, 
values  of  the  unknown  number  or  numbers  will  reduce  the 
multiplier  to  0,  and  therefore  the  first  member  of  the  derived 
equation  to  0,  without  reducing  the  first  member  of  the  given 
equation  to  0. 

E.g.,    2aj-  6  =  0  has  the  root  3,  while  (2 a; -  6)(ir-2)=0 
is  satisfied  not  only  by  3,  since  (6  —  6)  x  1  =  0  x  1  =  0,  but  also 
by  2,  since  (4  -  6)  (2  -  2)  =  (-  2)  x  0  =  0. 

But  2  is  not  a  solution  of  the  given  equation.  That  is,  in 
multiplying  both  members  of  the  given  equation  by  a?  —  2,  we 
have  gained  a  root  2.  The  derived  equation  is,  therefore,  not 
equivalent  to  the  given  one. 

If  the  divisor  be  an  expression  which  contains  the  unknown 
number  or  numbers,  one  or  more  solutions  are  lost. 

E.g.,  the  equation  ic*  —  1  =  2  (a;  -|- 1)  is  satisfied  by  the  two 
roots  —  1  and  3. 

Dividing  members  by  a?  + 1,  we  obtain  a?  —  1  =  2. 

This  equation  is  satisfied  by  3,  but  not  by  —  1. 

The  derived  equation  is,  therefore,  not  equivalent  to  the 

given  one. 

Applicatioiui. 

7.  The  following  applications  of  the  preceding  principles 
will  simplify  the  work  of  solving  an  equation. 

(i.)  Any  term  may  he  transferred  from  one  member  of  an 
equation  to  the  other ,  if  its  sign  he  reversed  from  '\-  to  —,  or 
from  —  to  -I-. 

E.g,,  2a;  — 4  =  aj-hl  and  2a?  — aj=l  +  4 

are  equivalent  equations.     This  step  is  equivalent  to  adding  4 
to,  and  subtracting  x  from,  both  members  of  the  given  equation. 
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(ii.)  The  same  term,  or  equal  terms^  m>ay  be  dropped  from  both 
members  of  an  equation, 

E.g.,  2«-3  +  8  =  aj-3  and  2x  +  S  =  x 

are  equivalent  equations. 

This  step  is  called  cancellaJtion  of  equal  terms, 

(iii.)  The  signs  of  all  the  terms  of  an  equation  may  be  reversed. 

E.g,,    5aj  —  3  =  9  —  aJ  becomes  — 5a;4-3  =  — 94-a?, 
when  both  members  are  multiplied  by  —  1. 

&  The  preceding  principles  apply  to  integral  equations  of 
any  degree.  In  this  chapter  we  shall  confine  our  attention  to 
linear  equations  in  one  unknown  number. 

§  4.     LINEAR   EQUATIONS,  IN  ONE   UNKNOWN  NUMBER. 
1.  Ex.  1.   Solve  the  equation  17  a?  +  6  =  10  a  +  27. 
Transferring  10  a;  to  the  first  member  and  6  to  the  second 
member,  we  have 

17ic-10aj  =  27-6. 

Uniting  like  terms,  7  a  =  21. 

Dividing  by  7,  ir  =  3. 

Check.  —  Substituting  3  for  aJ  in  the  given  equation,  we 
obtain  the  identity 

51  +  6  =  30  4-27. 

This  check  is  to  test  the  accuracy  of  the  work,  and  Hot  the 
equivalence  of  the  equations. 

Ex.  2.  Solve  the  equation  14  —  8  a?  =  19  —  S  a?. 
Transferring  terms,  —  8  a?  -f-  3  a?  =  19  —  14. 
Uniting  like  terms,  —  6  a;  =  5. 

Dividing  by  —  5,  a:  =  —  1. 

Ex.  3.  Solve  the  equation  \(x -^  5)  —  ^x  =  \(3 x  —  1)  +  1. 
Multiplying  both  members  by  12,  the  lowest  common  multi- 
ple of  the  fractional  coefficients,  we  obtain 

6(aj -f- 5)  -  4aj=  3(3*  -  1) -f  12. 
Eemoving  parentheses,  6aJ4-30  —  4aj  =  9a?  —  3-f-12. 
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Transferring  and  uniting  terms,  —  7  a?  =  —  21. 
Dividing  by  —  7,  «  =  3. 

Ex.  4.  Solve  the  equation  3  J  (a;  + 1)  -f-  4|(a;  + 1)  =  16. 
Uniting  terms  in  the  first  member,  without  clearing  of  frac- 
tions or  removing  parentheses,  we  have 

8(a  +  l)  =  16, 

Dividing  by  8,  a  + 1  =  2 ; 

whence  «  =  1. 

2.  The  following  general  directions  will  be  found  useful  in 
preparing  an  equation  for  solution ; 

(i.)  Remove  any  fractional  coefficients  by  muUiplyiiig  both  sides 
of  the  equation  by  the  L.C.M.  cf  their  denominators, 

(ii.)  Remove  any  parentheses, 

(iii.)  Transfer  all  terms  containing  unknown  numbers  to  one 
member  of  the  equation,  usually  to  the  first  member,  and  all  the 
terms  containing  known  numbers  to  the  other  member, 

(iv.)  Unite  like  terms.  An  equ^ion  thus  prepared  for  solution 
is  called  the  Normal  Form  of  that  equation. 

The  preceding  suggestions  apply  also  to  an  integral  equation 
of  any  degree.  If  the  equation  be  linear  in  one  unknown 
number,  the  solution  is  completed  by  dividing  both  members 
by  the  coefficient  of  the  unknown  number. 

aXBBOISES. 
Solve  each  of  the  following  equations : 

1.  a +  2  =  3.  2.   16-x=-27.  8.  17  =  9  -  x. 

4.  Jx  =  6.  6.  -2=-ix.  6.  ix  =  Q. 

7.   6x  =  16.  8.   ll=-22x.  9.  4x=-16. 

10.   |x-5  =  -8.        11.   J(«  +  5)  =  4.  12.  i(x-6)  =  7. 

18.   6x  +  7  =  ll4-4x.  14.   5x- 7  =  4x4-3. 

16.  ix  +  8=-ix-l.  18.   7x  +  8  =  4x  +  15  +  2x. 

17.  -3x-7=-4x-7.  18.    15x  -  8  =  20x  -  8 -4x. 

18.  m-9z=lW-\-nz.  20.  61 -52/ =  7  2^  4- 85. 
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2X.  8«-18  =  a;  +  12-3a.  88.  5a  +  11  =  16 -3a;  -  4x. 

88.  6x  +  7-3a;  =  8x-6a;  +  9.      84.   -7a;-24-3a;=-x-4x+3.  I 

85.  lbx+i+7x=Ux-^6+7x,  86.  3x-6  -  9a;  =  2x- 7  -  9x.        j 

87.  x-7  =  Ja  +  Ja;.  88.  ix  +  Ja;  =  Jx-7.  ' 

89.  |x-Jx4-i  =  -Jx.  80.    -x  +  ix  +  Jx  =  ll. 
81.  2x  -  (6x  +  5)  =  7.  88.  7  X  -  (3x  -  11)  =  4. 

88.  3x-7-(5x+17)=0.  84.  3(x+ 1)  =- 5(x  -  1). 

86.  J(x  +  3)  =  A(3x+16).  86.  i(6x  -  2)  -  6  =  i(4x  -  3). 

87.  4x~2(2-x)  =  6.  88.  6x  -  [7x  -  (8x  -  18)]  =  16.       I 

89.  J(x-2)  +  i-[x-J(2x-l)]=0. 

40.  3}[28  -  (Jx  +  24)]  =  3J(2i  +  ix).  " 

41.  2(x  +  l)-3(x+l)+9(x+l)+18  =  7(x+l). 

48.   (2x  +  7)(x-3)  =  (x-3)(2x  +  8).  ! 

48.   (x  +  l)(x  +  2)=(x-3)(x-4).  ] 

44.  xa-x[l-x-2(3-x)]=x+l.  i 

46.   (x4-l)(x4-l)  =  [lll-(l-«)]aJ-80.  , 

46.  3-x  =  2(x-l)(x  +  2)  +  (a;-3)(5-2x).  1 

47.  5(3x-5)-17-8(3x-6)-2(3x-5)=3. 

48.  -  17  (7x  -  83)+  28(7x  -  83)-  34  =  12  (7x  -  83). 

49.  (16x  +  6)(9x4-31)  =  (4x  +  14)(36x4-10). 

60.  (6x-2)(3x-4)  =  (3x+5)(6x-6). 

61.  x(x  +  2)+x(x  +  l)  =  (2x-l)(x+3). 

Find  the  remainder  of  each  of  the  following  divisions,  and  hence  the 
value  of  w  which  will  make  the  dividend  exactly  divisible  by  the  divisor ; 

68.  (9x2-3x4- m)-^(x-l). 

68.  [4x8-2x2  4-aj-}(w  +  l)]^(2x  +  3). 

64.  [7  x2  -  (m  -  l)x  +  3]  --  (x  +  2). 

56.  [4x8  -  24x2  +(36  -  m)  x  -  16]--(2x  -  5). 

56.  [21x8-23x2+(15- w)x-8]-^(3x-2). 

67.  [x8-5x2  +  3x-(w-4)]-4-(x-5). 

68.  [2x8-6(w-l)x2  +  4x-2w]-4-(x-2). 


CHAPTER  V. 

PROBI.EMS. 

1.    A  Problem  is  a  question  proposed  for  solution. 
Pr.  1.   The  greater  of  two  numbers  is  three  times  the  less, 
and  their  sum  is  84.     What  are  the  numbers  ? 

This  problem  involves  the  given  number  84  and  two  required 
numbers.     The  statements  of  the  problem  impose  two  condi- 
tions upon  the  values  of  the  required  numbers : 
(  i. )    The  greater  number  is  three  times  the  less. 
(ii.)   The  sum' of  the  two  numbers  is  84. 

To  solve  the  problem,  it  is  necessary  first  to  translate  these 
relations  or  conditions  from  the  verbal  language  of  the  prob- 
lem into  the  symbolic  language  of  Algebra,  i.e.,  to  express  them 
by  means  of  algebraic  signs  and  symbols. 
Let  X  stand  for  the  less  required  number. 
Then,  by  the  first  condition,  the  greater  number  is, 
in  verbal  language :  three  times  the  less  ; 
in  algebraic  language :  3  x. 
Consequently,  the  required   numbers  are  represented  by  x 
(the  less)  and  3  x  (the  greater).     The  second  condition  is, 
in  verbal  language :  the  less  number  plus  the  greater  is  equal  to 

84; 
in  algebraic  language :  a?  4-  3  a?  =  84. 
This  equation  is  called  the  equation  of  the  problem. 
Prom  this  equation  we  obtain  x  =  21,  the  less  number. 
Therefore  3  a?  =  63,  the  greater  number. 
Notice  that  this  problem  could  have  been  solved  by  letting 
X  stand  for  the  greater  number,  and  consequently  \x  for  the 
less.     The  resulting  equation  would  then  have  been 

^aj4-«=84. 
Whence  x  =  63,  the  greater  number ;  and  ^  a?  =  21,  the  less. 
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This  method  leads  to  an  equation  in  which  the  unknovcn 
number  is  one  of  the  required  numbers  of  the  problem. 

Pr.  2.   Find  two  consecutive  integers  whose  sum  is  163. 
In  this  problem  the  conditions  are  not  both  eocplicitly  stated. 
The  first  condition  is  contained  in  the  words,  two  consecutive 
integers.     Let  x  stand  for  the  less  number. 
Then,  by  the  first  condition,  the  greater  number  is, 
in  verbal  language :  the  less  number  plus  1 ; 
in  algebraic  language :  x  +  1. 
The  required  numbers  are  thus  represented  by  x  (the  legs) 
and  a?  -f  1  (the  greater).     The  second  condition  ig, 
in  verbal  language :  the  les»  nwmberpli^  the  greater  is  J63 ; 
in  algebraic  language :  ds  -f-  (o?  -♦- 1)  ^  168,  the  equation  of  the 
pvoWero. 
From  this  equation  we  obtain  x  s  81,  the  less  number ;  and 
therefore  a:  4- 1  =  82,  the  greater. 

Pr.  3.  A  is  40  years  oJd  ^nd  B  is  10  yee^rs  old.  After  how 
many  years  will  A  be  three  times  as  old  as  B  ? 

Let  X  stand  for  the  required  number  of  year's,  after  which  A 
will  be  three  times  as  old  as  B. 

The  condition  of  the  problem  involves  other  unknown  num- 
bers than  the  required  number.  These  we  firgt  express  in 
terms  of  the  required  and  given  numbers. 

In  X  years  the  number  of  years  in  A^s  age  will  be  40  -f-o;; 
the  number  of  years  in  B^s  age  will  be  10  +  x. 

The  condition  of  the  problem  is, 
in  verbal  language :   the  number  of  years  in  A^s  age  x  years 
hence  is  equal  to  three  times  the  number  of  years  in  B^s  age 
X  years  hence  ; 
in  algebraic  language :  40  +  a:  =  3  (10  -h  a?). 

From  this  equation  we  obtain  x^^,  the  required  number. 
In  5  years  A  will  be  45  years  old,  and  B  will  be  15  years  old. 

Notice  that  the  numbers  used  in  the  solution  are  abstract 
numbers  j  40  is  the  rmmber  of  years  in  A's  age,  not  A's  age. 
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Pr.  4.  At  an  election  at  which  943  votes  were  cast,  A  and  B 
Ajv^ere  candidates.  A  received  a  majority  of  66  votes.  How 
many  votes  were  cast  for  each  candidate  ? 

Let  X  stand  for  number  of  votes  cast  for  A. 

Then,  by  the  first  condition,  the  number  of  votes  Oast  for  B  is, 
in  verbal  language :  948  minuB  the  number  caMJbr  A  ; 
in  algebraic  language :  943  —  x. 

The  second  condition  is, 
in  verbal  language  t  the  number  t>f  vof^  ease  pr  A  exceeds  the 

number  cast  Jbr  6  by  65  \ 
in  algebraic  language :  x  —  (943  —  OJ)  =s  65. 

From  this  equatioti  We  obtain  X  =  504,  whence  943  —  aJ  s=£  439. 

Pr.  5.   Fifteen  coins,  dollars  and  quarter-dollars,  amount  to 
$  T.50.     How  many  coins  of  each  kind  are  there  ? 

We  take  one  dollar  as  the  unit,  and  express  parts  of  dollars 
as  fractional  parts  of  this  unit. 

Let  X  stand  for  the  number  of  dollars. 

Then,  by  the  first  condition,  the  number  of  quarter-dollars  is, 
in  verbal  language :  15  minuh  the  number  of  dottats  ; 
in  algebraic  language :  15  —  a?. 

l^he  second  condition  id, 
in  verbal  language :  the  number  of  dollars  plus  one-fourth  of  the 

number  of  quarter-dollars  is  7^ ; 
in  algebraic  language :  a?  +  -^  (16  —  a?)  =  ?4^. 

From  this  equation  we  obtain  a;  =  S ;  whence  IS  —  a?  =  10. 
Evidently  the  total  value  of  the  coins  is  5  4-  J/  dollars,  or  $  7^. 
Both  conditions  refer  to  abstract  numbers ;  the  first  condition 
to  the  number  of  coins,  the  second  to  the  number  of  dollars. 

Pr.  6.  A  drove  of  sheep  and  goats,  200  animals  in  all,  is  to 
be  sold.  A  offers  to  pay  $1»35  for  each  sheep  and  <pl.60  for 
each  goat;  B  offers  to  pay  $1,60  for  each  animal.  The  owner 
of  the  drove  accepts  B's  offer  because  he  finds  that  it  will  net 
him  f  22  more  than  A's  offer.  Find  the  number  of  sheep  and 
goats  in  the  drove. 

Let  X  stand  for  the  number  of  sheep. 
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Then,  by  the  first  condition,  the  number  of  goats  is, 

in  verbal  language :  200  minus  the  number  of  sheep  ; 
in  algebraic  language :  200  —  x. 

The  second  condition  involves  other  unknown  numbers  than 
the  required  numbers.  We  must  express  the  number  of  dollars 
in  A's  offer  and  the  number  of  dollars  in  B's  offer  in  terms  of 
the  required  and  given  numbers. 

The  number  of  dollars  in  A's  offer  is, 
in  verbal  language :  the  number  of  sheep  multiplied  by  the  num- 
ber of  dollars  offered  for  each  sheep,  plus  the  number  of  goats 
multiplied  by  the  number  of  dollars  offered  for  each  goat  ; 
in  algebraic  language :   1.25  x  -\- 1.6  (200  —  x). 

The  number  of  dollars  in  B's  offer  is, 
in  verbal  language :   the  number  of  animals  multiplied   by  the 

mimber  of  dollars  offered  for  each  aninnal; 
in  algebraic  language :  200  x  1.5. 

The  second  condition  is, 
in  verbal  language :  the  number  of  dollars  in  B's  offer  minus 

the  number  of  dollars  in  A!s  offer  is  22 ; 
in  algebraic  language:    200xl.5-[1.25iB4-1.6(200-a?)]=22. 

From  this  equation  we  obtain  x  =  120,  the  number  of  sheep ; 
whence  200  —  a?  =  80,  the  number  of  goats. 

Notice  again  that  both  conditions  refer  to  abstract  numbers. 

Pr.  7.  A  box  contains  a  certain  number  of  pencils,  of  which 
one-third  are  red,  one-sixth  are  blue,  and  15  are  black.  How 
many  of  the  pencils  are  red,  and  how  many  are  blue  ? 

This  problem  can  be  solved  more  readily  by  assuming  for 
the  unknown  number  of  the  equation  another  nimiber  than  one 
of  the  required  numbers. 

Let  X  stand  for  the  total  number  of  pencils. 

Then,  by  the  first  condition,  the  number  of  red  pencils  is  ^x, 
and  by  the  second  condition,  the  number  of  blue  pencils  is  ^«. 

Finally,  by  the  third  condition, 

^aj-h^aj-f  15  =  ic;  whence  a;  =  30. 

Therefore,  ^  a;  =  10,  the  number  of  red  pencils, 
and  ^  a?  =  5,  the  number  of  blue  pencils. 
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Pr.  8.  A  number  is  composed  of  two  digits  whose  sum  is  8. 
If  the  digits  be  interchanged,  the  resulting  number  will  exceed 
the  original  number  by  18.     What  is  the  number? 

In  accordance  with  the  suggestion  in  Pr.  7,  we  assume  one 
of  the  digits  of  the  required  number,  not  the  required  number, 
as  the  unknown  number. 

Liet  X  stand  for  the  digit  in  the  units'  place. 
Then,  by  the  first  condition,  the  digit  in  the  tens'  place  is, 
in  verbal  language :   8  minus  the  digit  in  the  unit^  place  ; 
in  algebraic  language :  8  —  a. 
Therefore  the  original  number  is  10  (8  —  «)  -h  a: ;  the  second 
number  (when  the  digits  are  interchanged)  is  10  a;  +  (8  —  x). 

The  second  condition  of  the  problem  then  is, 
in  verbal  language:   the  second  number  is  equal  to  the  original 

number  plus  18 ; 
in  algebraic  language :  10  aj  +  (8  —  a?)  =  10  (8  —  a?)  +  aj  + 18. 

Whence,  x  =  5f  the  digit  in  the  units'  place ; 

and  8  —  a?  =  3,  the  digit  in  the  tens'  place. 

The  original  number  is  10(8 —  a;)  4- »,  =35;  the  second 
number  is  10a;  +  8  —  a?,  =  53,  and  53  —  35  =  18. 

Pr.  9.  A  carriage,  starting  from  a  point  A,  travels  35  miles 
daily;  a  second  carriage,  starting  from  a  point  B,  84  miles 
behind  A,  travels  in  the  same  direction  49  miles  daily.  After 
how  many  days  will  the  second  carriage  overtake  the  first  ? 
At  what  distance  from  B  will  the  meeting  take  place  ? 

Let  X  stand  for  the  number  of  days  after  which  they  meet. 
Then  the  number  of  miles  traveled  by  the  first  carriage  is 
35  Xy  and  the  number  of  miles  traveled  by  the  second  carriage 
is  49  X. 

The  condition  of  the  problem  is, 
in  verbal  language:   the  number  of  miles  traveled  by  the  first 
carriage  is  equal  to  the  number  of  miles  traveled  by  the 
second  carriage  minus  84; 
in  algebraic  language :   35  a?  =  49  a?  —  84. 

From  this  equation,  we  obtain  a?  =  6. 
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The  distance  traveled  by  the  first  carriage  is  210  miles,  and 
the  distance  traveled  by  the  second  carriage  is  294  miles. 
They  therefore  meet  294  miles  from  B, 

Pr.  10.  A  man  asked  another  what  time  it  was,  and  received 
the  answer :  "  It  is  between  5  and  6  o'clock,  and  the  minute- 
hand  is  directly  over  the  hour-hand."    What  time  was  it  ? 

At  5  o'clock,  the  minute-hand  points  to  12  and  the  hour- 
hand  to  5.  The  hour-hand  is  therefore  25  minute-divisions 
in  advance  of  the  minute-hand. 

Let  X  stand  for  the  number  of  minute-divisions  passed  over 
by  the  minute-hand  from  5  o'clock  until  it  is  directly  over  the 
hour-hand  between  5  and  6  o'clock. 

By  the  first  condition,  which  is  implied  in  the  problem,  the 
number  of  minute-divisions  passed  over  by  the  hour-hand  is, 

in  verbal  language :  the  number  qf  minute-divisions  passed  over 

by  the  minute-hand  minus  25 1 
in  algebraic  language :  x  —  25. 

The  second  condition,  which  is  also  implied  in  the  problem,  is, 

in  verbal  language :  the  number  of  minute-divisions  passed  over 
by  the  minute-hand  is  12  times  the  number  of  minfUe-divi- 
sions  passed  over  by  the  hour-hand; 

in  algehraio  language :  a?  =  12  (aj  —  25). 

From  this  equation  we  obtain  x  =  27^.  Consequently,  the 
two  hands  coincide  at  27^  minutes  past  5  o'clock. 

a.  Thei  beginner  will  find  some  suggestions  for  translating 
the  conditions  of  a  problem  into  algebraic  language  helpful. 

(i.)  Observe  what  are  the  numbers  whose  values  are  required. 
It  will,  in  general,  be  possible  to  continue  the  solution  of  the  prob- 
lem by  representing  one  of  these  numbers  by  a  letter,  and  operat- 
ing upon  or  by  that  letter  as  if  it  were  a  known  number.  See 
Prs.  1,  2,  3,  4,  5,  6,  9,  and  10. 

(ii.)  Every  problem  which  can  be  solved  must  state,  implicitly 
or  explicitly,  as  many  conditions  as  there  are  required  num^er^ 
in  the  problem. 
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(iii.)  The  numbers  involved  in  tke  statements  wtU,  (n  general, 
be  not  only  the  required  numbers,  but  also  other  unknown  num- 
bers tuhich  must  be  eoi^ressed  in  terms  of  the  reqdired  numl^ers. 
See,  in  particular,  Prs.  3,  6,  8. 

(iv.)  JEoipress  concisely  in  verbtil  language  eojch  given  condition. 
It  is  frequently  necessary  to  mxydify  the  statement  in  order  to  adapt 
it  to  translation  into  titgebraic  langndge.     See  trs.  2  and  lO. 

(v.)  Translate  each  verbal  statement  of  a  condition  into  alge- 
braic tangilage.  Alt  but  one  of  the  conditions  will  glee  expressions 
for  required  numbers.  The  last  condition  will  give  the  equation 
of  the  problem. 

(vi.)  There  are  pivblems  in  which  other  numbers  than  the  re- 
quired numbers  can  be  used  to  better  ad^jantage  in  applying  the 
conditions  of  the  problems,  and  from  whU^  the  required  numbers 
can  be  readily  found.     See  Pj*9.  ?>  8. 

3.  In  applying  the  suggestions  of  Art.  2,  it  is  importemt  to 
remember  that  the  letter  x  always  represents  an  abstract  num- 
ber. The  beginner  must  never  put «  for  distance^  time,  weight, 
etc.,  but  for  the  number  of  tniles,  of  hours,  of  pounds,  etc. 

Keep  in  mind  also  that  in  any  one  equation  the  magnitudes 
of  all  concrete  quantities  of  the  same  kind  must  be  deferred  to 
the  same  unit ;  if  x  refer  to  a  certain  number  of  yfeirds,  then  all 
other  distances  must  likewise  represent  numbers  of  yards,  not 
of  miles  or  of  feet. 

BXBROISBS. 

1.  If  twice  a  number  be  added  to  18,  the  sutn  Will  be  ft2.  What  is 
the  number  ? 

2.  If  4  be  subtracted  from  fire  times  a  number,  the  remainder  will  be 
11.    What  is  the  number  P 

8.  If  one-fottrth  of  a  number  be  diminished  by  5,  the  i^tnaitider  Will 
be  2.    What  is  the  number  ? 

4.  The  sum  of  two  consecutiye  even  numbers  is  34.  What  are  the 
numbers  ? 

6.   Find  the  number  whose  double  exceeds  its  half  by  fl. 

6.  Find  three  consecutiye  odd  numbers  whose  sum  is  67. 

7.  If  48  be  added  to  a  number,  the  sum  Will  be  equal  tb  nine  times 
the  number.     What  is  the  number  ? 
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8.  If  9 120  be  divided  between  A  and  B  bo  that  A  shall  receive  $20 
more  than  B,  how  many  dollars  will  each  receive  ? 

9.  A  sum  of  $2500  is  divided  between  A  and  B.     B  receives  $4  as 
often  as  A  receives  9 1.    How  much  does  each  receive  ? 

10.  Divide  75  into  two  parts,  such  that  three  times  the  first  part  shall 
be  15  greater  than  seven  times  the  second. 

11.  Divide  100  into  three  parts  so  that  the  second  shall  be  three  times 
the  first,  and  the  third  five  times  the  second. 

12.  A  father's  age  exceeds  his  son's  by  18  years,  and  the  sum  of  their 
ages  is  four  times  the  son's  age.     What  are  their  ages  ? 

18.  A  man  bought  a  horse,  a  carriage,  and  harness  for  $320.  The 
horse  cost  five  times  as  much  as  the  harness,  and  the  carriage  cost  twice 
as  much  as  the  horse.     How  much  did  each  cost  ? 

14.  The  deposits  in  a  bank  during  three  days  amounted  to  $  16,900. 
If  the  deposits  each  day  after  the  first  were  one-third  of  the  deposits  of 
the  preceding  day,  how  many  dollars  were  deposited  each  day  ? 

16.  A  merchant,  after  selling  one-third,  one-fourth,  and  one-sixth  of  a 
piece  of  silk,  has  15  yards  left.     How  many  yards  were  there  in  the  piece  ? 

16.  If  two  trains  start  together  and  run  in  the  same  direction,  one  at 
the  rate  of  20  miles  an  hour,  and  the  other  at  the  rate  of  30  miles  an  hour, 
after  how  many  hours  will  they  be  250  miles  apart  ? 

17.  A  teacher  proposes  16  problems  to  a  pupil.  The  latter  is  to  receive 
5  marks  in  his  favor  for  each  problem  solved,  and  3  marks  against  him  for 
each  problem  not  solved.  If  the  number  of  marks  in  -his  favor  exceed 
those  against  him  by  32,  how  many  problems  will  he  have  solved  ? 

18.  A  merchant  paid  30  cents  a  yard  for  a  piece  of  cloth.  He  sold 
one-half  for  35  cents  a  yard,  one-third  for  29  cents  a  yard,  and  the 
remainder  for  32  cents  a  yard,  gaining  $  18.15  by  the  transaction.  How 
many  yards  did  he  buy  ? 

19.  Two  men  start  from  points  100  miles  apart  and  travel  toward  each 
other,  one  at  the  rate  of  15  miles  an  hour,  and  the  other  at  the  rate  of  W 
miles  an  hour.  After  how  many  hours  will  they  meet,  and  how  far  will 
their  point  of  meeting  be  from  the  starting  point  of  the  first  ? 

20.  A  father  is  32  years  old,  and  his  son  is  8  years  old.  After  how 
many  years  will  the  father's  age  be  twice  the  son's  ? 

21.  Divide  130  into  five  parts  so  that  each  part  shall  be  12  greater  than 
the  next  less  part. 

22.  A,  traveling  at  the  rate  of  20  miles  a  day,  has  four  days'  start  of 
B,  who  travels  at  the  rate  of  25  miles  a  day  in  the  same  direction.  After 
how  many  days  will  B  overtake  A  ? 
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28.  A  sum  of  money  \a  equally  divided  among  four  persons.  If  $60 
more  be  divided  equally  among  six  persons,  the  shares  will  be  the  same 
as  before.     How  many  dollars  are  divided  ? 

24.  Atmospheric  air  is  a  mixture  of  four  parts  of  nitrogen  with  one  of 
oxygen.  How  many  cubic  feet  of  oxygen  are  there  in  a  room  10  yards 
long,  6  yards  wide,  and  12  feet  high  ? 

26.  A  merchant  paid  $  6.16  in  an  equal  number  of  dimes  and  five-cent 
pieces.     How  many  coins  of  each  kind  did  he  pay  ? 

26.  A  man  has  $4.75  in  dimes  and  quarters,  and  he  has  6  more 
quarters  than  dimes.    How  many  coins  of  each  kind  has  he  ? 

27.  A  leaves  a  certain  town  P,  traveling  at  the  rate  of  21  miles  in  6 
hours ;  B  leaves  the  same  town  3  hours  later  and  travels  in  the  same 
direction  at  the  rate  of  21  miles  in  4  hours.  After  how  many  hours  will 
B  overtake  A,  and  at  what  distance  from  P  ? 

28.  The  circumference  of  the  front  and  hind  wheels  of  a  wagon  are  2 
and  3  yards,  respectively.  What  distance  has  the  wagon  moved  when  the 
front  wheel  has  made  10  revolutions  more  than  the  hind  wheel  ? 

29.  The  sum  of  two  numbers  is  47,  and  their  difference  increased  by  7 
is  equal  to  the  less.    What  are  the  numbers  ? 

30.  The  sum  of  three  cousecutive  even  numbers  exceeds  the  least  by 
42.     What  are  the  numbers  ? 

31.  The  sum  of  the  two  digits  of  a  number  is  4.  If  the  digits  be  inter- 
changed, the  resulting  number  will  be  equal  to  the  original  one.  What 
is  the  number  ? 

32.  A  father  is  three  times  as  old  as  his  son,  and  10  years  ago  he  was 
five  times  as  old  as  his  son.     What  is  the  present  age  of  each  ? 

33.  One  barrel  contained  48  gallons,  and  another  88  quarts  of  wine. 
From  the  first  twice  as  much  wine  was  drawn  as  from  the  second ;  the 
first  then  contained  three  times  as  much  wine  as  the  second.  How  much 
wine  was  drawn  from  each  ? 

34.  A  child  was  born  in  November.  On  the  10th  of  December  the 
number  of  days  in  its  age  was  equal  to  the  number  of  days  from  the  1st 
of  November  to  the  day  of  its  birth,  inclusive.  What  was  the  date  of  its 
birth? 

35.  A  regiment  moves  from  A  to  B,  marching  20  miles  a  day.  Two 
days  later  a  second  regiment  leaves  B  for  A,  and  marches  30  miles  a  day. 
At  what  distance  from  A  do  the  regiments  meet,  A  being  350  miles 
from  B? 

86.  The  sum  of  two  digits  of  a  number  is  12.  If  the  digits  be  inter- 
changed, the  resulting  number  exceeds  the  original  one  by  three-foortha 
of  the  original  number.    What  is  the  number  ? 
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97.  Three  boys,  A,  B,  and  C,  have  a  number  of  marbles.  A  and  6 
have  44,  B  and  C  have  43,  and  A  aud  C  have  30.  How  many  marbles 
have  they  all,  and  how  many  marblea  baa  eaob  ? 

88.  The  tail  of  a  fish  is  4  inohes  long.  Ita  bead  ia  aa  long  £^  its  tail 
and  one-aeventh  of  ita  body,  and  its  body  is  as  long  aa  its  head  an4  one- 
half  of  its  tail.  How  long  is  the  fish,  and  how  long  are  its  bead  and  iu 
body? 

39.  A  father  divided  his  property  equally  among  his  sons.  To  the 
oldest  son  he  gave  $  1000  and  one-seventh  of  what  remained ;  to  the 
second  son  he  gave  $2000  and  one-seventh  of  what  was  then  left;  to 
the  third  son  he  gave  $  3000  and  one-seventh  of  the  remainder ;  and  so 
on.     What  was  the  amount  of  his  property,  and  how  many  sons  had  he  ? 

40.  A  man,  wishing  to  give  alms  to  several  beggars,  finds  that  in  order 
to  give  16  cents  to  each  one,  he  must  have  10  cents  more  than  he  has; 
but  that  if  he  were  to  give  12  cents  to  each  one,  he  would  have  14  cents 
left.     How  many  beggars  are  there  ? 

41.  A  train  runs  from  A  to  B  at  the  rate  of  30  miles  an  hour ;  and 
returning  runs  from  B  to  A  at  the  rate  of  28  miles  an  hour.  The  time 
required  to  go  from  A  to  B  and  return  is  15  hours,  including  30  minutes' 
stop  at  B.     How  far  is  A  from  B .? 

48.  A  cistern  has  3  taps.  By  the  first  it  can  be  emptied  in  80  minutes, 
by  the  second  in  200  minutes,  and  by  the  third  in  5  hours,  Aft^r  how 
many  hgurs  will  the  cistern  be  emptied,  if  all  the  taps  be  opened  ? 

43.  A  cistern  has  3  taps.  By  the  first  it  can  be  filled  in  6  hoi:irs,  by 
the  second  in  8  hours,  and  by  the  third  it  can  be  emptied  in  12  houis. 
In  what  time  will  it  be  filled  if  all  the  taps  be  opened  ? 

44.  An  inlet  pipe  can  fill  a  cistern  in  3  hours,  and  an  outlet  pipe  can 
empty  it  in  9  hours.  After  how  many  hours  will  the  cistern  be  filled  if 
both  pipes  be  open  half  the  time,  and  the  outlet  pipe  be  closed  during  the 
second  half  of  the  time  ? 

48.  In  my  right  pocket  I  have  as  many  dollars  as  I  have  cents  in  my 
left  pocket.  If  I  transfer  ^6.93  from  my  right  pocket  to  my  left,  I  shall 
have  as  many  dollars  in  my  left  pocket  as  I  shall  have  cents  in  my  right. 
How  much  money  have  I  in  my  left  pocket  ? 

46.  A  servant  is  to  receive  ^170  and  a  dress  for  one  year's  services. 
At  the  end  of  7  months  she  leaves  her  place  and  receives  ^96  and  the 
dress.     What  is  the  value  of  the  dress  ? 

4T.  A  farmer  found  that  his  supply  of  feed  for  his  cows  would  lait 
only  14  weeks.  He  therefore  sold  60  cows,  and  his  isupply  then  lasted 
20  weeks.     How  many  cows  had  he  ? 

48.  At  6  o'clock  the  hands  of  a  clock  are  in  a  straight  line.  At  what 
time  between  7  and  8  o'clock  will  they  be  again  in  a  straight  line  ?  At 
what  time  between  9  and  10  o'clock  ? 
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49.  A  cistern  has  3  pipes  which  can  empty  it  in  6,  8,  and  10  hours 
respectively.  After  all  three  pipes  have  been  open  for  2  hours  they  have 
discharged  94  gallons.    What  is  the  capacity  of  the  cistern  ? 

50.  At  what  time  between  10  and  11  o'clock  are  the  minute-hand  and 
the  hour-hand  of  a  clock  at  right  angles  to  each  other  ?  Find  two  solu- 
tions.     At  what  time  between  12  and  1  o'clock  ? 

51.  At  what  time  between  3  and  4  o'clock  will  the  minute-hand  of 
a  clock  be  5  minute-divisions  in  advance  of  the  hour-hand  ?  At  what 
time  17  minute-divisions? 

A  watch  has  the  second-hand  attached  at  the  same  point  as  the  hour- 
atid  the  minute-hand : 

58.  At  what  time  between  1  and  2  o'clock  is  the  second-hand  over  the 
minute-hand  ?    At  what  time  between  8  and  9  o'clock  ? 

53.  At  what  time  between  11  and  12  o'clock  does  the  second-hand  of 
a  watch  bisect  the  angle  between  the  hour-  and  the  minute-hand  ?  At 
what  time  between  4  and  5  o'clock  ? 

54.  A  woman  sells  i  an  apple  more  than  one-half  of  her  apples.  She 
next  sells  J  an  apple  more  than  one-half  of  the  apples  not  yet  sold,  and 
then  has  0  apples  left     How  many  apples  had  she  at  firnt  f 

5tt»  A  steamer  and  a  sailing  vessel  are  both  to  sail  from  M  to  N.  The 
steamer  sails  40  miles  every  3  houli9|  and  the  sailing  vessel  24  miles  in 
the  same  time.  The  sailing  vessel  has  traveled  13}  miles  when  the  steamer 
sails,  and  arrives  at  N  6  hours  later  than  the  steamer.  How  long  is  the 
steamer  in  sailing  from  M  to  K,  and  how  far  is  M  from  N  ? 

56.  A  wall  can  be  built  by  20  workmen  in  11  days,  or  by  30  other 
workmen  in  7  days.  If  22  of  the  first  class  work  together  with  21  of  the 
second  class,  after  how  many  days  will  the  work  be  completed  ? 

67.  In  ft  certain  family  each  son  has  as  many  brothers  as  sisters,  but 
eaoh  daughter  has  twice  as  many  brothers  as  sisters.  Uow  many  children 
are  in  the  family  ? 

58.  A  merchant's  investment  yields  him  yearly  33^%  profit.  At  the 
end  of  each  yeat,  aftet  deducting  $  1000  for  personal  expenses,  he  adds 
the  balance  of  his  profits  to  his 'invested  capital.  At  the  end  of  three 
years  his  capital  is  twice  his  original  investment.  How  much  did  he 
invest  ? 

69.  I  have  in  mind  a  number  of  six  digits,  the  last  one  on  the  left 
being  1.  If  I  bi'lng  this  digit  to  the  first  place  on  the  right,  I  shall  obtain 
a  number  which  is  three  times  the  number  I  have  in  mind.  What  is  the 
number  ? 

60.  A  dog  caught  sight  of  a  hare  at  a  distance  of  50  dog's  leaps.  The 
dog  makes  3  leaps  While  the  hare  makes  4  leaps,  but  the  length  of  two 
dog's  leaps  is  equal  to  the  length  of  3  hare's  leaps.  How  many  leaps  will 
the  hare  make  before  the  dog  overtakes  him  ? 


CHAPTER   VI. 

TYPE-FORMS. 

We  shall  in  this  chapter  consider  a  number  of  products  and 
quotients  which  are  of  frequent  occurrence.  They  are  called 
Type-FormB. 

§  1.     TYPE-FORMS  IN  MULTIPLICATION. 
The  Square  of  an  Algebraic  Expression. 

1.  By  actual  multiplication,  we  have 

(a  +  by  =  (a  +  «)(a  4- «)  =  a*  +  2a«  +  *^. 
That  is,  the  square  of  the  sum  of  two  numbers  is  equal  to  the 
square  of  the  first  number y  plus  twice  the  product  of  the  two  num- 
berSf  plus  the  sqwire  of  the  second  number. 
E.g.,        (2x  +  5yy=(2xy-^2(2x)(5y)H^yy 
=:4:a^  +  20xy  +  25f. 

2.  By  actual  multiplication,  we  have 

That  is,  the  square  of  the  difference  of  two  numbers  is  equal  to 
the  square  of  the  first  number,  minus  twice  the  product  of  the 
two  members,  plus  the  square  of  the  second  number, 

E.g,,       (Sx-7yy=(3xy-^2(3x)(7y)  +  (7yy 

Observe  that  this  iype-form  is  equivalent  to  that  of  Art.  1, 
since  a  —  6  =  a  -+-  (—  6). 

E.g.,       (Sx^7yy=(3xy  +  2(Sx)(-7y)-^(-7yy 
=  9  aj^  —  42  icy  +  49  2^,  as  above. 

The  signs  of  all  the  terms  of  an  expression  which  is  to  be 
squared  may  be  changed  without  changing  the  result. 

For,  (a  -  by  =  [-(6  -  a)y  =(6  -  ay. 
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3.  We  have,  by  Art.  1, 

(a  -f  6  -f  cy  =  l(a  -f  &)+  cyz=(a  +  6)«  -f  2(a  -f  b)c  +  c» 

=  a^  -f  2  a6  +  6*  +  2  oc  -f  2  6c  +  c*. 
Therefore    (a  +  6  +  c)^  =  a*  +  6^  +  c^  -h  2  a6  +  2  ac?  +  2  6c?. 
In  like  manner 

(a  +  6  -  c)2  =  a^  +  6«  -h  c?'  +  2  a6  -  2  ac  -  2  6c?. 
(a_6_-c?y  =  a2_^42^.^2_2a6-2ac-h26c?.    . 
By  repeated  application  of  this  principle  we  can  obtain  the 
square  of  a  multinomial  of  any  number  of  terms.     We  have 

(a-\-b-\-c-\-d)'  =  l{a-\-b-\-cy-\-dY 
=  a"  +  b^  -\-  (^  -\-  2  ab  +  2  ac  -\-2bc  +  2{a  +  b  -\-  c)d  +  cP 
=  a2  +  52  +  c2  +  d2  +  2a6  +  2ac  +  2ad  +  2  6c-h26d  +  2cd 

That  is,  tJie  square  of  a  multinomial  is  equal  to  the  sum  of  the 
squares  of  the  tei-ms,  plus  the  a^ebraic  sum  of  twice  the  product 
of  each  term  by  eajch  term  which  folloivs  it, 

mg.,  i3x-\-5y-^7zy={3xy-^(5py-\-(--7zy+2(Sx)(5y) 

+2(3x)(--7z)+2{5y)(^7z) 
=9  a^+25  2/2^.49  2j2+3o  a^_- 42  a»-70y«. 

EXERCISES  I. 
Write,  without  performing  the  actual  multiplications,  the  values  of 
1.    (a +  1)2.  2.    (2-6)2.  8.    (aj  +  5)2. 

4.  (2a +  86)2.  5.    (6a;-7y)2.  6.    (3aa;+2  6y)2. 
7.    (a2  +  Ja6)2.                  8.    (|x2  +  jy)2.                 9.    (2xy-4)2. 

10.  C2m2-8n2)2.  11.    (5  x22,2  _  3  ^^8)2.  12.    (6x»+i+7x)2. 

13.  (6a«6«-6a"'6«)2.  14.    (2a»»+«-3a«-«)2.      15.    [a  +  6(x-l)]2. 

16.  [2(a;+l)-3(2/+;?)]2.  17.    (2aj-3y+7)2.  18.    (m*  +  n2  -  1)2. 

19.  (a3  +  a2  +  l)2.  20.    (2  a6  +  3  a2  +  4  62)2. 

21.  (a;2  -  3  a;y  +  y2)2.  22.    (xy  -  xz  +  yz  -  Sy. 

Simplify  the  following  expressions : 
28.   a2+62_(<jf_5)2. 

24.  x^  +  y^-ix  +  Gy-i-S,  when  x  =  a  +  l,  y  =  a-2. 

25.  (a  +  6  +  c)2  +(a  -  6  -  c)2  +(a  -  6  +  c)2  +  (a  +  6  -  c)2. 

26.  (a  +  6  -  c)(^a  +  6)  +  (a  -  6  +  c)(a  +  c)  +  (6  +  c  -  a)(b  +  c). 
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Verify  the  following  identities : 

27.  (a2  +  62)  (a;2  +  !/*)_  (^x  +  by)^  =  (ay  -  bx)\ 

28.  (a  +  6  +  c)2  -f  (a  -  6)2  +  (o  -  c)2  +(6  -  c)2  =  3(a«  4-  b^  +  c^). 

29.  a2  +  62  +  4  c2  +  2  a6  +  8  6c  =  4(a  +  c)2,  when  6  =  a. 

80.  (a  +  6  -f  c  -f  d)2  +(a  -  6  -  c  +  d)2  +  (a  -  6  +  c  -  d)^ 

+  (a  +  6  -  c  -  d)2  =  4(a2  +  52  ^.  c2  +  (fi). 

81.  2{»  -  a)(«  -  6)(«  -  0)+  a(«  -  6)(«  -  c)+  6(»  -  a)(«  -  c) 

+  c{»  -  a) («  -  6)  =  a6c,  wheu  2«  =  a  +  6  +  c, 

Product  of  the  ftum  and  Differenoa  of  Two  ITiimbani. 

4.  By  actual  multiplication,  we  have 

That  is,  tJie  product  of  the  sum  of  two  numbers  and  the 
difference  of  the  same  numbers,  taken  in  the  same  order,  is  equal 
to  the  square  oftheftrst,  minu»  the  square  of  the  second. 

Ex.  1.   (2*4-8  y)(2  a?  -  3  y)=(2  »)«  --(8  y)'  =  4  <»«  -  9  y*. 

The  product  of  two  multinomials  can  frequently  be  brought 
under  this  type-form  by  properly  grouping  terms. 

Ex.2.   (aj»  +  aj  +  l)(a^-aj  +  l)  =  [(a:2  +  l)+ar][(a:2-M)-x] 

=  aj*4-2aj24-l-if2 

Ex.  3.     (x-'y  +  z)(x-^y-'Si)  =  lx  —  (y  —  «)]  [x  +  ^y  —  z)] 

=  9^^{y-zf 
^^-{f-2yz-\-z^ 
^vf  —  f  —  z^-^-iyz, 

EXBRCISBS  II. 
Find,  without  performing  the  actual  multiplications,  the  values  of 
1.    (a  +  2)(«-2).  2.    (2a-3)(2flH-8). 

8.    («-§)(«+!).  4.    (5xH-4y)(fiaj-4y). 

5.    (3^2+ Ja6)(3a2-ia6).  0.    (- 8aJ»-f  7)(8aj9  +  7). 

7.    (2ax2-3a2«)(2ax2  +  3a2a;).       8.    (3  a"  H- 7  &•»)  (8  a»  -  7  &••). 
9.    (6  wn*  +  %  w»2n)  (  -  6  w»8  +  2  mH), 
10.    (  -  6  ap»+i  +  9  x"-i)  (6  a;«+i  +  9  a;**-!). 
H.   [a2  +  6(a  +  6)][(|8_6(a4-6)]. 
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12.  (x  +  y  +  5)(xH-y-5).  18.    (4a-36-7)(4a-36H-7). 

14.  {x^  +  yi  +  z2){^x^-^y^-^z^),      16.    (a2-a6H-62)(ai  +  a6  +  62). 

16.  (x2  +  2x-l)(a;2_2x-l).       17.    (x*  -  a^  +  l)(x*  +  «a  -  1). 

18.  (^rta_6a  +  8)(a2-62  4.3).     19.    (o^  -  52  _  c^) (a«  +  ft^  +  c^). 

90.  (l+2a  +  36  +  4c)(l+2a-36-4c). 

21.  (a  +  6  +  <5-(i)(a  +  6-c  +  d). 

22.  (a*  -  3  a«aJ  +  8  ax*  -  x8)(rt8  +  3  a^x  +  3  a««  +  x»). 

28.  (aJ2-y«-«a-t(j2)(a^  +  l^  +  «2-tc2). 

24.  (-x8  +  x2-2x-l)(x8  +  x«  +  2x-l). 

Simplify  the  following  expressions  t 

25.  (l+x)2-(l-x)(l  +  x).  86.    (2x  +  3y)«(2x-3y)«. 

27.    (1  -  a6)2  (1 -f  a6)2.  88.    (x-3)(x- l)(x  + l)(x  +  3). 

29.  (a-x)Ca  +  x)(a2  +  x2)(a*  +  aJ*). 

80.  (x2-l)(x8  +  l)(x*  +  l)(x2  +  l). 

81.  (a»  +  2  ct6)  (««  -  2  a&)  (a^  +  16  a<&*)  (a*  +  4  a«6«). 
SB.  (x«  -  aJ  +  l)(«a  +  X  +  l)(x*  -  x«  +  1). 

83.  (a-f  6-c)(aH-c  -  6)(6  +  c- ct)(o  +  &  +  c). 

84.  (a  -  6)(a  +  6  -  c)  +  (6  -  c)(6  +  c  -  a)  +  (c  -  a)(c  +  a  -  6). 

The  Produet  (jr  +  a)(jr  +  6). 
5.  By  actual  multiplication,  we  have 

(jr  + 11)  (r  4-  A)  =  Jr*  4-  (a  +  A)  jr  +  flA; 
(jr  +  a)  (jr  -  6)  =  jr«  +  (a  -  6)  jr  -  a6; 
(jr  -  a)  (x  -  6)  =«  X*  -  (tf  4-  6)x  -f  a*. 

That  is,  the  product  of  two  binomials^  having  the  same  first 
temi,  is  equal  to  the  square  of  this  terniy  plus  the  product  of  the 
algebraic  sum  of  the  second  tei-ms  by  the  common  first  term,  plus 
the  product  of  the  second  terms. 

Ex.  1.  (x  -^  3)(x  +  5)  =  a^  +  S  X  +  15. 

Ex.  2.  (ax  —  b)  (ax  —  c)  =  a^x^  —  (b  -{-  c)  ax  -[-  be. 

Ex.  3.   (a  +  6  -h  5)  (a  +  6  -  3)  =  [(a  +  6)  +  5]  [(a  -f  6)  -  3] 

=  (a4-6)2  +  2(a  +  6)-15. 
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EXERCISES  III. 
Find,  without  performing  the  actual  multiplications,  the  values  of  the 
following  indicated  products : 

1.    (xH.7)(a;  +  4).  2.    (a5-6)(x-4).  8.    (a -6)  (a +  8). 

4.    (x-3)(x  +  2).  6.    (6  +  6)(7  +  6).  6.    (3-x)(4-x). 

7.    (6  +  y)(2^-3).  8.    (2xH-l)(2xH-3). 

9.    (ay  +  l)(ayH-6).  10.    {Sxy -~S){Sxy -7). 

11.    (5o^3&)(6a-76).  12.    (2xy  +  3  2:)(2xy  -  4  «). 

18.    (a;2-7)(xa-6).  14.    (2x8  -  11) (2  a:^^  4). 

15.    (x'»+i-4)(x«+i-7).  16.    (x  +  y-3)(x  +  y-6). 

17.    (ax+6y-c)(ox+6y-2c).     18.    (x^  -  2x+ 7)(x2 -2x -3). 

The  Product  (ax  -}-  6)(cjr  +  (/). 
6.   By  actual  multiplication,  we  obtain 

(ax  -f  6)  (ex  +  (f)=acx^  +  (arf  -f  6c)  jr  +  6^. 
In  this  type-form  that  part  of  the  multiplication  which  gives 
the  middle  term  of  the  type-form  may  be  represented  concisely 
by  the  following  arrangement : 

cx-^-d 

X 

ax-\-o 
(ad-{-bc)x 
The  products  of  the  terms  connected  by  the  cross  lines  are 
called  cross-productSy  and  their  sum  is  the  middle  term  of  the 
given  trinomial. 

That  is,  the  product  of  two  binomials,  arranged  to  powers  of  a 
common  letter,  is  equal  to  the  product  of  the  first  terms,  plus  the 
sum  of  the  cross^roducts,  plus  the  product  of  the  laM  terms, 
Ex.1.   (7x-5y)(2x-\-3y)=7x'2x-\-(7'3-5'2)xy-5y'3y 

=  Ux'-{-llxy--15f. 

EXERCISES  IV. 

Find,  without  performing  the  actual  multiplications,  the  values  of  the 
following  indicated  products : 

1.    (3a4-l)(5a  +  2).     2.    (7x  -  3)(3x  -  1).     8.    (5x  +  7)(3x-2). 
4.    C2x-9)(6x+l).     6.    (2x+16)(4x-6).      6.    (11  a~3)(9a+7). 
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7.  (2a  +  6)(3a-6).       8.    (2a  -  6)(3a  +  6).    9.    (3a;  -  y)(2x-y). 

lO.  (7a  +  36)(5a-26).  11.    (6x  -  7y)(3x  +  2y). 

12.  (5x~32?)(2x  +  6«).  18.    (7y  +  2tt)(8y  -  7  w). 

14.  (2a6~x)(3a6  +  a;).  15.    (Sinn- 3i))(6iiifi  +  7p). 

16.  (9w2-3)(8ii|2+ll).  17.    (3xa  +  5ya)(2x2-3y2). 

18.  [3(a  +  6)+6][6(a  +  6)-.2].     19.    [2(x  -  y)- 7][3(x  -  y)+ 2]. 

The  Cabe  of  an  Algebraic  Expresdon. 
.     7-    By  actual  multiplication,  we  have 

(a  +  6)»  =  ir»  +  3ii»6  +  3a6*  +  6»,  (1) 

and  (fl-6)«  =  ir»-3a*6  +  3a6'-6».  (2) 

That  is,  the  cube  of  the  sum  of  two  numbers  is  equal  to  the 
cube  of  the  first  number,  plus  three  tiines  the  product  of  the  square 
of  the  first  number  by  the  second,  plus  three  times  the  product  of 
the  first  number  by  the  square  of  the  second,  plus  the  cube  of  the 
second, 

A  similar  statement  can  be  made  for  (2). 
Ex.  1.  (5aJH.3y)»=  {bxf  +  ^{bx)\^y)  -f  3(5a;)  (3y)«  +  (3y)» 
=  125ir»  +  225 a^  -f  l^xy'  +  21f. 

Ex.2.  (a;  +  2y-32)»=[(a;  +  22^)-(3«)]» 

=  (a;-f2y)»-3(a?  +  22/)»(3«) 
-h3(a;  +  22/)(3«)«-(3«)» 
=  ic»-h6a^4-12ac2^-f8/-9a^-36ajy« 
-  36  2^2;  +  27a»*+  542^2*  -  27 z*. 
Observe  that  (2)  is  similar  to  (1),  since 
(a-&/=[a+ (-&)]«. 
Also  that  (a  -  &)«  ni  -  (6  -  a)\ 

EXERCISES  V. 

Write,  without  performing  the  actual  multiplications,  the  values  of 

1.  (a  +  l)».  2.   (a -2)8.  8.   (2x-f  3)». 

4.  (3-4  2/)».  5.   (a +  2  6)8.  6.   (3  a -6)8. 

7.  (ax  +  6y)8.  8.  (2x-3y«)8.  9.  (x2  +  3x)8. 
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10.  (<i«n"  -  e  <iii)«»  11.  (2*m»  +  6ir%i*)«. 

12.  (J  a*x-i  ««;•)•.  18.   (7  a)«  +  2  a!*^i)«. 

14.  (a«d  -  6  a6*+i)«*  15.   (a>  +  ef  +  l)«. 

16.  (3 -«-«»)•.  17.  (Jx« -«  +  !)•. 

18.  What  is  thd  Vftltte  of  ac*  -  8«3  +  3x  -  1,  When  fc  ^  m  +  1  ? 

19.  What  li  the  ralue  of  «<  -  8  tc^  -f  8x  -  1,  When  £  ^  y  -  2  ? 
Verify  the  following  identities : 

20.  (a  4-  6  +  c)«  -  3  (0  -f  6)(6  +  c)(C  -|-  o)  ^  «•  -f  b*  +  c». 

21.  (a  -  6)»  +  3  (a  -  6)2(a  +  6)-f  (a  +  6)»  +  3  (o  -  6)(a  +  6)*  *=  8«». . 
82.  (a  +  6  +  c)«  -(6  +  c  -  a)»-(c  +  a  -  6)»  -  (a  +  6  -  c)»  =  24 o6c. 

8Ughir  FoWATB  of  a  BinOttial. 

&  By  actual  multiplication,  we  have 

(a-|-»)*«a*-f4a«*-f   Qa^b'-h  4a6» -h»*5 

(«-f*)*«=o*  +  6d**  +  10tfV  +  10flV  +  6«**-f'**j 

The  result  of  perfottning  the  indicated  operation  in  a  power 
of  a  binomial  is  called  the  Szpaniioa  of  that  power  of  the 
binomial. 

In  the  preceding  expansions  the  following  laws  are  evident : 

(i.)  The  number  of  terms  exceeds  the  binomial  exponent  by  1. 

(ii.)  Tlie  exponent  of  a  in  the  first  term  is  equal  to  the  binomial 
exponent,  and  decreases  by  1  from  term  to  term. 

(iii.)  The  exponent  of  b  in  the  second  tefm  is  1  and  increases 
by  1  from  term  to  term,  and  in  the  last  term  is  equal  to  the 
binomial  exponent, 

(iv.)  The  coefficient  of  the  first  term  is  1,  and  that  of  the  second 
term,  except  for  sign,  is  equal  to  the  binomial  exponent, 

(v.)  The  coefficient  of  any  term  after  the  second  is  obtained, 
except  for  sign,  by  multiplying  the  coefficient  of  the  preceding  term 
by  the  exponent  of  a  in  thai  term,  and  dividing  the  product  by  a 
number  greater  by  1  than  the  exponent  of  b  in  that  term* 
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E.g.,  the  coefficient  of  t\\Q  fifth  term  in  the  expansion  of 

(a4-6)^i8l0x3-*-4=«a. 
(vi.)    The  signs  of  the  terms  are  all  positive  when  the  terms  of 
the  binomial  am  both  positive ;  the  signs  of  the  terms  aUemaJte, 
-h  and  — ,  when  one  qf  the  terms  of  the  binomial  is  negative. 
Observe,  as  a  check  : 

(vii.)  The  sum  of  the  exponents  qfa  ani  b  in  any  term  is  equal 
to  the  binomial  exponent. 

(viii.)  Tlie  coefficients  of  two  terms  equally  distant  from  the 
beginning  and  the  end  of  the  expansion  are  equal. 

In  a  subsequent  chapter  the  above  laws  will  be  proved  to 
hold  for  any  positive  integral  power  of  the  binomial, 
Ex.  1.  (2aj  ^  32/)*  ^  (3aj)<  -  4(2<»y(3y)  +  0(2aj)«(3y)» 

-<4(2(»)(3y/  +  (3y)* 
=  160^-96  arV  +  216a:^^^2J6;cy«  +  81 3^. 

BXBBOIBIIB  VI. 
Find  the  values  of  the  following  powers : 

1.    (1  +  x)*.  2.    (3-4o)«.  8.    (2flj  +  8y)6. 

4.    (Sm-9n)».       6.    (2a+l)«.  6.    (3a;-ay)«. 

T.    (««  +  «&)♦.  8.    («•-«)».  9.    (2fn8n-«i?i«)«. 

10.    (a«+i-6)*.       11.    (a»-i6  +  a6»)6.      12.    (a^+^x"-!  -  a"-ia;«»+i)«. 
18.   Verify  the  identity 

[(a  -  by  +  (&  -  c)2  +  (c  -  ayy  =  2[(a  -  by  +  (6  -  c)*  +  (c  -  a)*]. 

§9.    TYPE-FGHMS  IN  DIVISION. 

Quotient  qI  the  Sum  or  the  PUfereiic^  of  Iiike  Fowors  of  Two 
Numbers  by  the  Sum  or  the  Difference  of  the  Numbers. 

I,  By  aotuaj  division,  we  have 

(«2-40-^(«  +  *)«'a-4  and  (a«-**)^(a-4)='a-f  *. 

That  is,  the  difference  of  the  squares  of  two  numbers  is  exa^ctly 
divisible  by  the  sum  of  the  numbers,  and  also  by  the  difference  of 
the  numbers,  taken  in  the  same  order;  the  quotient  in  the  first 
iJdHS  is  the  difference  of  the  two  numbers,  taken  in  the  same  order, 
and  in  the  second  case  is  the  sum  of  the  two  numbers* 


0.)  {; 
(ii.)  c 
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Ex.1.   (9-25aJ*)-^(3  +  5aJ)  =  3-.5aJ. 

Ex.2.   (16a^-8l3^-^(4«*-92^)  =  4«»-f 92/«. 

Ex.3.   («*-f 3^-2*-2ajy)^(aj--y--2) 

=  [(«- y)' --«*]-!- [(aj  -  y)  -  2] 

=  a?  —  y  -h  2. 

2.  By  actual  division,  we  have 

(o^  +  6»)  -!-  (fl  +  6)  =  a*  -  a6  +  6^ 

(a«  +  ^«)  +  (a  -f  6)  =  a*  -  a«6  4-  fl'6'  -  fl6»  +  6*. 

(a«__6«)H.(a-6)  =  a4  4.fl3'6^_fl242  +  ^43^44 

r(a*-6*)  +  (a  +  6)  =  ir»-a«64-a6'-6^ 
("'•)  l(a*~6*)-!-(a-6)  =  a«  +  a«6  +  a6«  +  6«. 

The  above  identities,  and  the  identities  in  Art.  1,  illustrate 
the  following  principles,  which  will  be  proved  in  Art.  6 : 

(i.)  The  mim  of  the  like  odd  powers  of  two  numbeis  is  exactly 
divisible  by  the  sum  of  the  numbers. 

(ii.)  The  difference  of  the  like  odd  powers  of  two  numbers  is 
exactly  divisible  by  the  difference  of  the  numbers^  taken  in  the 
same  order, 

(iii.)  The  difference  of  the  like  even  powers  of  two  numbers  is 
exactly  divisible  by  the  sum,  and  also  by  the  difference  of  the 
numbers,  taken  in  the  same  order. 

(iv.)  When  the  divisor  is  a  sum,  the  signs  of  the  terms  of  the 
quotient  alternate,  ■\-  and  — . 

(v.)  When  the  divisor  is  a  difference,  the  signs  of  the  terms  of 
the  quotient  are  all  -f. 

(vi.)  In  the  first  term  of  the  quotient  the  exponent  of  a  is  less 
by  1  than  its  eosponent  in  the  dividend,  and  decreases  by  1  from 
term  to  term. 

(vii.)  The  exponent  ofbislin  the  second  term  of  the  quotieiU, 
and  increases  by  1  from  term  to  term. 

Observe  that  the  quotient  is  homogeneous  in  a  and  b,  of 
degree  less  by  1  than  the  degree  of  the  dividend. 
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Ex.1.   (8a^  +  ^)^(2aj  +  i)  =  (2aj)«-(2ar)(i)  +  a)« 

Ex.2.   (32  2/'<>-a:")-!-(2  2^-aj8) 

=  (2  y*)*  +  (2  2/«)»(a5^  +  (2  y^^^'  +  (2  2/«)(aO«  +  (a^* 
=  16  / -h  8  2/*ic8 -f  4  3^*^  +  2  2/2aj9  _^  aju 

Notice  that  in  the  type-forms  each  term,  beginning  with  the 
second,  is  equal  to  the  preceding  term  xb-i-a  when  the  divisor 
is  a  — *  b,  and  x  (—  ft)  -^  a  when  the  divisor  is  a  -f-  6.  Thus,  in 
Ex.  2: 

16  2/«  =  32  2/'«-^2  2/^  SiJ'a^  =16  f  x  0^-^-2  f; 
42/V  =  82/Vx««-^2y^;  2  fa^  =  4:  j/*af^  x  a^ -i- 2  f -, 
aP=2y^a^xa^'i-2f. 
It  is  important  to  notice  that,  as  we  shall  prove  in  Art.  6,  the  sum  of 
the  like  even  powers  of  two  numbers  is  not  exacUy  divisible  by  either  the 
sum  or  the  difference  of  the  numbers. 

B.g,,  a*  +  b*  is  not  divisible  either  by  a  +  6  or  by  a  —  6. 

EXERCISES  VII. 
Find  the  values  of  the  following  quotients,  without  performing  the 
actual  divisions: 
1.   (x2_i)^(aj-l).  2.  (26-x2)--(6  +  aj). 

8.  (4  a2-- 9)^(2  a -3).  4.   ( J  _  x^yS) -=- ( J  +  xj^). 

5.  (16x3-9y2)^(4x-3y).  6.  (64  a^fts  _  121  c^)  ^  (8  a6  +  H  c). 

7.  (x*-l)-f-(x2-f  1).  8.  (4a*-62)^(2aa-6). 

9.  (x2«-l)-x.(x"-l).  10.  (a**-16  6W)-5-(a2»  +  4  68). 
11.  (x2"+2_4)^(a;n+i4.2).  12.  (a**- &*"+♦)  ^  (a** -62*+2). 
18.  [(a  +  6)2-l]-^(rt  +  6+l).  14.  [4-(a  +  6)«]-*-(2-o-6). 
16.  (a2-2a6  +  62_i)^(a-6+l).  16.  (a2-n2-p2+2np)-j.(a~n-fi)). 

17.  (p2_^_4_4y)^.(p_,._2). 

18.  [(a2  +  2a6  +  62)a:6_y4]^|;(<j4.5)a4i  +  3^]. 

19.  (X*  +  2  X2y2  +  y4  _  2?2  -  2  2tt  -  tt2)  ^(x^^y2^u  +  z). 

20.  (a2  _-  62  +  2  6«  _  2  ax  +  x2  -  «2)^ (a  _  a;  -  6  +  «). 
21.  (xV+l)-(«2/  +  l).  22.   (l-a8)-^(l-a). 

23.  (x'-|-126)-?-(x  +  6).  24.   (8  a»  -  27)-r^(3  -  2  a). 

26.  (a8-l)^(a2-l).  26.  (ai2  + 27)^(a*  +  3). 

27.  (8  rn^n*  -  p^)  --  (2  m^n  -  p*).     28.   (««»  -  1)  -f-  (a»  -  1). 

29.  (343x8'*-»-y««)^(7x~-i-y2«).  so.  [(x  +  y)'* -«*]-(«  + V  -  «'). 
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82.  (x*-l)-^ («-!).  88.  (l-16a*)-^(l  +  2a). 

84-  (Aa^-l«y*)-(la5-2y).         86.  (81«r8_l6y8)^(33c«4.2ya). 

88.  (x8yW-266«W)-^(«*y«-4  55*).  87.  (aJ*«  -  ^")-^(«»  +  y")- 

88.  (o6  4-l)-^(a  +  l).  89.  (32a*  + y6)--(2:t  +  y). 

40.  (l-a:6)^(jB_i).  41.  (24S a^b^  -  (fi)-h {Sab  -  e^. 

42.  (x^V  +  32  «i6)  -5-  (a;2y  4-  2  «8).      48.  (ai^6i6c»>  -  (?»)  -f-  {a^b^d^  —  d^). 

44.    (a;6n^l)  +  (xn_l).  46.    (l  +  a5m)^(l  4.  a*). 

46.  (a8-6«)-^(a-6).  47.  (a^  +  60-f-(a  +  6). 

48.  (a"H-l)-»-(a+l).  48.  (a«  -  1)  -  (o  -  1). 

60.  (aW^A&*)-(rt*-l^>  »!•  (o7_a;i4)^(a^aja). 

52.  (x8o  -  1)  ^  (x6  +  1).  68.  (tt»*a;^  +  &"«»)  -5-  (a^a!*  +  62"> 

Of  what  diyitions  ftre  Uie  following  expl*eMioti«  the  quotilsntfl  t 
04.  «■  4  *  +  1.  55.  rt"  -  (t6  +  6«. 

66.  3fi-x^  +  x-l.  5T.  d*  +  a8  +  <!•  +  d  4- 1. 

58.  aV  +  mxV  +  m*Ky  +  mK  59.  x«-^  +  x«-^  +  x«-»+  .. .  +  x  + 1. 

The  RMiiainder  TbtOrma. 

3.  If  3a:8-4a;2-6aj  +  7  be  divided  by  aj-2,  we  obtain  a  pattial 
quotient  3  x^  +  2  a5  -  2  and  a  I'emaitider  3. 

If  now  2  be  substituted  for  x  in  the  given  exprfe«sio!l,  We  obtain 
8  X  2»  -  4  X  2«  -  e  X  2  +  7  =  3,  the  above  t^mainder. 

This  exaffiple  illUJitrateK  the  following  principle  : 

If  an  ^:j(pres8ioni  armnped  topo^irs  of  a  letter  of  artaHgnnhent,  say  t. 
be  not  Mb(tei2y  dii)i»ibU  by  x  -  a^  tU  remainder  cf  th€  di^Mon  i€  equal  to 
the  result  of  substituting  a  for  x  in  the  given  expression. 

Let  the  given  expression  be  of  the  form 

Ax^  +  5fl;«-i  +  ..*  -\-Ux  +  V, 
in  which  w  is  a  positive  integer. 

Let  Q  stand  for  the  partial  quotient  of  the  division  by  x  —  o,  and  H  for 
the  remainder,    then,  by  Ch.  III.,  §  4,  Art.  iS,  we  have 

Ax^  +  Bx^-^  +  •••  +  Ux-{-  V=  Q  (x  -  o)  +  i?. 

If  now  a  be  substituted  for  x  in  the  last  equation,  we  obtain 

^a«  +  -Ba"-!  +  ...  +  t/a  +  F=  Q  (a  -  a)  +  -B 
=  Q  .  0  +  Jj!  =  -&. 
That  is,  the  remainder,  B,  of  dividing  the  given  expression  by  x  —  d,  is 
equal  \fy  the  fesult  of  substituting  a  for  x  in  the  ejtpression. 
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4.  From  the  principle  of  the  preceding  article  we  derive  the  following : 
If  an  expression,  arranged  to  powers  of  a  letter  of  arrangement^  aay  », 

be  eocactly  divisible  by  x  —  a,  $he  result  of  substituting  afar  x  in  the  given 
expression  is  0 ;  and  conversely. 

For  if  the  division  be  eja^t,  the  remainder  ia  0,  and  therefore  the  result 
of  the  substitution  is  0. 

E.g.,        3x8-4a;2-6x-f4is  exactly  divisible  by  x  -  2. 

Substituting  2  for  x,  we  obtain  Sx2«-4x2« -6x2  +  4  =  0. 

5.  -(jT  an  expression  be  arranged  to  descending  powers  of  a  letter  of 
arrangement,  the  following  is  a  convenient  method  of  substituting  a  par- 
ticular value  for  the  letter  of  arrangement. 

Ex.  1.    Substitute  2  for  x  in  3  «•  -  4  ««  -  6  «  +  7.  • 

Wehave  aar»«  3aJ-je8  =a6x^  whwaJ^aS; 

therefore         3x8-4x2  =  6x2-4x2  =  2x2,  whenx  =  8; 
then  8ie^  =  2x-jcs:4x,  when  x  c:  9 ; 

and  4x  —  6x  =  —  2x  =  —  4,  when  x  =  2  ; 

finally  —4  +  7=3,  the  result  of  the  substitution. 

Ex.  2.   Is  »8  +  aj8  --  X  +  7  exactly  divisible  by  x  +  2  ? 

Since  x  +  2=x  —  (—  2),  we  substitute  —  2  for  x.    We  then  have 
x8=-2x2;    -2x2  +  x2  =  -x2  =  2x;    2x-a;  =  »  =  -2;    -2  +  7  =  5. 

Therefore  x*  +  x2  —  x  +  7  is  not  exactly  divisible  by  x  +  2,  and  the 
remainder  of  the  division  is  6. 

B^SECJSBS  VIJI. 

Prove  that  the  following  dividends  are  exactly  divisible  by  the  corre- 
sponding divisors,  without  performing  the  divisions  : 

1.    (x2-Sx  +  2)-(x-2).  t,    (x«-3x  +  2)+(x-l). 

3.    (x8-18x-36)h-(x-5).       4.    (x*  +  2x«  -  x  -  2)-4-(x  +  1). 

6.  (x8  +  21x  +  342)-^(x  +  6).     6.    (2x8  +  3x2  +  3x  +  l)-^(x  +  i). 

7.  (ap6-6a5*-X9x2  +  84;-r-(x2-3)(x2  +  4). 

8.  (x9  +  4x*  +  x2-6)-i^(x2-l)(x2  +  2). 

9.  (2  X*  +  4  ax8  -  5  o2a;2  _  3  ^sjc  4.  2  a*)  H-  (x  -  a). 
10.    (x*  +  3a2x2  +  5a»x  +  a*)-H(x  +  a). 

Find  the  remainders  of  the  following  indicated  divisions,  without  per- 
forming the  divisions : 

11.  (2x8-7x2  +  6x- 16)h-(x  +  4). 

12.  (6x4-llx2  +  2x-7)-f.(x-2). 

13.  (17x8-2x2  +  4x-3)-r-(x-f). 
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14.  Prove  that  (x  +  !)"•  +(sc  —  !)"•  is  exactly  divisible  by  x  when  m 
is  odd. 

15.  Prove  that  (a  +  6  +  c)»  —  (a*  +  6*  +  c*)  is  exactly  divisible  by 

16.  Prove  that  a^jr  +  y**^  +  ^•a?'  —  sryt  —  y^at  -  arxt  is  exactly  divisi- 
ble by  (x  -  y)(x  -  «)(y  -  «). 

6.    We  are  now  prepared  to  prove  the  following  principles  enunciated 
in  Art.  2 : 

(i.)   a"+6»»  is  exactly  divisible  by  a-\-b,  but  not  by  a—b,  when  n  is  odd. 
The  quotient  is 

(ii.)  a"— 6»  w  exactly  divisible  by  a—b,  but  not  by  a-^b,  when  n  is  odd. 
The  quotient  is 

a"-^  +  a^-^b  +  a^-^62  +  ...  _|-  a^ftn-s  ^.  (i2>»-s  -|-  ftn-i, 

(iii.)  a"  —  6*  is  exactly  divisible  by  a-^b,  and  by  a  —  b,  when  n  is  even. 
The  quotient  is,  when  o  +  6  is  the  divisor, 

on-i  _  an-25  _|.  an-8j)'i a26»»-«  +  a6«-*  -  6"-^ ; 

and  when  a  —  6  is  the  divisor, 

an-i  _j.  on-25  ^.  an-352  _^  — |.  a25n-8  +  a6»»-2  +  6«-i. 

(iv.)  a«  +  6*»  la  not  6xac«Zy  divisible  by  either  a  -\-  b  or  a  —  b,  when  n 
is  even,  ' 

For  if  —  6  be  substituted  for  a  in  a»  +  6«,  we  obtain 
(—&)"  +  6"  =  0,  only  when  n  is  odd. 

Therefore,  a"  +  6»  is  exactly  divisible  by  a  +  6,  only  when  n  is  odd. 
If  b  be  substituted  for  o  in  o«  -f  6«,  we  obtain  6«  +  &",  =^  0. 
Therefore,  a*»  +  6*  is  not  divisible  by  o  —  6. 
In  like  manner  the  other  principles  can  be  proved. 
It  is  evident  that  the  forms  of  the  quotients  considered  in  this  article, 
obtained  by  actual  division,  conform  to  principles  (iv.)-(vii.).  Art.  2. 


CHAPTER  VII. 

PARXiNTEQiSXiS. 

1-  The  use  of  parentheses  has  been  briefly  discussed  in 
Ch.  II.,  §  2,  Arts.  8-9.  It  is  frequently  necessary  to  employ 
more  than  two  sets  of  parentheses  in  the  same  chain  of  opera- 
tions, and  to  distinguish  them  the  following  forms  are  used ; 

Parentheses,  ();  Brackets,  [];  Braces,  {  |. 

A  Vincttlum  is  a  line  drawn  over  an  expression,  and  is  equiv- 
alent to  parentheses  inclosing  it. 

E.g.,  (a  +  b)(c  —  d)  =  a-\-b  •  c  —  d. 

If  more  forms  of  parentheses  than  the  above  are  needed,  one 
or  more  of  them  is  made  larger  and  heavier. 

Removal  of  Parentheses. 

2.  The  principles  given  in  Ch.  II.,  §  2,  Art.  8,  are  to  be 
applied  successively  when  several  sets  of  parentheses  are  to  be 
removed  from  a  given  expression.  In  removing  parentheses 
we  may  begin  either  with  the  inmost  or  with  the  outmost. 

3.  The  following  examples  will  illustrate  the  method  of 
removing  parentheses,  beginning  with  the  inmost: 

Ex.  1.  4  a  -  {3 a  +[2  a  -(a  - 1)] } 

=  4a-}3a+[2a-a-f  1]| 
=  4a-}3a  +  a-f  11 
=  4a-4a-l  =  -l. 

Ex.  2.     [b^  -  {(a«  +  b)a-(a^ -  b)b-  a\a  -  b)\Y 

=  [^2  _  ja^  4-  a6  -  a^b  +  ft*  -  a^  -f  a%{]» 

=  [62  -  a&  -  b^J  =  (-  a6)»  =  -  a^b^. 
lis 
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4.  The  method  of  removing  parentheses,  beginning  with  th  I 
outmost,  may  be  illustrated  by  the  following  example.  ' 

Notice  that  the  part  which  is  free  from  parentheses  is  siin- 1 
plified  at  the  same  time  that  the  next  parentheses  are  removed. 

aj8-.|2a^-[3a:*-h(4a^-5a^-l)]{  I 

=  «*--2a^4-[3«*-|-(4aj*  —  5a*  —  1)],  removing  braces. 
=  —  ir^-H3a^-|-(4a!^  —  5x^—  1),  removing  brackets,       ' 
=  2  «*  -♦-  4  fl^  —  6ic*  — 1,  removing  parentheses, 
atBa^  —  6aj"+l,  removing  vinculum, 

BXBJRCIdBS  I. 
Simplify  the  following  expressions  by  removitig  parentheses : 
1.   a +  26 -[6 a -{3 6 -(6a -6 6)}]. 
«.   2te-{8y-[4x-(6y-6x)]}. 
8.   {60-[36-(10-a;)«Jx}x. 

4.  4x  -{[X  -  S(2  -  x)'\x  -  i}2. 

5.  ea- [7  a -{8a -(9a -10a -6)}]. 

6.  a  -  {6  6  -  [a  -  (3  c  -  3  6)  +  2  c  -  (a  -  2  6  -  c)] }. 

7.  12a-13{10[7(4a -3)-6]-9a}. 

8.  X  - {«  +  y  -  [x  -I-  y  +  «  -  (a;  +  y  +  «  +  »)]}. 

9.  10-2{x-6[3-2x-6(4x-7)]-3(6-2x)}. 

10.  7  a*  -  {2  a«  -  [a*  -  3  a"»  +  (5  a*  -  2  a*»)  -  4  a"]  -  2  a»}* 

11.  {[(X  +  j^)x  -  (2  2^  -  l)]x  -  (x2  -  2  y)x  -  x^?. 

12.  [(X  -  2^)2  +  6xy]  -  [(x2  +  2xy)  -{x2  -  [2xy  -  (4xy  -  y^)] j 

-(-x2-2xy)]. 

18.  Ja2x+  t  ax«  -  H  ax^  -  [- i  ahi  -  (Jax^  -  a)]}. 
Find  the  values  of  the  expressions  in  ISiXs..  1-13, 

14.  When  a  =  -3,  6=4,  c  =  -6, 7»  =  2,  n  =  l,  x  =  8,  y  =  -9,  «  =  7, 
r  =  -4. 

Solve  the  following  equations : 

15.  (x  +  3)2  =  x2  +  15.  16.    (3x+l)«-8=(2x-l)» 
17.    (6  +  x)2  +  9  =  3x(9  +  Jx).        18.    (x  +  l)a  =  [6  -  (1 -x)]x-2. 

19.  (3-ix)2+(}x-6)2=(Jx)a. 

20.  2x2+17x=(8  +  2x)2-67-x(3  +  2x). 

21.  (2x^  +  1  -  x)(2x2  _  1  +  x)=  1  +  x2(2x  +  l)(2x  -  1). 
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22.  (X  -  1)  (a;2  +  X  -f  1)  -  6(x2  -  1)=-  (2  -  x)». 

28.  56x8 -4x(4x- 7)2  =  164x2 -(2x-6)« 

24.  6-{6-(4-{3-[2-0_-x)]})}  =  4. 

25.  2[8-2{6-2(5-2x -1)}]=8. 

26.  f[i{i(6-x)-x}-x]-x  =  4. 

27.  4{4[4(4x-8)-8]-8}-8  =  l. 

28.  -4-4{4-4[4--4(4-x)]}  =  44. 

29.  -  4x  -(5x  -[6x  -  {7  X  -(Sx  -  9)}])  =  -  10. 

Insertion  of  FarQot]ie«eB. 

5.    The  principles  for  inserting  parentheses  in  a  given  ex- 
pression were  proved  in  Oh.  II.,  §  2,  Art.  9. 

Ex.  1.  Express  4(a;  —  2^)-fy--aj  as  a  product,  of  which  one 

factor  is  a;  —  y, 

We  have  4(a?  —  y)-h  y  —  »  =  4(a?  —  y)-'{x  —  y)=  3(a;  —  y). 
The  sign  +  or  —  before  a  pair  of  parentheses  can  evidently 

be  reversed  from  -[-  to  — ,  or  from  —  to  +,  if  the  signs  of  the 

terms  within  the  parentheses  be  reversed. 

Ex.2.  7(a;-l)-3(l-a;)=7(aj-l)+3(aJ-l)=10(a;-l). 

EXHBOISflB  II. 

Write  each  of  the  following  expressions  as  a  product,  of  which  the  ex- 
pression within  the  parentheses  is  one  of  the  factorg: 

1.    3(a-6)-a  +  &.  2.   b{x^  -  y) ^  x^ -\- y. 

8.  3w-6n-4(6n-3w).  4.    1  -  a»  +  3(a«  -  1). 

5.    6(x2-x+ l)-x2  +  x-l.  6.   x-y- «-6(y +  «-«). 

Write  each  of  the  following  expressions  as  a  single  product,  of  which 
the  expression  within  the  first  parentheses  is  a  factor : 

7.    (2x-l)-8(l-2x).  8.   2(2w-3«)  +  (8fi-2m). 

9.  5(xa-y8)+a(y2-x2).  10.   7(xy  ~  «)-(#- »y). 

Simplify  the  following  expressions  without  removing  the  parentheses : 
11.    (a-6)c  +  (6-o)c.  12.   ^(x -- y)z -\- b{y  -  x)z. 

13.  (l-.x)(l+x2)  +  (x-l)(l+x2). 

14.  9(xy  +  3)  (5f  -  5)  +  7 (xy  +  3)  (5  -  «). 


CHAPTER    VIII. 

FACTORS  AND  MULTIPLES  OF  INTEGRAL  ALGBBRAIC 
EXPRESSIONS. 

§  1.    INTEGRAL  ALGEBRAIC  FACTORS. 

1.  Factors  have  already  been  defined  in  multiplication  (CL 
II.,  §  3,  Art.  12).  The  factors  were  there  given,  and  their 
product  was  required.  The  converse  process,  given  a  product 
to  find  its  factors,  is  equally  important. 

2.  A  product  of  two  or  more  factors  is,  by  the  definition  of 
division,  exactly  divisible  by  any  one  of  the  factors. 

An  Integral  Algebraic  Factor  of  an  expression  is  an  integral 
expression  by  which  the  given  one  is  exactly  divisible. 

E.g.^  integral  factors  of  6  d?x  are  6,  a^x,  3  a?,  2  a^,  etc. ; 
integral  factors  of  a^  —  5*  are  a  -|-  5  and  a  —  6. 

The  word  integral,  here  as  in  Ch.  III.,  §  1,  Art.  1,  refers 
only  to  the  literal  parts  of  the  expression. 

E.g.,  \  a  and  |  x  are  integral  algebraic  factors  of  6  a^x. 

3.  A  Prime  Factor  is  one  which  is  exactly  divisible  only  by 
itself  and  unity. 

E.g.,  the  prime  factors  of  6  a^x  are  2,  3,  a,  a,  x. 

A  Composite  Factor  is  one  which  is  not  prime,  Le.,  which  is 
itself  the  product  of  two  or  more  prime  factors. 

E.g.,  composite  factors  of  6  a^x  are  6,  aa;,  2  a,  3  ax,  etc. 

4.  Any  monomial  can  be  resolved  into  its  prime  factors  by 
inspection. 

E.g.,  the  prime  factors  of  4  aW  are  2,  2,  a,  a,  a,  b,  b. 
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The  Fundamental  Formula  for  Factoring. 

5.  A  multinomial  whose  terms  contain  a  common  factor  can 
l>e  factored  by  applying  the  converse  of  the  Distributive  Law 
for  Multiplication.     From  Ch.  III.,  §  3,  Art.  14,  we  have 

ab-{-ac-ad=a(b-{-c-d).  (1) 

That  is,  if  the  terms  of  a  multinomial  contain  a  common  factoVf 
t7ie  multinomial  can  be  written  as  the  product  of  the  common 
factor  and  the  algebraic  sum  of  the  remxiining  factors  of  the 
terms. 

The  relation  (1)  may  be  called  the  Fundamental  Formula  for 
Factoring. 

Ex;l.  Factor  2  a«2/- 2  ay*. 

The  factor  2a^  is  common  to  both  terms;  the  remaining 
factor  of  the  first  term  is  x,  that  of  the  second  term  is  •—  y, 
and  their  algebraic  sum  18  x  —  y. 

Consequently  2  a^y  —  2  xi^  =  2  ocy  (x  —  y). 

Ex.  2.  al)^ -\- al)c -\-  Vc  =  b  (ab -{- ac -{-  be), 

6.  In  the  fundamental  formula  the  letters  a,  5,  c,  d  may 
stand  for  binomial  or  multinomial  expressions. 

•    Ex.1.  Factor  a  (a;  — 2  2/) +6  (a;  — 22/). 

The  factor  x  —  2yis  common  to  both  terms;  the  remaining 
factor  of  the  first  term  is  a,  that  of  the  second  term  is  b,  and 
their  algebraic  sum  is  a  -|-  5. 

Consequently  a(x  —  22/)+  b(x  —  2y)=(x  —  2y)(a  +  b), 

Ex.  2.  Factor  1  —  a  +  a;  (1  -  a). 
We  have  1  —  a  +  aj(l  —  a)=(l  —  a)(l  +  x). 
Ex.  3.  Factor  (x  -  y)(a^  +  52)-  (a-  4.  y)(a^  +  b^. 
We  have 
(X  -  y)(a'  -h  b^--(x  +  y)(a'  +  b^=(a'  +  b^[(x  -  y)--(x  +  2/)] 

=  ^2y(a'-\-b^. 
It  frequently  happens  that  the  parts  of  a  given  expression 
have  a  common  factor  except  for  sign. 
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Ex.  4.  Factor  «*  (1  -  m)  -  y'  (m  - 1). 

Since  1  —  m  and  m  —  1  diifer  only  in  sign,  i.e., 

we  may  take  either  as  the  common  factor. 
Taking  1  —  m  as  the  common  factor,  we  have 

af(l  -  m)- 2/*(m  -  1)  =  (1  -  m)(a^  +  f). 

The  fundamental  formula  must  often  be  applied  more  than 
once. 

Ex.  5.  Factor  &y  (a?  —  a)  —  6aj(y  —  a). 

Taking  out  6,  6[y (a;  —  a)  —  x{y  —  a)}  =  h{ax  —  ay)». 

Taking  out  a,  we  have    ah  (x  —  i/). 

exehgibsb  1. 

Factor  the  following  expressions : 

1.  5  X  +  5.  2.   a«  --  a. 

4.  _a:8_a.2.  5.   a^ft  -  a6*. 

7.  3x*-2x».  6.    12a86«-3a26a. 

10.  3  a5  +  6  ac  -  12  ad. 

12.  JJax  +  ii6a;2  +  J«. 

14.  8  a^n^x*  -  10  an^x^  +  4  a^w^xs. 
16.  28a568c-84a86*c2+98a*64c8. 

15.  7(a+6)-H. 
20.  3a(a-l)-8(a-l). 
22.  a(x-l)-x  +  1. 
24.  -2a*  +  4a2«+6a3«. 
26.  6m"+i-3m"+2  +  9m»»+8. 
28.  ax«  -  6x"+i  +  cx"+*. 


8.  4a8-6. 
6.  2  an  -  4  «•. 

9.  10a*«»-16o2i«. 
11.   70xy-98y2_i40y2. 

18.  6ax*-15a86x6  +  18a262a:«. 
15.    46m8n8p+90m8w2p_75w2;ip2. 

17.   27  xV«^ + 135  ofiy*z*  -  81  x*y*«*. 

19.  a2(a  +  x)+a;2(a  +  x). 


81. 
83. 
26. 
27. 


2(n  +  1)2  -  4(n  +  1). 
wi(^-i>)-(P-3)- 

5n+8_  125x4- 626  x«. 
2«+4  -  8  X  2»-i  +  16. 


(3^rouplti8;  TenilB. 

7.  When  all  the  terms  of  a  given  expression  do  not  contain 
a  common  factor,  it  is  sometimes  possible  to  group  the  terms 
so  that  all  the  groups  shall  contain  a  common  factor. 
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Eit.  1.  Factor  2a  4- 26 +  o;r -f&B. 

IFaotoring  the  first  two  terms  by  themsalveSy  and  the  lapt 
li^iro  terms  by  themselves,  we  obtftiu 

2(a4-6)  +  a:(a  +  6)  =  (a4-6)(2  +  a:). 
Ex.  2.  a^  — a^  — aa4-y2  =  a:(a;  — y)  — «(«  — 3/)=(a?  — y)(aj  — 2). 

Ex.3.  (2a-6)'  +  4aa;-26«=;(2a-6)«  +  2aj(2a-fc) 

=  (2a-6)[2a-6  +  2;e]. 

EXEBCIBEa  II. 
Factor  the  following  e^ipressions : 
1.   ac  +  ad  +  bc  +  hd,  %.  ^ax-Sby -2ay -^-Hhz. 

8.  20  ad  —  35  6d  -  8  ox  +  14  6a5.  4.   5  ox  —  ex  —  5  ay  +  cy. 

6.  a*  -  a^c  -j-ac^-c^.  6.  x«  -  x^  +  x  -  1. 

7.  18n2x-12x-9n2  +  6.  9.  3x*-x«  +  6x-2. 

9.  3(;*-3c8|i  +  c»a-i|«.  10.  3x»+ tw^ -6n«x-2x«, 
11.   6a»-6a2y  +  2aya-2y«.  12.  i«y  +  Jxy  -  J««  -  Jxj;, 

18.  12a86*-4a26*~4aW+l2a»6». 

14.  0*  —  a'n*  +  a%  —  an^  +  n*  —  a?*'. 

16.  x*-ax8  +  3a2x2-2a26x2  +  2a»&x-6a*6. 

16.  ox  +  6y  +  c«  +  6x  +  cy  +  a«  +  ex  +  ay  +  &«. 

17.  ax  —  by  +  C2  —  bx  —  cy  —  az  —  cx-\-ay-}-  bM, 

18.  ox  4-  fty  +  ca:  —  6x  —  cy  +  a«  +  ex  —  ay  —  6«. 

19.  ax  +  6y  +  car  -  6x  4-  cy  —  a«  —  ex  -  ay  +  6«. 

80.   6x"  +  8x»-J  -  e«»-«  -  18 »"-^  +  3x«-*  +  4x"-«. 

Use  of  Type-Forms  in  Factoring. 

8.  If  an  expression  be  in  the  form  of  one  of  the  type-forms 
considered  in  Ch.  VI.,  or  if  it  can  be  reduced  to  such  a  form, 
its  factors  can  be  written  by  inspection. 

Trinomial  Type-Forms. 

9.  From  Ch.  VI.,  §  1,  Arts.  1  and  2,  we  have 

a'-h2ab  +  b'  =  (a-\-by, 
^'-2ab  +  b'  =  (a-by. 
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From  these  identities  we  see  that  a  trinomial  which  is  the 
square  of  a  binomial  must  satisfy  the  following  conditions : 

(i.)  One  term  of  the  trinomial  is  the  square  of  the  first  term 
of  the  binomial, 

(ii.)  A  second  term  of  the  trinomial  is  the  square  of  the  second 
term  of  the  binomial. 

(iii.)  The  remxiining  term  of  the  trinomial  is  twice  tJie  product 
of  the  two  terms  of  the  binomial. 

Ex.  1.  Factor  a^  +  6  a  -|-  9. 

a^  is  the  square  of  x,  9  is  the  square  of  3,  and  6  a;  =  2  -  a;  •  3. 

Therefore  x^  4-  6  a;  +  9  =  (a?  +  3)«. 

Ex.2.  Factor -4aJ3y  +  4a*  +  2^. 

4  «*  is  the  square  of  2  a;,  or  of  —2a;;  y^  is  the  square  of  y, 
or  of  —  2/.  Since  the  middle  term  in  the  given  expression 
is  negative,  one  term  of  the  binomial  is  negative,  the  other 
positive. 

Therefore  -4a^  +  4a*  +  y*  =  (2aj-y)*  =  (-2aj  +  y)'. 

Ex.3.  60«2/-36ar*-25y»  =  -(36a*-60a?2/  +  25t^ 

=  -(6aj-52/)l 

Ex.4.   (n2-2naj)2  +  2(nV-2na^  +  aJ* 

=  (n*  -2nxy  4-  2ar'(n*  -  2na:)  +  a^ 

=  (n^  -  2 na;  +  aO'  =  [(^  -»)']'  =  (^  -  »)*• 

EXERCISES  III. 
Factor  the  following  expressions : 
1.  a;2-2a;+l.  2.  a*  +  6a +  9. 

3.  y'^  +  12  2/  +  36.  4.   a^ -  10a  +  25. 

6.  4a;2_i2a;+9.  6.  9a2  +  30a  +  25. 

7.  20ic-4x2-25.  8.  36x  -  4a;2  -  81. 

9.   16a2  4-40a6  +  2562.  lo.   49 x^  _  28 xy  +  4 y^. 

11.  9  xV  -  30  xy«2  4.  25  «*.  12.  24x^-9x2-162/2. 

13.  a*  -  2  a2x  +  x^,  14.  x*  -  2  x^y^  +  y*. 

16.  a2x2-4ac8x4-4c6.  -16.  2  a2x2  -  a*  -  x*. 

17.  (a  +  x)2  +  2(a  +  a;)  +  l.  18.    (x  -  4)2- 4(x  -  4) +4. 
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19.   (2a;-9)2-6(9-2x)+9.         80.  4  x^"  -  12  a?*  +  9. 
21.  36  a»+2  -  48  a»  +  16  ««-«.  22.  4  ax  +  2  a^  +  2  x^. 

28.  6a-^a-3a2x8_3a2x.  24.  16  a^fe*  +  9  c^  +  24  a6«c*. 

25.  a2n-2  _  2  a»-ix«+i  +  x2»+«  26.  (a^  +  2  a6  +  6^)  c  +  (a  +  6)  <P. 

27.  xy-xz-  (y2  -  2y2  +  ar^).  28.  a^  +  2 an  +  n^  -  ap  -pn. 

29.  2a  +  ad-(i2-4d-4.  30.  a^  +  2  a6  -  4ac  -  4  6c  +  4c2. 
31.  n2x-xy-n*y  +  2n3ya-y».  82.  (a  -  c)*  +  2a2c -4ac2  +  2c8. 

10.  From  Ch.  VI.,  §  1,  Art.  6,  we  have 

x2  +  (a4-*)jr+a6=(x  +  a)(x  +  *). 

When  a  trinomial,  arranged  to  descending  powers  of  some 
letter,  say  a?,  can  be  factored  into  two  binomials,  in  both  of 
-which  the  first  term  is  the  letter  of  arrangement,  it  must 
satisfy  the  following  conditions : 

(i.)  One  teiifa  of  the  trinomial  is  the  square  of  the  letter  of 
arrangement,  i.e.,  of  the  common  first  term  of  the  binomial  factors, 

(ii.)  The  coefficient  of  the  first  power  of  the  letter  of  arrange- 
ment in  the  trinomial  is  the  algebraic  sum  of  two  numbers  whose 
product  is  the  remaining  term  of  the  trinomial. 

(iii.)  These  two  numbers  are  the  second  terms  of  the  binomial 
factors. 

Ex.!  Factor  «»  + 8  a: +  15. 

The  common  first  term  of  the  binomial  factors  is  evidently  x. 
The  second  terms  are  two  numbers  whose  product  is  15,  and 
whose  sum  is  8.    By  inspection  we  see  that 
3  +  5  =  8  and  3x5  =  15; 
that  is,  the  second  terms  of  the  binomial  factors  are  3  and  5. 

Consequently,    ic*  -|-  8  a;  + 16  =  (a  +  3)  (a;  +  5). 

Ex.  2.  Factor  a^  —  7  a;  + 12. 

The  common  first  term  of  the  binomial  factors  is  x.  The 
second  terms  are  two  numbers  whose  product  is  12,  and  whose 
sum  is  —  7.  Since  their  product  is  positive,  they  must  be  both 
positive  or  both  negative  ;  and  since  their  sum  is  negative,  they 
must  be  both  negative. 
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The  possible  pairs  of  negative  factors  of  12  are  —  1  and 
-12,-2  and  -  6,  -  8  and  -  4. 

But  since  -.  3  -h  (-  4)  =  -  7, 

the  second  terms  of  the  binomial  factors  are  —  3  and  —  4. 

Consequently    a:*  —  7  »  + 12  =  (»  —  3)  (a?  —  4). 

Ex.  3.   Factor  aV  -{-5  ax  —  24. 

The  common  first  term  of  the  binomial  factors  is  dx.  The 
second  terms  are  two  numbers  whose  product  is  —  24,  and 
whose  sum  is  5.  Since  their  product  is  negative,  one  must  be 
positive  and  the  other  negative;  and  since  their  sum  is  posi- 
tive, the  positive  number  must  have  the  greater  absolute  value. 
The  possible  pairs  of  factors  of  —  24  are  —  1  and  24,  —  2  and 
12,  -  3  and  8,  -  4  and  6. 

But  since  —34-8  =  5, 

the  second  terms  of  the  binomial  factors  are  —  3  and  8. 
,  Consequently  aV  +  6  aa;  —  24  =  (ax  —  3)  (aa5  -h  8). 

Ex.  4.  Factor  a?^  -  3  ajy  -  28  y*. 

The  common  first  term  of  the  binomial  factors  is  x.  The 
second  terms  are  two  numbers  whose  product  is  —  28  y^,  and 
whose  sum  is  —Sy.  It  is  evident  that  both  of  these  terms 
contain  y  as  a  factor.  Therefore  we  have  only  to  find  their 
numerical  coefficients. 

Since  their  product  is  negative,  one  must  be  positive  and  the 
other  negative ;  and  since  their  sum  is  negative,  the  negative 
number  must  have  the  greater  absolute  value.  The  possible 
pairs  of  factors  of  —  28  are  1  and  —  28,  2  and  —  14,  4  and  —  7. 

But  since  4  -f  (—  7)  =  —  3, 

the  second  terms  of  the  binomial  factors  are  4  y  and  —  7  y. 

Consequently  a^  —  3  xy  —  2S  y^  =  (x  -\-  4^  y)  (x  —  7  y). 

EXERCISES  IV. 

Factor  the  following  expressions : 
1.   x'^-Sx  +  2.  2.   x'^-x-2. 

4.   a:2  +  3a;  +  2.  5.   x^-\-x-2. 

7.   a;2-5a:  +  6.  8.   x2-6x  +  6. 


8. 

x^ 

+  «- 

-6. 

6. 

aj« 

—  X- 

6. 

e. 

x« 

-4« 

-60. 
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lO.    a;«  +  7a:-30.  11.  x«+12z  +  32.  12.   a;2~3x-40. 

IS.    a:2-12x  +  35.  14.  x«-17x2  +  72x.  16.   x2+13x-30. 

Xe.    6x-x2-x«.  17.  35  +  2x-x2.  18.   x*-5x-^-24. 

Xe.    x*  +  8x«4-15.  90.  X*- 24x2 +  63.  2L   3x64.39x«+66. 

2a.   a:6_j4i_5o.  S3.  x2»  +  6x»-ll2.  24.    x2«-iex-+55. 

86.   x2-f(a+ &)x  +  a6.  26.   x*  -  (m  +  n)x  +  ?n«. 

•7.  «2  +  (p-g)x-M.  28.   x2+(3r-2«)x-6r«. 

89.   ax2  +  7a2x  +  6a«.  80.   x2  +  2xy-15y2. 

81.  x2  -  4  ax  -  12  a«.  82.   x*  -  7  ax  +  12  a^. 

88.   2  ax»y2  -  26  axV  +  84  oxy*.      84.   x2  -  11  xw  +  30  ?»2. 
■  85.  x2«2  +  12  X2  -  13.  88.   a«&2  -  7  a6  +  10. 

37.   m2||2  -  20  m»  +  99.  88.    (a  +  &)2  +  7(a -f  6)+6. 

39.    ((l-6)2+7(a-6)+12.  40.    (m  +  n/ +  2(m  +  »)- 15. 

U.  From  Ch.  VI.,  §  1,  Art.  6,  we  have 

(ax  +  b)  (ex  +d)  =  acx^  +  {ad  +  *£?)  jr  +  bd, 

A  trinomial  which  can  be  factored  by  this  type-form  must 
satisfy  the  following  conditions : 

(i.)  One  term  of  the  trinomial  ie  the  product  of  the  Jirht  terms 
of  its  binomial  factors. 

(ii.)  A  second  term  of  the  trinomicU  is  the  product  of  the  second 
terms  of  its  binomial  factors, 

(iii.)  The  remaining  term  of  the  trinomial  is  the  sum  of  the 
products  of  the  first  term  of  eojch  binomial  factor  by  the  second 
terra  of  the  other. 

Ex.  1.  Factor  6  aJ»  -|- 19  a;  4- 10. 

The  first  terms  of  the  required  binomial  factors  are  factors 
of  6  7?,  the  second  terms  are  factors  of  10,  and  the  sum  of  the 
ctoss-ptoducts  is  19  x. 

The  factors  of  6  a?  are  x  and  6x,2x  and  3  x  j  and  the  factors 
of  10  are  1  and  10,  2  and  5. 

The  following  arrangements  represent  possible  pairs  of  fac- 
tors: 

x-^1  ir  +  lO  aj-h2  x -^  5 


6a;-hl0  6  a;  4-1  6x-\-5  6  x  +  ^ 

16  a;  61a;  17  a;  32  a; 
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2x-\-l  2a;4-10  2a;  +  2  2a?  +  5 

X.     X-     X      .x 


3  a;  4- 10  3a;4-i  3a;  +  o  3a;  +  2 

23a;  32a;  16a;  19a; 

Since  the  sum  of  the  cross-products  in  the  last  arrangement 
is  equal  to  the  middle  term  of  the  given  trinomial,  we  have 

6  a;*  + 1 9  a;  + 1 0  =  (2  a;  +  5)  (3  a; -h  2) . 

Ex.  2.  Factor  5a;*-6a^-8y'. 

The  factors  of  5  a;*  are  x  and  5x,  and  the  factors  of  —  Sy* 
are  y  and  —  8 y,  —  y  and  Sy,2y  and  —  4 y,  —2y  and  4 y, 
x  —  2y         Since  the  sum  of  the  cross-products  in  the  arrange- 

Xment  on  the  left  is  equal  to  the  middle  term  of  the 
er      .   A        given  trinomial,  we  have 
5a;  +  4y     °  ' 

-6xy  5ar^-6a;2/-8  2/'=(a;-2  2/)(5a;-h4y). 

Observe  that  the  reason  given  in  Art.  10,  Ex.  4,  for  rejecting 
at  sight  some  factors  of  the  last  term  of  the  trinomial  does  not 
hold  in  the  above  example.  For,  although  the  middle  term, 
—  6  a;y,  is  negative,  the  negative  factor  of  —  8  y*  is  less  in  ab- 
solute value  than  the  positive  factor. 

Ex.  3.  Factor  10  a*  -f  a^b  -  21  61 

The  factors  of  10  a*  are  a*  and  10  a*,  2  a*  and  6  a*;  and  the 
factors  of  -21  b^  are  5  and  -21  5,  -  6  and  21b,  3b  and  -76, 
-3  6  and  7  6. 
2  a*  -h  3  6         Since  the  sum  of  the  cross-products  in  the  arrange- 

Xment  on  the  left  is  equal  to  the  middle  term  of  tiie 
K   2      7  1.     given  trinomial,  we  have 
Oft  —  to 

"^  10 a*  +  a%  -  21  52  =  (2  a*  +  3  5)(5 a*  -  76). 

Ex.  4.  Factor  - 15  ar*  +  22  a;  -  8. 

Wehave  -15a;2  +  22a;-8  =  -(15a;2-22a:  +  8) 

=  _(3a;_2)(5a;-4) 
=  (2-3a;)(5a;-4). 
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12.  The  following  directions  may  be  observed  in  factoring 
trinomials  which  come  under  this  type-form : 

(i.)  When  all  the  terms  of  the  trinomicU  are  positive^  only  posi- 
tive factors  of  the  last  temi  are  to  be  tried. 

(ii.)  When  the  middle  term  is  negative  and  the  last  term  is 
positive,  the  factors  of  the  last  term  must  be  both  negative. 

(iii.)  When  the  middle  term  and  the  last  term  are  both  negative, 
one  factor  of  the  last  term  must  be  positive,  the  other  negative. 

(iv.)  Select  that  pair  of  factors  of  the  last  term  which,  by  cross- 
multiplication,  gives  the  middle  term  of  the  trinomial. 

EXERCISES  V. 
Factor  the  following  expressions : . 
1.    6x^  +  x-12.  2.   6x2- a; -12.  8.   35 x^  +  32 a;  -  12. 

4.    35x2  + X- 12.  6.    36x2+16x-12.  6.    35x2-13x-12. 

7.    2x2  4-5x  +  2.  8.    10  +  16x  +  6x2.  9.   6  +  13x-63x2. 

10.    3x2  + 13a; +12.       11.   40  +  2x-2x2.  12.   26x8  +  26x2  -  6 x. 

13.   36  X*- 18x2 -10.    14.    12x-6x2-90x«.      16.    10x2  + 7x- 33. 
16.    8x*-19x2-15.     17.  40  +  6x-27x2.  18.  49x2-36x  +  6. 

19.   64x2-92x  +  30.     20.  6-19x+16x2.  21.   6x2-41x-66. 

22.   30x2-89x  +  35.     23.    18x2  -  3xy  -  46y2.    24.   3a2-6a6-2&2. 
25.    18  x*  + 3x2^-10  2/2.  26.    abx^  -  (a^  -  b^)x  -  ab. 

27.    5a4x2-4a2x2?-96«2.  28.    -  10  a*  +  7  a262  +  12  6*. 

29.   4x2-xy-3y2.  30.    10  a2  +  11  a6  -  6  62. 

31.   9  x2»  -  4  x«  -  5.      32.   2  x^-^^  -  3  x^+i  -  2.     33.   6  x'-^^+x'-y"- 16  y^. 
34.    10(a  +  6)2  +  7c(a  +  6)-6c2.     35.   7(x  -  y)2  -  37  2;(x  -  y)+ 10^2. 

36.  6(x2  +  2/2)2  _  9(a;2  +  y2>^g2  _  15  ^i, 

37.  2(a2  -  c2)2  -  4  6(a2  -  c2)  -  6  b^. 

Binomial  Type-Forms. 
13.  From  Ch.  VI.,  §  1,  Art.  4,  we  have 

That  is,  the  difference  of  the  squares  of  two  numbers  can  be 
written  as  the  product  of  the   sum  and   the  difference  of  the 
numbers. 
Ex.  1.  aV  -\h'=  {axY  -  {\  by 

=  (ax  +  i&)(ax-i6). 
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Ex.  2.  32  m*»  -  2  n^  =  2  n(16  w<  -  n«) 

=  2n[(4wy-n«] 

=  2  n  (4  m«  +  «)  (4  w«  —  n). 

Ex.  3.    0^  -  4  xy  -h  4  y*  -  9  js*  =  (a;  -  2  2/)«  -  (3  2)« 

=  («  -  2  y  +  3  2)  (a;  —  2  y-  32> 

In  factoring  a  given  expression  the  type-form  must  fre- 
quently be  applied  more  than  once. 

Ex.  4.     4  a^i?-{a*  -h^^tff 

=  (2  ac  4-  a*  -  ft"  +  c«)  (2  oc  -  a«  +  «>"  —  c^ 

=  [(a  +  c)2  -  5*^]  [&2  _ (a  -  c)T 

=  (a  +  c  -h  6)  (a  -h  c  —  6)(6  +  a  —  c)  (6  —  a  +  c). 

14.  The  difference  of  the  like,  or  unlike,  even  powers  of 
two  numbers  can  always  be  written  as  the  difference  of  the 
squares  of  two  numbers,  and  should  therefore  first  be  factored 
by  applying  this  type-form. 

Ex.  a^_54=(a2)2-(62)2 

BXERCISES  VI. 
Factor  the  f ollowiDg  expressions : 

1.  a;2-l.  2.  4-a2.  8.   a«-x3y«- 

4.  25x2-9.  6.   36a2-496«.  6.  4a*-y*. 

7.  862-142.  8.   572-433.  9.   872-272. 

10.  81  a* -16.  11.   f  flSfts  _  ji  c2<P.  18.    16a«-26  6*(J». 

13.  a^h^(fi-\.  14.   Ja2n*-Tjffa^.  16.   a^-\. 

16.  a2«_52«.  17.   a;2r+2_4.  ig.   Qa^h'^-^d^. 

19.  (m-w)2-l.  20.   c2-(a-6)2.  21.   9-(3-x)2. 

22.  (4  X- 3)2 -16x2.  28.    (a  -  6)2  -  (c  -  d)2. 

24.  (6x-2)2-(4x-3)2.  26.    (8  xy  -  6)2  -  (2  xy  -  6)2. 

26.  (x2  4-  X  +  1)2  ~  (a;2  _  X  +  1)^.      27.   a^  -  a»  +  a  ~  1. 

28.  7-112  X*.  29.    16  x*  -  y*.  30.    a^  -  68. 

31.  1  -  256  xSyS.  82.   x^e  -  j/^.  88.    ai«  -  1. 

84.  6a2-180  6*.        "      85.    75  a^ft*  -  108'c2d*.      86.   243  ft^cP  -  75  6^. 
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^7. 

lafta^fac*.             St. 

fxy*-^»5X2«.            M.   a»»-62m. 

40. 

«4x  _  ftix.                               41. 

144x»-x»+2.            42.   4a3»+8_a»+i. 

4S. 

o2«+352»  _  a652n+2.        44. 

m2»-*n6'»+2  _  1.         45.    ^'2  _  52  4.  (^  ^  ^^g 

46. 

a;2-|-8x»-x*-8a;.      47. 

a2  —  x2  _j.  a  _  35.        48.   x'i  —  xz  —  yz  —  y^. 

49. 

a2-a2n  +  a»2_n2.      60. 

x2-2xy4-y2_;p2.     51.   a24-26c-62-c2 

52. 

a2  -  n2  +  2  np  -  p2. 

63.  ^-z^-Az-^, 

54. 

a*  -  2  a68  -  6*  +  2  a^ft. 

66.    a2  +  62  _  c2  _  d-*  +  2  (a6  +  cJ). 

56. 

ofiy  —  a;2/8  +  ac2y  +  xy^. 

57.    a2  +  62-c2-d2_2(a6-cd). 

58. 

2(a6+C(l)-(aH62-.c2. 

-cP).       59.    a2-62  +  26^-2ax  +  x2-5r2 

60. 

4rt22,2_(a8^.52_c3)2. 

61.   a2^  -  a^'' -  2  a"*- -  a»or. 

62. 

a*4-4a2c-4  6H4  6d+4 

c2-d2.    68.   4(a(l+6c)2-(a2-62-.c2+d2)a. 

64.    {a  +  n){a^ 

-x2)-(a-x)(a2-n2). 

66.    (H-«)(6« 

t2_4a;2)^(3a;2_4^2)(<g_„). 

66.  (a+6)2-l--2(a4-6+ I). 

67.  (a-2  6)2-9-3(a-26  +  3). 

15.   From  Ch.  VI.,  §  2,  Art.  2  (i.)  and  (ii.),  we  derive 

Ex.1.  •        «»  +  8  2/^=aj8+(2y)' 

=  (a:  +  22/)Ca:»~aj(2y)  +  (2y)T 

Ex.  2. 

(1  _  a:)«  -  8 !»» =(1  -  a:)«  -(2  ic)« 

=  (l_aj-2a:)[(l-a;)«+(l-ir)(2aj)  +  (2a;)*] 
=  (l-3a:)(l  +  3a2) 

Ex.  3. 

512a^  +  /  =  (8ar^8+(2/«)» 

=  (8  a^  +  2/^)  [(8  ar^)«  -  (8  r^  (2/3)  +  (i/«)2] 
=  [  (2  a?)8  +  2/3J  (64  ^  _  g  ^^  _^  ^ 

=  (2a;  +  2/)(4x2-2xy-h/)(64a;«-8a:»/  +  /). 
Ex.  4. 
a«-729ft«=(ay-(27  6^2 

=  (a3-|-27  6^(a3-27  6«) 

=(a+3  6)(a2-3  a6H-9  62)(a-3  6)(a2+3  a6+9  62). 
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16.  From  Ch.  VI.,  §  2,  Art.  2  (i.)  and  (ii.),  we  infer: 

(i.)  Tlie  sum  of  the  like  odd  powers  of  two  numbers  contains 
the  sum  of  the  numbers  as  a  factor. 

(ii.)  The  difference  of  the  like  odd  powers  of  two  numbers  conn 
tains  the  difference  of  the  numbers  as  a  factor, 

Ex.1.   y^^f=^{x  +  y)(7^--7?y  +  7^-X!^-^f), 

Ex.2.   x'^y'  =  {x^y)(7^^7^y  +  ix^f-{-:x?f^x'y'^xi^  +  f). 

17.  The  sum  of  the  like  even  powers  of  two  numbers,  whose 
exponents  are  divisible  by  an  odd  number,  except  1,  can  be 
factored  by  applying  the  type-forms  of  Arts.  15  and  16. 

Ex.  a?^^  +  y^=(aJ^)^+W 

*      =(a^  +  y) CW  -ip^)  (2^)  + W] 

EXERCISES  VII. 
Factor  the  following  expressions : 

1.  x»  +  l.                         2.  a;8-8.  8.   a»  +  27. 

4.  64x8-1.                     6.  8a8-2/«.  6.   9>ofiy^—21. 

7.  125x82^  +  8.                8.  3a2-24aS.  9.   27  a -a*^*. 

10.  2  x8y5  4-  432  y2.           11.  ^6  ^  243.  12;  rK^  +  j/^. 

13.  xo  -  64.                      14.  x9  +  jfi.  15.   x»  -  1. 

16.  27x8_2^.                  17,  a969  +  64c«.  18.    125  x8  _  yia-^ii. 

19.  aio  -  ftio.                    20.  xio  -f  2/10.  21.    x^^  -  1. 

22.  xi*2^i*-l.                  23.  x"  +  yw.  24.   a^^  +  feis. 

25.  1  -  xi6.                      26.  1  -  a«.  27.   x^^  +  y^^. 

28.  a3«  -  68*.                   29.  8x3»2r  -  729y«+326.  80.   27  -  (3  +  2  a;)«. 

31.  (2a4-x)8+(a-2x)8.                     82.  4-x2  4-4x8-x6. 

33.  x8-2/8_2a;22,  +  2xy2.                      34.  («  +  6)8  _(c  +  (1)8. 

35.  xS-x8-x2+l.                                86.  x8-8 -6x2+ 12x. 

37.  a8-4a2c_4ac2  +  c8.                      38.  n^  +  6 w*x2  +  6 n2a;4  +  a^. 

18.  Tlie  method  of  Art.  11  can  be  extended  to  factor  multinomials 
of  the  second  degree  whose  factors  contain  three  or  more  terms. 

Ex.  1.   Factor  ax^  -  ay^  •\- x -ir  y  -  ax -^  ay  -  1. 
The  terms  ax2  -  ay'^  are  evidently  the  product  of  the  terms  which  con- 
tain X  and  y  in  the  two  factors.     These  may  be  either 

ax  +  ay  and  x  -  y^  ov  ax  —  ay  and  x  +  y. 
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Since  the  last  term  of  the  multinomial  does  not  contain  either  x  or  y^ 
it  must  be  the  product  of  terms  in  the  factors  which  do  not  contain  x  or  y. 
Tliese  can  be  only  +  1  and  —  1.  The  following  arrangements  represent 
possible  pairs  of  factors  : 


Cax-{-ay)-^l  (cw+ay)— 1  (ax—ay)-\-l  (ax— ay)—! 

> 

(g-y)- 


XXX  X 

y)-l  (x-y)-H  (x  +  y)-l  (x4-y)  +  l 


ac — y— ax-ay         —x+y-\-ax+ay         x+y—ax+ay         —x—y-\-ax-ay 

Since  the  third  arrangement  gives  the  remaining  terms,  x+y— ox+ay, 
of  the  multinomial,  we  have 

ax2  —  ay2  +  X  +  y  -  ox  +  ay  -  1  =  (x  +  y  —  1)  (ax  -  ay  +  1). 

Ex.2.   Factor  2x2 -12  y3  +  4«2_5a;y  _8y;?- 9x2?. 

The  given  expression  suggests  the  product  of  two  trinomials,  both  of 
wbich  contain  terms  in  x,  y,  and  a.  The  part  2x^  —  bxy  —  12  y^  is  evi- 
dently the  product  of  the  parts  of  the  factors  which  contain  terms  in 
as  and  y,  and  the  term  4«2  is  evidently  the  product  of  the  terms  in  z 
in  the  factors. 

The  factors  of  2  x^  —  5  xy  —  12  y^  are  found  to  be  2  x  +  3  y  and  x  —  4  y ; 
the  factors  of  4 «*-*  are  z  and  4 «,  — «  and  — 4 «,  2z  and  2 «,  —2z and  —2 z. 
By  trial  we  find  that  the  following  arrangement 

(2x  +  3y)-   z 

(x-4y)-4g 
—  9xz  —  ^yz 

gives  the  remaining  terms  of  the  multinomial.    Consequently, 
2x2-12ya  +  4«2_5x2/-8y«-9x2=(2x  +  3y-2)(x-4y-42;). 

EXERCISES  VIII. 
Factor  the  following  expressions : 
1.   x^-y^-2y-l.  3.   a^  +  62  4.  2a6  +  8a  +  8&  -  9. 

8.    x2^2xy  +  3x  +  y24-3y  +  2.         4.   2x^-Sy^-z^-{-xy-^xz  +  4yz. 
6.   x2  +  3xy  +  5x  +  2y2  4-82/  +  6. 

6.  2  a2  -  9ac  -  6  a6  +  4 c2  -  8  6c  -  12  ft*. 

7.  x2-8xy  +  3x  +  2y2_5y4.2. 

g.   x2^4^_4a;y_10x  +  20y-56. 
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9.  4a;2  +  9y«+19-122y  +  40x-60y. 

10.  66x2 -6ya-12«2«6a;y  + 34x2; -22yar. 

11.  3x«-4ax  +  2ftx-2a6  +  a". 

Special  Devices  for  Factoilng. 

19.  A  factorable  expression  can  frequently  be  brought  to 
some  known  type-form  by  adding  to,  or  subtracting  from 
it  one  or  more  terms. 

Ex.  1.  Factor  iC*  4-  a^y  4-  2^^ 

This  expression  would  be  the  square  of  o'  +  y*,  if  the  co- 
efficient of  Q^]^  were  2.  We  therefore  add  or^^,  and,  in  order 
that  the  value  of  the  expression  may  remain  the  sajne,  we 
subtract  x*y*.     We  then  have 

=  («*  +  y*  +iB2/)(a^  +  y*  —  »y). 
Ex.  2.  Factor  a^  +  3  iB*  -  2. 
The  terms  a^  +  3  oj*  suggest  the  cube  of  a;  + 1. 
To  complete  the  cube  of  a;  -|- 1  we  must  add,  and  tlierefore 
also  subtract,  3  a;  +  1.     We  then  obtain 

aJ»  +  3  ar»  -I- 3a.  +  1  _  3aj  -  3  =  (a;  +  1)8  -  3(a;  + 1) 

=  (aj  +  l)[(aj  +  l)»-3] 
=  (a?  4- !)(«*  + 2a? -2). 
Ex.  3.  Factor  a;*  -  3  a;  4-  2. 

Subtracting  1  from,  and  adding  1  to  the  given  expression, 
we  obtain 

a;«-3a?4-2  =  aj8-.l-.3a?  +  3 

=  (aj8-l)-3(a;-l) 
=  (a?-l)[(a:»4'a:4-l)-3] 
=  (a;-l)(a;2^a._2) 
=  (a;~l)(aj-l)(aj  +  2). 

20.  Another  device  consists  in  separating  a  term  into  two 
or  more  terms,  and  grouping  these  component  terms  witi 
others  of  the  given  expression. 
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Ex.    Factor  «» —  3  a?*  -|-  4. 

Separating  —  3  oj*  into  —27?  and  —  a^,  we  obtain 

=  x*(aj-2)-(aj»-4) 
=  (aj-2)[a^-(aj  +  2)] 
=  (a-2)(a^-aj-2) 
•=(x-2)(a:-2)(aj  +  l) 
=  (x-2)*(aj  +  l). 

21.  These  devices  could  have  been  applied  to  factor  many 
expressions  given  under  the  preceding  type-forms. 

Ex.  1.  a2_6a=a»-a6  +  a6-y 

=  a(a-6)  +  6(a-6) 
=  (a-|-6)(a-6). 

Ex.  2.  aj»  +  5a  +  6  =  aj'-|-2aj4-3aj  +  6 

=  aj(aj  +  2) +  3(a;  + 2) 
=  (aj  +  2)(aj  +  3). 

22.  Symmetry.*— An  expression  is  symmetrical  with  respect  to  two 
letters  if  it  remain  the  same  when  these  letters  are  interchanged. 

E.g. ,  a6,  a'  +  6',  a^  +  2  a6  +  6^  are  symmetrical  with  respect  to  a  and 
6,  since,  when  a  and  6  are  interchanged,  they  become 
6a,  68  +  a*,  6^  +  2  6a  +  a^,  as  above. 

23.  An  expression  is  symmetrical  with  respect  to  three  or  more  letters, 
if  it  be  symmetrical  with  respect  to  any  two  of  them. 

E.g.,  a(6  +  c)  +  6(c  4-  a)  4-  c(a  4-  6)  is  symmetrical  with  respect  to  the 
three  letters  a,  6,  and  c.  For,  if  any  two  letters,  say  a  and  c,  be  inter- 
changed, we  obtain 

c(6  +  a)  +  6(a  4-  c)  +  a(c  +  6),  as  above. 

24.  Cyclo-83rmmetry.  —  An  expression  is  cyclo-symmetrical  with  re- 
spect to  three  or  more  letters  if  it  remain  the  same  when  the  first  letter  is 
changed  into  the  second,  the  second  into  the  third,  and  so  on,  and  the 
last  into  the  first. 

Such  an  interchange  of  letters  is  called  a  qfclic  interchange. 
Thus,  a6c      becomes  6ca  by  a  first  cyclic  interchange  ; 

becomes  ca6  by  a  second  cyclic  interchange  ; 

becomes  a6c  by  a  third  cyclic  interchange. 
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Therefore  abc  is  a  cyclo-symmetrical  expression  with  respect  to  a,  h. 
ande. 

The  expression  (a  -  d)  (6»  -  c*)  +  (6  -  d)  (d«  -  a^)  +  (c  -  d)  (a*  -  b^, 
is  cyclo-symmetrical  with  respect  to  a,  6,  and  c.  For,  after  making  a 
cyclic  interchange  of  these  letters,  we  have 

(6  -  d)ic^  -  a«)4-(c  -  d)(a^  -  b^)-\-(a  -  d)(6«  -  c^),  as  above. 

Observe  that  this  expression  is  not  cycloHsymmetrical  with  respect  to 
all  four  letters,  a,  b,  c,  and  d. 

25.  A  symmetrical  or  cyclo-symmetrical  expression  can  frequently  be 
factored  by  arranging  its  terms  to  powers  of  one  of  the  letters  with  respect 
to  which  it  is  symmetrical. 

Ex.  Factor  b\c  -  a)+  €^(a  -  b)-\-  a\b  -  c). 

Arranging  the  given  expression  to  descending  powers  of  a,  we  have 
a\b  -  c)  -  a(68  -  c»)  +  bc(b^  -  c^) 

=  (6  -  c)[a*  -  a(62  +  ftc  +  c^)  +  bc{b  +  c)] 
=  (6  -  c)[a«  -  ab^  -  abc  -  oc^  -h  ft^c  -|-  bc^ 
=  (6  -  c)  [a(aa  -  c2)  -  b^(a  -  c)  -  6c(a  -  c)] 
=  (6  -  c)(a  -  c)[a(a  +  c)-b^-  6c] 
=  (6  -  c)(a  -  c)[a2  +  ac  -  ft^  _  6c] 
=(6  —  c)(a  -  c)[(a2  -  62)+  c(a  -  6)] 
=  (6  -  c)(a  '-c)(a-  6)(a  -h  6  +  c). 

BXEBCISES  IX. 
Factor  the  following  expressions : 

1.   1  +  4x4.  2.  1  +  64x*.                     8.  «*»  +  4sf*«. 

4.  l+3aa  +  4a*.  5.  l-7a8  +  a*.              a  1  + 2 a; V  +  » aj*y*. 

7.  x*-a;V  +  16y*.  8.  3C*  4- y*  -  H x V-         9.  l6x*-aV  +  y*. 

10.  JK*  +  42/*  -  12a;2y2.  n.  x*  ^.  ys  +  j-jy.           12.  x^  +  ys  -  142 x*y*. 

18.  x8-6a;a-|-16.  14.  ««- 15x2+ 250. 

16.  a8  +  6x2  +  10x  +  4.  16.  x»- 9x2  + 32a: -42. 

17.  x«  -  15x2 +  72x- 110.  18.  8x»-36x2  +  48x-18. 

19.  27x8-27x2-6x  +  4. 

20.  ac{a  ~  c)  —  ab(a  -  6)  —  6c(6  —  c). 

21.  a2(5  _  c)  +  62(c  _  a)  +  c2(a  -  6). 

22.  a\b  +  c)  +  62(c  +  a)  +  c2(a  +  6)  +  2  a6c. 

23.  (a  -  d)(62  -  c2)  +  (6  -  d)(c2  -  a^)-\-(c  -  d)(a2  -  62). 

24.  a8(62  _  c2)  +  68(c2  -  a^)  +  c8(a2  _  js), 

25.  a*(62  -  c2)  +  6*(c2  -  a^)  +  c*(a2  -  62). 
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^  Method  of  Substitution. 

26.  In  Ch.  VI.,  §  2,  Art.  4,  it  was  proved  that  if  an  expresBion  be 
divisible  by  a;  —  a  (i.e.,  if  x  -  a  be  a  factor  of  the  expression),  the  result 
of  substituting  a  for  x  in  the  given  expression  is  0. 

The  following  example  will  illustrate  the  method  of  applying  this  prin- 
ciple in  factoring  certain  symmetrical  expressions. 

Ex.  1.  Factor  (x  -  y)8  +  (y  -  »)»  +  («  -  x)«. 

The  given  expression  has  the  factor  x  —  y,  if  it  be  divisible  by  x  —  y ; 
that  is,  if  the  result  of  substituting  y  for  x  be  0.  Making  this  substitution, 
v^e  have 

0»  +  (y  -«)»  +  («  -  y)8  =  (y  -  0)8  -  (y  -  z)^  =  0. 

Therefore,  x  —  y  is  a  factor  of  the  given  expression. 

In  like  manner,  it  can  be  shown  that  y  —  z  and  z  —x  are  factors.  It  is 
evident  that  the  given  expression,  wliich  is  of  the  third  degree,  cannot 
have  a  fourth  literal  factor,  since  the  product  of  four  literal  factors  is  an 
expression  of  the  fourth  degree.  But  it  may  be  equal  to  the  product  of 
the  factors  x  —  y,  y  —  z,  z  —  x,  and  a  numerical  coefficient. 

Let  us  assume,  therefore, 

(x-y)8+(y-«)8  +  («-x)8=C(x-y)(y-2r)(2r~x),  (1) 
wherein  C  is  some  numerical  coefficient  yet  to  be  determined. 

No^  (1)  is  an  identity,  and  hence  its  first  member  must  be  equal  to  its 
second  member  for  all  values  of  the  letters  x,  y,  and  z  (Ch.  IV.,  §  1,  Art.  3). 

If  we  substitute  x  =  0,  y  =  1,  «  =  2,  in  both  members  of  (1),  we  have 
(-  1)8  +(1  -  2)8  +  28  =  C(-  1)(1  -  2)  X  2. 

Whence  (7  =  3. 

Consequently,     (x-y)8  +  (y-«)8+(2j-x)8=3(x-y)(y-«)(«-x). 

This  method  depends  upon  the  possibility  of  forming  in  advance  of 
factoring  a  given  expression  some  idea  of  the  nature  of  its  factors. 

Ex.2.  Factor  (a+6-c)2(a-6+c)  +  (a+6+c)(a+6-c)(6+c-a). 

The  given  expression  has  the  factor  h  if  it  be  exactly  divisible  by  6-0 ; 
that  is,  if  the  result  of  substituting  0  for  b  be  0.  Making  this  substitu- 
tion, we  have 

(a-c)2(a+c)  +  (a-\-c)(a-c)  (c-a)  =  (a-cy(a+c)  -  (a-{-c)  (a-c)2=0. 

Therefore,  6  is  a  factor  of  the  given  expression.  In  like  manner,  it 
can  be  shown  that  c  is  a  factor,  and  that  a  is  not  a  factor. 

It  is  evident  that  the  given  expression  reduces  to  0,  when  a  +  6  —  c  =  0. 
Therefore,  a  +  6  —  c  is  a  factor.    We  now  assume 

(a+6-c)2(a-6+c)  +  (a  +  6+c)(a  +  6-c)(6+c-a)  =  C6c(a+6-c). 
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In  this  identity  let  a  =  0,  6  =  1,  c  =  2.     We  thus  obtain  (7  =  4. 
Therefore,  * 

(a+6-c)8(a-6+c)  +  (a+6+c)(a+6-c)(6+c-a)  =  46c(a4-6-c). 

In  factoring  expressions  like  the  above,  it  is  advisable  to  test  such  ex- 
pressions as  a  +  6,  a  —  6,  a  +  6  -f  c,  a-\'b  —  c,  a,  b,  etc.,  according  as 
any  one  ol  them  is  suggested  by  the  form  of  the  expression  to  be  factored. 

27.   Ex.1.   Factor  x»  -  6x2 +  9x- 6. 

If  this  expression  is  a  product  of  factors  of  the  form  x  —  a,  then  -  6 
is  evidently  the  product  of  the  last  terms  of  these  factors.  Therefore,  a 
must  be  a  factor  of  6,  and  possible  values  of  a  are  1,  —1,2,  —  2,  3,  -  3, 
6,  -6. 

The  given  expression  does  not  reduce  to  0,  when  1  and  —  1  are  sub- 
stituted in  turn  for  x ;  therefore,  x  —  1  and  x  —  (— 1),  =x+l  are  not  fac- 
tors. But  when  x  =  2,  the  given  expression  reduces  to  0 ;  therefore,  x-i 
is  a  factor.  The  other  factor  is  found  by  dividing  the  given  expression 
by  X  —  2.    We  then  have 

x»  -  ^xa  +  Oac  -  6  =(x  -2)(x2  -3x4-  3). 

The  factor  x^  —  3  x  4-  3  is  found  not  to  have  a  factor  of  the  form  x-a. 
But  in  many  examples  this  second  expression  can  be  factored. 

Ex.2.   Factor 3x»-6x«-34x  + 24. 
This  expression  reduces  to  0  when  x  =  4.     We  then  obtain 
(X  -  4)(3x«  +  7  X  -  6)  =  (x  -  4)(x  4-  3)(3x  -  2). 

EXEBCISBS  X. 
1-6.  Factor  the  expressions  given  in  Exercises  IX.,  Exx.  20-25. 
Factor  the  following  expressions : 

7.  a(6  +  c)2-f  6(c  +  a)2  +  c(a  +  6)2-4a6c. 

8.  (6  +  c  -  a)a  (a  -  6  +  c)  +  (a  -f  6  +  c)  (6  +  c  -  a)  (a  +  6  -  c). 

9.  (a  +  6)2  +  (a  +  c)2  -  (c  +  dy  -  (6  +d)2. 

10.  (x  -f  2/  +  «)  (xy  +  yz  +  zz)-  xyz. 

11.  (a2  -  62)8  +  (52  _  c2)8  +  (C2  -  G^^. 

12.  (x  +  2/  +  «)8  -  (x  +  y  -  «)»  -  (x  +  «  -  y)*  -  («  +  y  -  as)'. 

13.  a(6  -  c)8  +  6(c-  a)«  +  c(a  -  6)8. 

14.  x2y+y^2f  +  «2aj-xy2_2/2;2-x2«.  ' 
16.  (a  +  6  4-  c)8  -  (a8  4-  68  4-  c8). 

16.  (a  +  6  4-  c)*  4-  a*  +  6*  4-  c*  -  (6  4-  c)*  -  (c  +  a)*  -  (a  +  by. 

17.  2  (a262  4-  a2c2  +  62c2)  -  (a*  +  6*  4-  c*>  i 
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18.   a^-10a;a  +  31x-30,  19.  «■  +  10 a;2  +  27 x  +  18. 

20.   6a?-8x2-27x+18.  2L  x»  -  6x8  -  22x  -  16. 

22.   x9-21x  +  20.  23.  x^-x^  +  Sx  +  S. 

24.   3x8-8x2- 10x  + 21.  25.  x* -6x2  +  llx  -  6. 

26.   x»4- 18x2+ 107X  +  210.  27.  x»  -  7x2  -  21x  +  27. 

28.    3x8-x2-38x-24.  29.  x»-19x-30. 

80.   3x»  +  6x2-7x-L  81.  2x8  + 7x2  + 4x  +  3. 

EXERCISES  XI. 

Factor  the  following  expressions  by  the  methods  given  In  this  chapter : 
1.  a*  +  2a86-2a6«-6*.  2.  ax2  +  (a  +  6  + c)x+ 6  +  c. 

3.   10c*»+i-6cT"+i-6c"+».  4.  x2y2  +  17  xy  +  16. 

5.  6a*-6a8c  +  2a8x2-2a2cx2  +  6a8x  +  2a2x8. 

6.  a^-a«2*  +  3a*2r2-a*««  +  3a2«*  +  ««. 

7.  a^  +  64.  8.  a«6«  +  l.  9.  x^+y^  iq.   d^o  ^  a. 

11.  a'  -  1.  12.  28«+8  -  64.  13.  xV  -  1.  14.  2  a*  -  16a68. 

16.  x*  +  2x2  +  9.  16.  24x2-(36-8a)x-a6. 

17.  62_c2  +  a(a-26).  18.  x2«-2  +  2  x-+- +  x2»+2. 

19.   X*- 2x8-1 +  2x.  20.  3x2+4y2_|_;j2_8a.y-4y0  +  4x«. 

21.  x8«+8  -  3  x2'»+22^2  ^  3  x«+ly4  —  ^, 

22.  a6  (x2  +  y2)  +  a^  (^2  +  ft2). 

28.  27x8  +  27x2y  +  9x2/2  +  y8-x6_3a4_3a;2_l. 

24.  28(x  +  3)2  -  23  (x2  _  9)  _  16  (x  -  3)2. 

26.  9ac  +  2a2-6a6  +  4c2  +  86c-1262. 

26.   (ax  -  6y)2  _  (a  +  6)  (x  +  z)  (ax  -  by)  +  (a  +  b)^z. 
27.  ax6  +  6x*  +  cx8  -  ax2  -  6x  -  c.    28.   (a  +  6)  x2  +  (a  -  2  6)  x  -  3  6. 
29.   a2-62_c2-2a  +  26c  +  l.       30.  49  x^i^  +  42  x V  +  »  a^^ V. 
31.  x2-2x  + 1-2/2.      82.   16x2 +  x- 40.      33.  x8  -  x2«  +  X02  -  «8. 
34.  a8  —  1  +  c  -  ac.  86.  a2  -  a  -  1  —  a^c  -\-  ac  +  c, 

36.  2a2  +  a-4ax-x  +  2x2.  37.  20 x2  -  123 x  +  180. 

38.  x8-5x2-x  +  6.  39.  x2(x+ 1)  -  62(5  +  i). 

40.   25  a*ft*  +  70  a^b'h^  +  49  c*.  41.  x*2/  +  2fx8  -  xy  -  z. 

42.  x2-9z2-4y(y+32:).  43.  x8-2x*y*  + y8-4x2y2(a;2_  ^2)2. 

44.  a*  +  a2c  +  abc  +  62c  _  ja.  45.  a^e  _  2  x^y  +  2  x8y8  -  2xj^  +  y8. 

46.  3  (a  -  1)8-  (1  _  a).  47.  x*  -  j/«  +  1  -  2x8. 

48.  x2  -  ox  -  6x  +  ab,  49.  x^y^  +  26  -  9  ««  -  10  xy. 
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60.  a;2  +  9~2a;(3  +  2xya).  51.  aft  +  2a2  -  362 -46c- ac-e« 

62.  3a«  +  8x4-8a;a-3.  63.  7  a«x«  +  49 a^x  +  84 a. 

64.  (x2+xy+y2)2_(x2-xy+y«)«.  66.  cd-bd  + a(b-c). 

66.  8x8-60xa+140x-100.  67.  (x^  +  1)8  -  (y^  +  l)s. 

68.  a6x«  +  x  +  a6  +  l.  69.  36a*-21a2  +  l. 

60.  10  X*- 47x2 +  42.  61.  (x2 +xy- y2)2_(xa -jcy  _y«)j 

60.  x2+c(a+6)x+a6(a+c)(c-6).    63.  6a2- 18062. 

64.  ^abc^-i^ahd^.  66.  10x2  +  3x-18. 

66.   x-^»-y2n  +  4y»_4a?».  67.  a6(x2  -  y2)  + 3.^(^2  -  62). 

68.   125x«-160x2  +  45x-2.  69.  36  a*62  -  60  a868  +  25  a26*. 

70.  a2(a2-l)- 62(62-1).  71.  (m  -  n)2-12(TO  -  n)  +  27. 

72.  a2x6(a8-x)-a*x2(x8-a). 

73.  3  (a  -  1)  (a»  +  7)2  -  12(4  a»  +  28)  (a  -  1)+  192 (a  -  1). 

74.   (x  +  2/)2-18(x+y)+77.  76.   (a2  -  62)  x2  -  (a2  +  62)  x  +  aft- 

76.  300  a6c2  -  432  a6d2.  77.  75  a262  -  108  c2d2. 

.78.    iJa6x2y2-JJa6«2.  79.   18  a2x2  -  98  62y2. 

80.  18(x  +  y)2  +  23(x2-y2)_6(x-y)2. 

81.  Express  (a^  —  62)  (c2  —  cP)  aa  the  difference  of  two  squares. 

§2.    HIGHEST  COMMON  FACTORS. 

1.  If  two  or  more  integral  algebraic  expressions  have  no 
common  factor  except  1,  they  are  said  to  be  prime  to  one 
another,  or  are  called  relatively  prime  eo^essions. 

E.g.,  ab  and  cd ;  5  a?y  and  8  «* ;  a*  -|-  6*  and  a*  —  V. 

2.  The  Highest  Common  Factor  (H.  C.  F.)  of  two  or  more 
integral  algebraic  expressions  is  the  expression  of  highest 
degree  which  exactly  divides  each  of  them. 

E.g.,  the  H.  C.  F.  of  ast?,  hx^,  and  ciC*  is  evidently  a^. 

H.  C.  F.  by  Factoring. 

3.  Monomial  Expressions.  —  The  H.  C.  F.  of  monomials  can 
be  found  by  inspection. 

Ex.  1.  Find  the  H.  C.  F.  of  7?fz,  cc^fz^  and  a^y^z\ 
The  expression   of  highest   degree  which   exactly  divides 
each  of  the  given  expressions  evidently  cannot  contain  a  higher 
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power  of  X  than  x*,  a  higher  power  of  y  than  y',  and  a  higher 
power  of  2  than  z.     Therefore  the  required  H.  C.  F.  is  jtj/z. 

Observe  that  the  power  of  each  letter  in  the  H.  C.  F.  is  the 
lowest  power  to  which  it  occurs  in  any  of  the  given  expressions. 

If  the  monomials  contain  numerical  factors,  the  Greatest 
Oommon  Measure  (G.  0.  M.)  of  these  factors  should  be  found 
a.s  in  Arithmetic. 

Ex.  2.  Find  the  H.  C.  F.  of  18  a^6Vd,  42  a»6c^  and  30  a^bV. 

The  G.  C.  M.  of  the  numerical  coefficients  is  6.  The  lowest 
power  of  a  in  any  of  the  given  expressions  is  o' ;  the  lowest 
power  of  5  is  6 ;  the  lowest  power  of  c  is  c* ;  and  d  is  not  a 
common  factor.     Therefore  the  required  H.  C.  F.  is  6  a^hc^. 

In  general,  the  H.  C  F,  of  two  or  more  monomials  is  obtained 
hy  multiplying  the  G.  C  M.  of  their  numerical  coefficients  by  the 
product  of  their  common  literal  factors,  each  to  tlie  lowest  power 
to  which  it  occurs  in  any  of  the  given  monomials. 

EXERCISES  XII. 

Find  the  H.  C.  F.  of  the  following  expressions : 
1.    ax^,  a^.  2.    15  a,  20  a»,  10  6,  6. 

8.   a^bx^,  ab^^,  a^b^,  4.  2  x*,  3  a*,  x»,  6  a*. 

6.  56  xy^,  70  7*y,  98  a*y».  6.   20  a^x^b,  40  ax»,  10  a^3fi, 

7.  20  0*62^  12  a*^  10  a^b,  8.   55  x^b^,  20  x^b^,  15  a'^b%  6  a*6*. 

9.    15aV»,  20a«x»-^  10  aa;"+S  SaV'+a,  26a«x». 
10.    ix^yy(x  +  zy,  ix-y)\x  +  zy, 

4.  Mttltinomial  Expressions. — The  method  of  finding  the 
H.  C.  F.  of  multinomials  by  factoring  is  similar  to  that  of  find- 
ing the  H.  C.  F.  of  monomials. 

Ex.  1.  The  expressions 

ic'-l  =  (x-l)(x-{-l), 

and  x'  +  x-2  =  (x-l)(x  +  2), 

have  only  the  common  factor  x  —  1.    This  is  their  H.  C.  F. 
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Ex.  2.  The  expressions 

=  4  a^(aj  +  2  y){x  +  y)(x  -  y), 

2a?V-2ay4-2a^-2a^  =  2a^(a^--ajy«  +  a^-3^ 

=  2ajy  (a  +  l){x  +  y)(x  -  y), 

have  the  common  factors  2  a^,  a?  -f-  y,  05  —  y. 

Therefore  their  H.  C.  F.  is 

2xy{X'\r  y)(x  -  y)  =  2  xy(a^  -  f). 

In  general,  i^e  H,  C,  F.  of  two  or  more  multinomial  eQcpre^- 
sions  is  the  product  of  their  common  factors,  each  to  the  lowest 
power  to  which  it  occurs  in  any  of  them, 

BXERCISES  XIII. 
Find  the  H.  C.  F.  of  the  following  expressions  : 
1.   a8  +  6«,  a»  -  62.  2.   8  -  «»,  a*  -  4. 

8.  3c*  ~  y*,  (x^  -  y^)*.  4.  x*  -  y*,  oa;  —  ay, 

6.  x2  +  scy,  x*  +  y6.  6.   x*  -  j^,  x^  -  y^, 

7.  x2  H-  xy,  x2  +  2  xy  +  y».  8.   a«  -  a6,  a^  -  2  ad  +  6«. 

9.  x2  -  1,  x2  +  2  X  4- 1.  10.   x8  -  1,  x2  +  X  +  1. 

11.   x»  +  27,  x2  +  6  X  +  9.  12.   x8  +  1,  x»  +  wx^  +  *»x  +  1. 

18.  xa+2xy+y2-a2,  2x+2y+2a.       14.   x*  +  Ox^  +  20,  x*  +  7x2  +  10. 
16.   3x8-8x2  +  4x,  x8-6xa+12x-8. 

16.  3  x2  -  ax  -  4  a2,  6  x^  -  17  ax  +  12  a«. 

17.  a*  +  2  a2  +  2  a  +  1,  a*  +  1. 

18.  x8-l,  x2-l,  (x-l)a. 

19.  x2  +  5  X  +  4,  x2  +  2  X  -  8,  x»  +  7  X  +  12. 

20.  x2  -  2  a2  -  ax,  x^  -  4  a^,  x^  -  6  a^  +  ox. 

21.  x2  -  2  X  -  3,  x*^  -  7  X  +  12,  a;2  -  x  -  6. 

22.  x8  -  y6^  3c4  +  xyi,  x8  +  2  xV*  +  y8. 

H.  C.  F.  by  Division. 

5.  A  Multiple  of  an  integral  algebraic  expression  is  an  ex- 
pression which  is  exactly  divisible  by  the  given  one. 

E.g.f  multiples  of  a  +  6  are  2  (a  -f  6),  (x  —  y)  (a  -f-  6),  etc. 
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€L  If  the  giren  exT«es>:c:js  cmac:  N?  rx^i^iily  facrotwi  ^h^it 
M.  C-  F.  can  be  ob-iiiaed  1:  j  ;i  s:e:hvxi  auiAlo^v^us  to  ih^t  u^od  iu 
-Ajithmedc  to  find  the  G.  C,  M.  of  numbers^ 

7.  The  expressions  whose  H.  C  F.  is  n?quiwd  shoxiUl  be 
suranged  to  powers  of  a  comnioa  letter  of  arrans^^nient^ 

If  one  of  ttro  erpir^-yms  b^  tfi>«>i"Ve  ¥ritKo^t  a  nrsitiiNi^r  ^t 
the  other,  urhidk  mn^  be  of  the  »ime  or  lofr^r  dK*jfyt  ih  th^  .Vfft^r 
€>f  arrangement,  then  the  tatter  i  the  din^^r^  is  the  r^inintxi  iL  C  h\ 
T'or  it  is  a  factor  of  the  other  expression. 

Bnt  if  the  one  expression  be  not  divisible  without  a  rem;ui>« 
der  by  the  other,  their  H.  C.  F.  is  found  by  applying  the 
following  principles: 

(L)  A  common  factor  of  two  intetjfrai  ahjtitraic  expressions  is 
€dso  a  factor  of  the  sum  or  the  difference  of  an  if  multiiiics  of  the 
expressions  (induding  simj^y  the  sum  or  the  difference  of  the 
esepressions), 

E.g,j  x  —  y  is  a  common  factor  of  oc^  — y*  and  JC*  — 2xy +  y*; 
also  of  (x*-y«)-(x»-2xy+y«)  =  -2y«+2jry=2(/(jr-y\ 

and  3(x*-y«)+2(x»-22y+y«)=5^-4xy-y«=(5x+yX'-y)- 
(ii.)  If  an  integral  algebraic  expression  be  divided  by  another 
(of  the  sam£  or  lower  degree  in  a  common  letter  of  anrtngement) 
and  if  there  be  a  remainder^  then  the  H,  C  F.  of  this  remainder 
arid  the  divisor  is  the  H,  C.  F,  of  the  given  expressions. 

E.g.,  the  H.  C.  F.  of 
aj*  -  lOicS  +  35aj«  -  50aj  +  24,  =  (aj  -  l)(aj  -  2)(aj  -  3)(aj  -  4),  (1) 
and  Q?-l7?^llx-6,  =(a;-l)(aj-l)(a;-6)  (2) 

is  a?  —  1.     The  remainder  obtained  by  dividing  (1)  by  (2)  is 

3aj»  -  12a;  4-  9,  =  3(0?  -  l)(a;  -  3).  (3) 

The  H.  C.  F.  of  this  remainder  and  the  divisor  (2)  is  evi- 
dently also  a;  - 1,  the  H.  C.  F.  of  (1)  and  (2). 

Notice  that  the  H.  C.  F.  of  the  remainder  and  the  dividend 
(1)  is  {x  -  V){x  -  3),  and  is  not  the  H.  C.  F.  of  (1)  and  (2). 
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(i.)  Let  El  and  E%  stand  for  the  two  expressions,  and  F  for  theii 
common  factor.     Then  we  are  to  prove  that  F  is  a  factor  of 

MEi  +  NE2, 

wherein  M  and  N  stand  for  two  numbers  or  integral  algebraic  expressions. 
Since  F  is  a  factor  of  Ei^  Ei  is  the  product  of  F  and  some  other 
expression,  say  Qi ;  or 

El  =  QiF,  (1) 

For  a  similar  resBon  E^  =  Q^F,  (2) 

Multiplying  both  members  of  (1)  by  Jf,  and  both  members  of  (2)  by 
N,  we  have,  by  Ch.  L,  §  1,  Art.  16  (iii.), 

ME^  =  MQiF,  and  NE2  =  NQ^F. 

Adding  corresponding  members,  of  the  last  equations,  we  have,  by  Ch.  I, 
§  1,  Art.  16  (i.), 

MEi  +  NE2  =  MQiF^  NQiFz^iMQi  +  NQ2)F. 

The  last  equation  shows  that  MEi  +  NE^  contains  F  as  a  factor,  the 
remaining  factor  being  MQi  +  NQ^- 

(ii.)  Let  El  and  E2  stand  for  two  integral  algebraic  expressions,  which 
have  a  common  factor,  and  let  ^1  be  of  the  same  or  higher  degree  than 
E2  in  some  letter  of  arrangement. 

Let  Q  be  the  quotient  and  B  the  remainder  of  dividing  Ei  by  Ei. 
Then,  by  Ch.  III.,  §  4,  Art.  13,  we  have 

El  =  QE2  +  B.  (1) 

By  (i.),  any  common  factor  of  B  and  E^i  and  therefore  their  H.  C.  F., 
is  also  a  factor  of  QE2  +  B ;  that  is,  of  Ei.  Transferring  QE2  to  the 
first  member  of  (1),  we  obtain 

El  -  QE2  =  B.  (2) 

From  the  last  equation  we  infer  that  any  common  factor  of  Ei  and  ^2, 
and  therefore  their  H.  C.  F.,  is  also  a  factor  of  Ei  —  QEo  ;  that  is,  of  B. 

If  now  the  H.  C.  F.  of  Ei  and  E2  be  not  the  H.  C.  F.  of  i?  and  Es,' 
then  E2  must  have  in  common  with  B  some  factor  of  higher  degree  than 
is  contained  in  Ei.  But  this  contradicts  the  first  part  of  the  proof,  that 
the  H.  C.  F.  of  B  and  E2  is  also  a  factor  of  Ei, 

8.  The  following  example  will  illustrate  the  method  of 
applying  the  principles  of  Art.  7 : 

Ex.   Find  the  H.  C.  F.  of  or^  -  3  a;  +  2,  (1) 

and  aJ»_4iB2^_4aj-l.  (2) 
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a»-3a;-|-2 


a;-l 


Dividing  (2)  by  (1),  we  have 

aj8_4iB2-f-4a;-l 

-a^  +  Sx-2 
—  a  +  l 
By  Art.  7  (ii.),  the  H.  0.  F.  of  (1)  and  (2)  is  the  H.  C.  F.  of 
«*  —  3  a;  +  2  and  the  remainder  —  a?  +  1. 

"We  change  the  sign  of  this  remainder,  since,  if  a*  —  3  a?  +  2  is 
divisible  by  —  a;  -f- 1,  it  is  divisible  by  a;  —  1,  =  —  (—  aj  + 1). 

We  now  have  a^  —  3  a;  +  2  I  a;  — 1 

»^—    X  aj  — 2 


^2x-j-2 
-2x^-2 


Since  the  remainder  of  this  division  is  0,  the  divisor  a?  —  1 
(^.6.,  the  remainder  of  the  first  division)  is  the  H.C.F.  of  itself 
and  (1),  and  therefore  of  (1)  and  (2). 

This  work  can  be  arranged  more  compactly  thus : 


a!»-3a!  +  2)a!»-4a^  +  4a!-l(x-l 
sr'  — 3a!'  +  2a5 

_aJ  +  3a,_2 

X(-l)|-x  +  l 

x-l)a:?-3«  +  2(a!- 

-2 

-2x 

-2a!  +  2 

The  divisor  is,  for  convenience,  placed  on  the  left  of  the 
dividend,  and  the  quotient  on  the  right. 

9.   The  following  principle  will  frequently  simplify  the  work 
of  finding  the  H.  C.  F.  of  two  expressions : 
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Either  of  the  ea^essions  may  be  multiplied  or  divided  by  aivj 
number  which  is  not  already  a  factor  of  the  oilier  expression. 

For  a  factor  introduced  by  multiplication  into  one  expression 
will  not  be  common  to  both  of  them,  and  therefore  will  not  be 
introduced  into  their  H.  C.  F. 

In  like  manner,  the  factor  removed  by  division  from  one 
expression  was  not  common  to  both  of  them,  and  therefore 
would  not  have  been  a  factor  of  their  H.  C.  F. 

Ex.  1.  Find  the  H.  C.  F.  of 

=  2a?yX^- 6a^  + 6ic2- 3aj -+ 2), 

6a^y- 15icV  +  21  a^2^  -  12ar^ 
=  3a^y(2iB8_5aJJ  +  7aj-4). 

We  set  aside  xy,  the  H.  C.  F.  of  2  a^  and  Saj'y,  as  a  factor  of 
the  required  H.  C.  F.,  and  find  the  H.  C.  F.  of  the  remaining 
factors  by  division. 

The  first  of  these  expressions  cannot  be  divided  by  the 
second  without  introducing  fractional  coefficients.  To  avoid 
these  we  multiply  the  first  by  2,  since  2  is  not  a  fou^or  of  tk 
other  expression, 

2x8-6x2+7x-4)2x*-12x8+12x2~  6x+4(x+7 
2x*-6x8+  7x2-  4x 


2d  divisor, 


3d  divisor, 


x(-2)L: 

-7x8+  5a.2_ 

-  2x+  4 

% 

14x8- 

-10x2+  4x-  8 

14x8- 

-36x2+49x-28 

^5 

|25x2- 

-45X+20 

6x2- 

-  9x+  4)10x8- 

-25x2+  35  X- 

-  20(2 

x-7 

10x8. 

-18x2+     8x 

X5L: 

-  7x2+  27 X- 
-35x2+135x- 
-35x2+  63x- 

+72|72x- 

X- 

-  20 
-100 

-  28 

-  72 
-1)6x2- 

6x2- 

-9x+4(5i' 
-6x 
-4a; 
-4a;+4 
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1?o  avoid  fractional  coefficients,  we  multiply  the  partial 
remainder  of  the  first  division  by  —  2,  divide  the  remainder  of 
'tlie  first  division  by  5.  In  beginning  the  second  stage  of  the 
^v'ork,  the  dividend  is  the  first  divisor  multiplied  by  5.  To 
avoid  fractional  coefficients,  we  multiply  the  partial  remainder 
of  the  second  division  by  5,  and  divide  the  remainder  of  the 
second  division  by  72.     The  required  H.  C.  F.  is  acy  («--l). 

Ex.2.  Find  the  H.  C.  F.  of 

aj*_10a^  +  35a*-50«  +  24  (1) 

and  ar»-7x*+llaj-5.  (2) 

We  have : 
1st  divisor,  «»-7««+llx-6)x*-10x8+36a;«-60a5+24(x-3 

-  3x«+24xa-46x 
~  3x»-t-21x2-33x+15 
-i-  3         |3xg--12x-t-  9 
x2-  4x+  3 

The  remainder  sc*  —  4aj  +  3,  =(a5  —  l)(x  —  3),  is  readily  fac- 
tored. 

Dividing  ar'  —  7  oj?  -f- 11  a?  —  6  by  a  —  1,  we  have 
aJJ  __  7aj»  -f  11  a;  _  6  =  (aj  -  l)(aj»  -6x-h5)  =  (x^  l)Xx  -  5). 

The  H.  C.  F.  of  the  first  remainder  and  (2),  and  therefore 
the  required  H.  C.  F.,  is  aj  —  1. 

XO.  The  examples  worked  in  the  preceding  articles  illustrate 
the  following  method  of  finding  the  H.  C.  F.  of  two  expressions : 

(i.)  Remove  from  the  given  expressions  any  monomial  factor Sy 
and  set  a^ide  their  H,  C,  F,  as  a  factor  of  the  required  H.  C,  F, 

(ii.)  Divide  the  expression  of  higher  degree  in  a  common  letter 
of  arrangemefU  by  the  one  of  lower  degree;  if  the  expressions 
be  of  the  same  degree,  either  may  be  taken  as  the  first  divisor, 

(iii.)  Divide  the  first  divisor  by  the  first  remainder ,  the  first 
remainder  {second  divisor)  by  the  second  remainder,  and  so  on, 
until  a  remaindei'  0  is  obtained.  The  last  divisor  will  be  the 
required  H,  C.  F. 
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If  a  remainder  which  does  not  contain  the  letter  of  arrange- 
ment, and  which  is  not  0,  is  obtained,  the  given  expressions  do 
not  have  a  H.  C.  F,  in  this  letter  of  arrangement. 

(iv.)  At  any  stage  of  the  work  the  dividend  may  be  mvltiplied 
by  any  number  which  is  not  a  factor  of  the  corresponding  divisor: 
or  the  divisor  may  be  divided  by  any  number  which  is  not  a 
factor  of  the  corresponding  dividend. 

(v.)  If  the  divisor  and  dividend  ai  any  stage  of  the  work  can 
be  factored  readily,  it  is  better  to  find  their  H,  (7.  F.  by  factoring 
than  by  continuing  the  method  of  division, 

11.  To  find  the  H.  C.  F.  of  three  or  more  integral  algebraic 
expressions  find  the  H.  C.  F.  of  any  two  of  them,  next  the 
H.  C.  F.  of  that  H.  C.  F.  and  the  third  expression,  and  so  on. 

For  any  common  factor  of  three  or  more  expressions,  and 
hence  their  H.  C.  F.,  must  be  a  factor  of  the  H.  C.  F.  of  any 
two  of  them. 

EXERCISES  XIV. 
Find  the  H.  C.  F.  of  the  following  expressions : 

1.  aj8  +  4  a:  -  6,  x8  -  2  a;2  +  6  X  -  5. 

2.  2  x8  +  3  x2  _  x  -  12,  6  x8  -  17  x2  +  2  X  4- 16. 

3.  x8-3x2  +  4,  x8-2x2-4x+8. 

4.  x2-3x-f  2,  x4-6x2  +  8x-3. 

5.  2x2  +  3x-2,  4x8+16x2-19x  +  5. 

6.  x8-3x2  +  4,  3x8-18x24-36x-24. 

7.  x*  —  (a  4-  6  -  c)  x2  +  (a6  —  ac  —  6c)  x  +  abc, 
x^  —  (a  —  6  +  c)  x^  +  (ac  —  a6  —  6c)  x  +  abc, 

8.  x8  +  x2-5x  +  3,  2x8  +  7x2-9. 

9.  3x8-8x2-36x  +  6,  Ox*  -  50x2  +  27x  -  10. 

10.  4  x8y8  _  3  xV  -  4  xy  +  3,  6  xV  +  8  xV  -|-  xy  -  14. 

11.  x8  -  3  xy2  -2y^,  2  x*  -  6  x^  -xy^  +  Q  y^, 

12.  a«  -  a2  -  6  a  +  2,  3  a8  -  a2  -  8  a  +  12. 

13.  14x8-41  x^y  +  17  xy'^  -by^,  10x8  -  31  x2y  +  23xy2  _  20y8. 

14.  x8  +  2  x2  +  2  X  H-  1,  x8  -  4  x2  -  4  X  -  6. 

16.   30x8-26ax2  4-8a2x  -a8,  18 x8  -  24  ax2  +  15 a^x  -  3 a«. 
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16.  36a«  +  9a8  -  27  a*  -  ISa^  27  a^b^  -9a^b^  -  18a*6«. 

17.  3jc5«10{b»  +  16x  +  8,  a*  _2x* -Ox*  +  4x2+ 13x +  6. 

18.  2x8-3x2-8x-3,  2x*-9x»+13x«--23x-16. 

19.  2a8x8-7a2x2  +  llax-15,  2 a*x*  -  7 a»x8  +  8 a^x^  -  12 ax  -  9. 

20.  x6  +  x8-8xa-8,  x*-2x8  +  x2-2x. 

21.  x8-4x  +  3,  2x8  +  x2-7x+4,  x'-2x»  +  l. 

22.  2x«  +  5x2-4x-10,  2x8  +  Sx*  +  2x  +  6,  2x»  +  7x2  +  7x  +  5. 

23.  2x*  4- 6x8  4- 4x2,  3x8  +  9x2  +  9x  +  6,  3x8  +  8x2  +  6x+ 2. 

24.  x8-3x2-4x+12,  x8-7x2  +  16x-12,  2x8  ~  9x2  +  7x  + 6. 
26.   2x*-x8+3x2  +  x+4,  2x*-3x8-2x2  +  9x~12, 

4x*  -  16x8  +  25x2  -  23x  +  4. 

X2.  The  words  Highest  Common  Factor  in  Algebra  refer  to  the 
degree  of  the  common  factor.    Thus,  the  H.  C.  F.  of 

x8  -  2x2  -  X  +  2  =(x2  -  l)(x  -  2), 
and  x'-4x2-x  +  4=(x2-l)(x-4)      ■ 

is  evidently  x2  --  1. 

That  factor  is  of  higher  degree  in  x  than  any  other  common  factor, 
as  a;  —  1,  x  +  1. 

The  words  Greatest  Common  Measure  refer  to  the  greatest  numerical 
common  measure  when  particular  numerical  values  are  substituted  for 
the  letters. 

If  we  substitute  6  for  x  in  the  above  expressions,  we  have 

3c8  -  2x2  -  X  +  2  =(x2  -  l)(x  -  2)=  36  X  4  =  140, 

and  x8  -  4x2  -  x  +  4  =(x2  -  l)(x  -  4)  =  36  x  2  =  70. 

The  arithmetical  G.  C.  M.  of  70  and  140  is  evidently  70. 
Now  notice  that  when  x  =  6,  the  G.  C.  M.  of  the  expressions  is  not  the 
same  in  numerical  value  as  the  H.  C.  F.  ;  for  when  x  =  6, 

x2  -  1  =  35,  not  70. 

The  reason  for  this  is  that  while  x  —  2  and  x  —  4  do  not  have  an 
algebraic  common  factor,  their  numerical  values  for  particular  values 
of  X  may  have  a  common  numerical  factor. 

Thus,  when  x  =  6,  x  —  2  and  x  —  4  have  the  values  4  and  2,  respectively, 
and  therefore  have  the  common  factor  2. 

The  words  Greatest  Common  Measure  should  not  therefore  be  used 
in  the  same  sense  as  the  words  Highest  Common  Factor, 
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13«   The  following  principles  will  be  of  use  in  subsequent  work : 
(i.)  In  the  process  for  finding  the  anthmetical  G.C.  M.  of  two  integen, 
M  and  N,  the  remainder  at  any  stage  of  the  work  can  he  expressed  in  tk 

form 

±{mM^nN)y 

wherein  m  and  n  are  positive  integers^  and  the  upper  sign  goes  \mth  tht 
firsts  third,  etc.,  remainders,  and  the  lower  sign  with  the  second,  fourth,  ek. 

Let  M  be  greater  than  N.     Then,  in  the  process  for   finding  the 
G.  C.  M.,  let  Qi  be  the  quotient  and  Bi  the  remainder  of  the  first  division,    i 
Qi  and  B^  the  quotient  and  the  remainder,  respectively,  of  the  second 
division,  and  so  on.    It  is  to  be  kept  in  mind  that  the  Q's  and  the  B'a  are    I 
positive  integers.  ! 

Then,  by  Ch.  III.,  §  4,  Art.  13,  we  have  i 

M=  QiN-h  Bi  (1),       N=  Q2B1  +  i?2  (2)       Bi  =  QzB^  4-  ^8  (3),  ete.    | 

Then,  from  (1):        Bi  =  M-  QiN;  (4) 

from  (2):       J?a  =  -  ^2^1  +  iV  I 

substituting  the  value  of  Bi  from  (4)  ' 

=  -[C8if-(CiC2  +  l)iVr];  (5) 

from  (3) :       ^8  =  -  §8-^2  +  Bi  ' 

^QnlQ2M-(QiQ2-hl)N:\+M--QiJSr 
=  (.Q2Qs  +  l)M-(QiQ2Qi'\-Qi  +  Qz)l^.    (6)    ' 

In  like  manner,  the  value  of  each  succeeding  remainder,  in  terms  of  Jf 
and  iV,  can  be  derived. 

In  (4),  m  =  1,  n  =  Qi ;  in  (6)  w  =  ^2,  »  =  Q1Q2  +  1,  and  so  on. 

(ii.)  If  M  and  N  be  two  positive  integers,  prime  to  each  other,  then  two 

positive  integers,  m  and  n,  can  be  found,  such  that  I 

mM-nN  =  ±l,  ' 

Since  itf"and  iVare  prime  to  each  other,  1  is  their  G.  C.  M.    Therefore, 

the  next  to  the  last  remainder  will  be  1  (the  last  being  0).    Consequently;     ' 

by  (i.)  two  positive  integers,  m  and  n,  can  be  found  such  that 

±(mM-  n7V)=  1 ;  or  mM-  nN=±  1.  ' 

(iii.)  If  M  and  JV  be  two  positive  integers,  prime  to  each  other,  then 
any  common  factor  of  M  and  NB  must  be  a  factor  of  B. 

For  by  (ii.) ,  mM  -  wiV  =  ±  1 . 

Therefore,  mMB  -  nNB  =±B,  or  mB  -M-n*  NB  =  ±  JB. 

Since,  by  Art.  7  (i.),  any  common  factor  of  M  and  NB  is  a  factor  of 
mB  'M—  n-  NB,  the  last  equation  shows  that  this  factor  is  a  factor  of  B. 
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The  following  principles  follow  directly  from  (iii.)- 

(i  V. )    If  M  he  a  factor  of  NB  and  he  prime  to  Ny  it  is  a  factor  of  B. 

(v.)   If  M  he  prime  to  7?,  S,  etc.,  it  is  prime  to  BS  •••. 

(vi. )  If  each  of  the  integers  3/,  JV,  P  he  prime  to  each  of  the  integers 
B,  S,  T,  then  MJ^P  is  prime  to  B8T. 

(vii.)  If  M  he  prime  to  N,  then  Mp  is  prime  to  Np,  wherein  p  is  a 
positive  integer. 

§3.    LOWEST  COMMON  MULTIPLES. 

1.  The  Lowest  Common  Multiple  (L.  C.  M.)  of  two  or  more 
integral  algebraic  expressions  is  the  integral  expression  of 
lowest  degree  which  is  exactly  divisible  by  each  of  them. 

E.g.y  the  L.  C.  M.  of  aa^,  ba^,  and  (%c*  is  evidently  abcx^. 

L.  C.  M.  by  Factoring. 

2.  Ex.  1.  Find  the  L.  C.  M.  of  a^b,  d?b<^,  and  a6V. 

The  expression  of  lowest  degree  which  is  exactly  divisible 
by  each  of  the  given  expressions  cannot  contain  a  lower  power 
of  a  than  a^  a  lower  power  of  b  than  6*,  and  a  lower  power  of 
c  than  c*.     Therefore,  the  required  L.  C.  M.  is  o?bh\ 

Observe  that  the  power  of  each  letter  in  the  L.  C.  M.  is  the 
highest  power  to  which  it  occurs  in  any  of  the  given  expres- 
sions. If  the  expressions  contain  numerical  factors,  the 
L.  C.  M.  of  these  factors  should  be  found  as  in  Arithmetic. 

Ex.  2.  Find  the  L.  C.  M.  of 

3a6*,  6  6(aj-|-2/)«,  and  4.a^b{x^y){X'\-y). 

The  L.  C.  M.  of  the  numerical  coefficients  is  12. 

The  highest  power  of  a  in  any  of  the  expressions  is  a*,*  of 
6  is  ft' ;  oi  x-\-y  is  (a?  -|-  y)* ;  and  of  x  —  y  is  x  —  y. 

Consequently  the  required  L.  C.  M.  is  12  a%\x  +  yy{x  —  y). 

In  general,  the  L.  C.  M.  of  two  or  more  expressions  is  obtained 
by  multiplying  the  L.  C.  M.  of  their  nutnerical  coefficients  by  the 
product  of  aU  the  different  prime  factors  of  the  expressions,  eajch 
to  the  highest  power  to  which  it  occurs  in  any  of  them. 
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EXBBCISES  XV. 
Find  the  L.  C.  M.  of  the  following  expressions : 

1.  2  a,  36.  2.  4a»6,  2ab^,  ^ax. 

8.  4a6,  2a262,  12a«6.  4.   14  a',  21  a^,  6&,  7  a. 

5.  la^b,  3a86x,  2a6,  2  ah*.  6.  7a«m2,  21re2m8,  343  xni. 

7.  12  a«62a;,  ISicVft,  36a6«a;.  8.  Sa^a:*,  30a8a:8,  4a2x*,  10  oi. 

9.  20a2a;^  ISa^x"-*,  10ax2«+i.  10.  5x+ll,  10a;-33. 
11.  a  +  1,  a  -  1,  a.  18.  a  +  6,  a^  +  2a6  +  &^. 
18.  x  +  1,  x2-2x~3.  14.  a  +  x,  a^-x^. 

18.  X  -  6,  x2  -  3x  -  10.  16.   3 X  -  3,  a2  -  2  ox  +  xK 

17.  8a2  +  i6a,  a»  +  4a2  +  4a,  a\ 

18.  a2-6^  4a +  46,  a^  -  6*  -  3a26  +  3a62. 

19.  X  +  1,  xa  -  1,  x8  -  1.  80.   a«  -  x»,  a^  -  x«,  x  -  «. 
21.  x2  -  y2,  (X  -  y)2,  x*  -  y».  82.   x  -  a,  a^  -  x^,  x*  -  a*. 
23.  1  -  2x,  4x2  -  1,  1  +  4x2.          24.   1  -  x,  x^  -  1,  x  -  2,  x^-i 
26.  4(1  -  x)2,  8(1  -  X),  8(1  +  X),  4(1  -  x2). 

26.  9  a*62  -  4  c^d^,  9  a<62  -  12  a26cd2  +  4  c^d*. 

27.  3x2  -  5x  +  2,  4x«  -  4  x2  -  a:  +  1. 

28.  x2  -  4a2,  x8  +  2ax2  +  4a2x  +  8a8,  x*  -  2ax2  +  4a2x  -  8a«. 

29.  Q{a^  -  6«)(a  -  6)*,  9(a*  -  6*) (a  -  6)*,  12(a2  -  62). 

Lowest  Common  Multiple  by  Means  of  H.  C.  F. 

3.  If  the  given  expressions  cannot  be  readily  factored,  their 
L.  C.  M.  can  be  obtained  by  first  finding  their  H.  C.  F. 

Ex.   Find  the  L.  C.  M.  of 

Q^-27?-2oi^y-^i:xyJt-x-2y  and  a^ -2x^y-\-xf-2f. 

The  H.  C.  F.  of  these  expressions  is  found  to  be  a?  —  2  y. 

Consequently  the  other  factors  of  the  given  expressions  can 
be  found  by  dividing  each  of  them  by  their  H.  C.  F.    We  have 

aj3  _  2a?  -  2a^y  +  4a^  +  0?  -  2y  =  (a?  -  2y)(a' -  2aj -f  1> 
a^-2a^y  +  xy'^2f  =  (x^2y)(a^-\-f). 

From  the  definition  of  the  H.  C.  F.  we  know  that  these  sec- 
ond factors,  oj*  —  2  a?  +  1  and  a^  -f-  y*,  have  no  common  faxjtor, 
and  therefore  that  the  L.  C.  M.  of  the  given  expressions  must 
contain  both  of  them  as  factors. 
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Consequently  the  required  L.  C.  M.  is 

4.  The  example  of  Art.  3  illustrates  the  following  principle : 
The  L.  C.  M,  of  two  integral  algebraic  expressions  is  the  prod- 

-ttct  of  their  H,  C.  F,  by  the  remaining  factors  of  the  expressions. 

Let  El  and  E2  stand  for  the  two  expressions,  and  let  F  stand  for  their 
H.  C.  F. 

Then  Ei  =  FQi  and  E2  =  FQ2, 

^w^herein  Qi  and  Q2  are  the  remaining  factors  of  Ei  and  Ei,  respectively. 

Since  Qi  and  Q2  have  no  common  factor,  the  expression  of  lowest 
degree  which  is  exactly  divisible  by  FQi  and  FQ2  must  be  FQ1Q2. 

5.  To  find  the  L.  C.  M.  of  three  or  more  integral  algebraic 
expressions,  find  the  L.  C.  M.  of  any  two  of  them ;  next,  the 
Xi.  C.  M.  of  a  third  and  the  L.  C.  M.  already  found,  and  so  on. 

Let  El,  Ezt  Eb  stand  for  three  integral  algebraic  expressions,  and  let 
Ml  stand  for  the  L.  C.  M.  of  Ei  and  ^2,  and  M2  for  the  L.  C.  M.  of  Mi  and 
^3.  Then  M2  is  the  expression  of  lowest  degree  which  is  exactly  divisible 
by  Ml  and  ^s  ;  but  Mi  is  the  expression  of  lowest  degree  which  is  exactly 
divisible  by  Ei  and  E2>  Hence  M2  is  the  expression  of  lowest  degree 
which  is  exactly  divisible  by  Ei,  E2,  Es. 

EXERCISES  XVI. 
Find  the  H.  C.  F.  and  L.  C.  M.  of  the  following  expressions : 
1.   «»  -  «,  ic8  -  1.  2.  a:2  -  1,  x«  +  1. 

8.  a:8-3x  +  2,  ic8  +  2a;«-x-2.      4.  x^-\-x-2,  afi  +  2x^  +  2x+l. 
6.  2x8~17x2+19x~4,  3x«-20x2-10x  +  27. 

6.  6  x8  -  x2  +  11  a;  +  4,  3  x8  +  13  x2  +  X  -  3. 

7.  x8--6xa  +  9x-9,  x*  -  4x2  +  12x  -  9. 

8.  x8-x2-.9x  +  9,  x*-4x2+  12X-9. 

9.  14x«-17x2  +  llx-3,  6x*-3x»  +  4x2-l. 

10.  2x*-.3x«  +  4x2-5x~4,  2x*-x8  +  x-12. 

11.  4x8~8x2  +  5x-3,  2x*-3x84-6x2-3x  +  2. 

12.  4x*-8x8-3x2  +  7x-2,  3x8-11x2  +  2x4-16. 

13.  x8~6x2+llx~6,  x«-9x2  +  26x-24,  x^  ~  8x2  +  19x  -  12. 

14.  x8-5x2  +  9x-9,  x8-x2-9x  +  9,  x* -4x2  +  12x  -  9. 
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Relation  between  H.  C.  F.  and  L.  C.  M. 

6.   The  following  example  illustrates  an  important  relation  between 
the  H.  C.  F.  and  the  L.  C.  M.  of  two  integral  algebraic  expressiona 
Ex.  The  H.  C.  F.  of 

and  xa_i=(a;-l)(a;  +  l) 

is  (x  -  1). 

The  L.  C.  M.  of  the  same  expressions  is 

(x-l)(x  +  l)(x2  +  x+l). 

The  product  of  the  two  given  expressions  is 

(X  -  l)(x  -  l)(x  +  l)(x3  +  X  +  1)  =  (H.  C.  F.)  X  (L.  C.  M.). 

This  example  illustrates  the  principle : 

Tke  product  of  two  integral  algebraic  expressions  is  equal  to  the  product 
of  their  H,  C.  F.  and  their  L.  C.  M. 

Let  El  and  E^  stand  for  two  integral  algebraic  expressions,  and  let  F 
stand  for  their  H.  C.  F.  and  M  for  their  L.  C.  M. 

Then  Ei  =  QiF  and  E2  =  Q2F, 

wherein,  as  before,  Q\  and  Q2  stand  for  the  remaining  factors  of  Ei  and 
^2,  respectively.    The  L.  C.  M.  of  the  two  expressions  is  QxQ^F. 

But  the  product  of  the  two  expressions  is 

QiFq2F  =  {QiQ2F)F  =  M^F. 

It  follows  from  this  principle  that  the  L.  C.  M.  of  two  integral  algebraic 
expressions  can  be  found  by  dividing  their  product  by  their  H.  C.  F. 

§4.     SOLUTION  OF  EQUATIONS  BY  FACTORING, 
1.  The  roots  of  the  equation 

(a._l)(a._2)=:0  (1) 

are  evidently  1  and  2.     For  1  reduces  the  first  member  to 
0  X  (—  1),  =  0 ;  and  2  reduces  the  first  member  to  1  x  0,  =0. 
Therefore  equation  (1)  is  equivalent  to  the  equations 
a?  —  1  =  0  and  a?  —  2  =  0,  jointly. 
This  example  illustrates  the  following  principle : 
If  all  the  terms  of  an  integral  equation  be  transferred  to  the 
first  member,  and  if  this  first  member  be  factored,  the  given  equa- 
tion is  equivalent  to  the  set  of  equations  obtained  by  equating  to  0 
each  factor  of  its  first  member. 
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I.et  Px  QxE  =  0  (1) 

be  the  given  equation.  Then  we  are  to  prove  that  the  equation  is  equiva- 
lent to  the  set  of  equations 

P  =  0,    e  =  0,   i?  =  0.  (2) 

For  any  solution  of  (1)  must  reduce  P  x  ^  x  2?  to  0,  and,  therefore,  by 
Ch.  III.,  §  3,  Art.  18,  either  P,  or  Q,  or  1?  to  0.  That  is,  every  solution 
of  (1)  is  a  solution  of  one  of  equations  (2). 

Any  solution  of  P  =  0  must  reduce  P  to  0,  and,  therefore,  by  Ch.  III., 
§  3,  Art.  16,  Px  Qx  BtoO. 

That  is,  every  solution  of  P  =  0  is  a  solution  of  P  x  Q  x  iJ  =  0. 

In  like  manner,  it  can  be  shown  that  the  solutions  of  Q  =  0  and  J2  =  0 
are  solutions  of  (1). 

Ex.     Solve  the  equation  x(x  —  2)(x-\-5)  =  0. 

The  given  equation  is  equivalent  to  the  equations 

x  =  Oy  aj-2  =  0,  and  aj-h5  =  0. 

The  roots  are  therefore  0,  2,  and  --  5. 

EXERCISES  XVII. 
Solve  the  following  equations : 

1.  a;(aj~l)=0.  2.  5y(y+ll)  =  0.. 

3.  (a;  +  2)(2a;-3)  =  0.  4.    (5x  +  4)(9  -  3x)  =  0. 

6.  fl;(x-6)(3-2x)  =  0.  6.  5a;(6x  -  7)(2  -  4a;)  =  0. 

7.  x^-6x  +  6  =  0.  8.   10x2 +  7x- 12=0. 
9.  x8  +  6x2  -  16x  =  0.  10.  x8  -  3x2  -  lOx  =  0. 

11.   (x2-4)(x2-9)  =  0.  12.   (9x2-25)(12-6x-2x2)  =  0. 

2.  The  expression  (x  —  l)(x  —  2)  reduces  to  0  for  x  =  1  and  x  =  2, 
and  the  expression  (x  —  6)  (x  +  4)  reduces  to  0  for  x  =  6  and  x  =  —  4. 

Observe  that. the  two  expressions  do  not  have  a  common  factor,  and 
do  not  reduce  to  0  for  the  same  values  of  x.  This  example  illustrates  the 
following  principle  : 

If  two  expressions  in  one  and  the  same  unknown  number  do  not  have 
a  common  factor,  they  cannot  reduce  to  0  for  the  same  value  of  the  un- 
known number. 

Let  El  and  E2  be  two  integral  expressions  in  x  which  do  not  have  a 
common  factor.  Then  we  are  to  prove  that  Ei  and  E%  cannot  reduce  to  0 
for  the  same  value  of  x. 

For  if  El  and  E2  do  reduce  to  0  for  the  same  value  of  x,  say  a,  they 
must  both  be  divisible  by  x  —  a  without  a  remainder  (Ch.  VI.,  §  2,  Art.  4). 
That  is,  X  —  o  must  be  a  factor  of  both  expressions.  But  this  contradicts 
the  hypothesis  that  Ei  and  E2  do  not  have  a  common  factor. 
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FRACTIONS. 

1.  The  quotient  of  a  division  can  be  expressed  as  an  integer 
or  an  integral  expression  only  when  the  dividend  is  a  multiple 
of  the  divisor ;  as  a*6  -s-  a6  =  a ;  (oo*  -\-  2  bx)  -^  x  =  clx  -]'  2  b. 

If  the  dividend  be  not  a  multiple  of  the  divisor,  the  quotient 
is  called  a  Fraction ;  as  a  -^  & ;   (ox*  +  2  6aj)  -*-  «*. 

2.  The  notation  for  a  fraction  in  Algebra  is  the  same  as  in 
ordinary  Arithmetic. 

Thus,  (aar»  +  2  6a;)  -^  «8  jg  written  ^^  ^^  ^^' 

The  Solidus,  /,  is  frequently  used  instead  of  the  horizontal 
line  to  denote  a  fraction ;  as  {a^  +  hx)/a?  for  — ^ — 

3.  As  in  Arithmetic,  the  dividend  is  called  the  Numerator  of 
the  fraction,  the  divisor  the  Denominator,  and  the  two  are  called 
the  Terms  of  the  fraction. 

4.  An  integer  or  an  integral  expression  can  be  written  in  a 
fractional  form  with  a  denominator  1. 

E.g.,  7  =  1,    a  +  b=^^. 

It  is  important  to  notice  that  an  algebraic  fraction  may  be 
arithmetically  integral  for  certain  values  of  its  terms. 

E.g.,  when  a  =  4  and  6  =  2,  the  fraction  a/b  becomes  4/2  =  2. 

5.  By  the  definition  of  a  fraction,  a/b  is  a  number  which, 
multiplied  by  6,  becomes  a ;  that  is, 

(a/b)  X  6  =  a,  or  f  X  6  =  a  (1) 

0 
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6-   The  Sign  of  a  Fraction.  —  The  sign  of  a  fraction  is  written 
before  the  line  separating  its  numerator  from  its  denominator ; 

Since  a  fraction  is  a  quotient,  the  sign  of  a  fraction  is  deter- 
mined by  the  rule  of  signs  in  division. 

-f6"""^6'    ^b"      b'    -b  6'    +6""     6* 

7.   From  the  rule  of  signs  we  derive : 

(i.)  If  the  signs  of  the  numerator  and  the  denominator  of  a 
fraction  be  reversed,  the  sign  of  the  fraction  is  unchanged, 

Ea  Izl^JL.       X     ^  --X 

'^''  3        -3'  aj-l     1-x 

This  step  is  equivalent  to  multiplying  or  dividing  both  terms 
of  the  fraction  by  —  1. 

(ii.)  If  the  sign  of  either  the  numerator  or  the  denominator 
of  a  fraction  be  reversed,  the  sign  of  the  fraction  is  reversed; 
and  conversely, 

w         7_      —7,     —X  _         a?     .       x  —  a_x  —  a 
*^*'    3"^        3   '  oj-l""     x-l'       b-x^x^-b 

(iii.)  If  the  signs  of  an  even  number  of  factors  in  the  numeror 
tor  and  deyiominator,  either  or  both,  of  a  fraction  be  reversed,  the 
sign  of  the  fra^^tion  is  unchanged;  but,  if  the  signs  of  an  odd 
number  of  factors  be  reversed,  the  sign  of  the  fraction  is  reversed. 

E.g., 


(a  _  6)  (6  -  c)  (c  -  a)          (a  -  6)  (ft  -  c)  (a  -  c) 
x  —  a 

(6  —  a)(b  —  c)  (a  —  c) 
a  —  x 

(a  —  b)(p  —  c)  (a  —  c) 

8.  Observe  that  the  sign  of  a  fraction  affects  each  term  of 
the  numerator  (or  each  term  of  the  denominator);  or,  the 
dividing  line  between  the  numerator  and  the  denominator  has 
the  same  effect  as  parentheses. 
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_  — g  +  ft  --  c 
d 

EXEBCISBS  I. 

Change  each  of  the  following  fractions  into  an  equivalent  fraction  with 
sign  reversed,  leaving  the  denominator  unchanged : 

Change  each  of  the  following  pairs  of  fractions  into  two  equivalent 
fractions  whose  denominators  are  equal : 

4 a_^  _J 5    __1 1 

a^  —  l*!  —  a^  a-^-h  —  cc— a  —  h 

Change  each  of  the  following  pairs  of  fractions  into  two  equivalent 
fractions  whose  denominators  have  a  common  factor : 
6  X  -  q  6  —  X 

(x  —  6)  (x  —  c)     (a  —  x)  (c  —  x) 

7. 


(a  -  6)(a  -  c)(x  -  c)     (6  —  c)(c  -  o)(x  —  6) 

Classification  of  Fractions. 
•  9.  A  Proper  Fraction  is  one  whose  numerator  is  of  lower 
degree  than  its  denominator  in  a  common  letter  of  arrange- 
ment. 

^'  aj  +  l     aj«  +  2aj-l 

An  Improper  Fraction  is  one  whose  numerator  is  of  the  same 
or  of  a  higher  degree  than  its  denominator  in  a  common  letter 
of  arrangement. 

A  Fractional  Expression  is  an  expression  which  has  one  or 
more  fractional  terms. 

E.g.,  a-{--,    ax -{-by ; — ,    — -{. 

c  ^      x-\-y    a-\-h 

If  both  integral  and  fractional  terms  occur  in  an  expression, 

it  is  sometimes  called  a  Mixed  Expression. 
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An  improper  fraction  can  be  reduced  to  a  mixed  expression. 
Thus,  if  a^  +  ar*-4«4-3  be  divided  by  a^4-2a;~l,  the 

quotient  wili  be  a;  —  1,  and  the  remainder  —x  +  2.    Therefore, 

by  Gh.  III.,  §  4,  Art.  9, 

a^-^2x-l  ■*"a^H-2ic-l  x'-\-2x-l 

EXEBOI8B8   II. 
Reduce  each  of  the  following  f ractiouB  to  equivalent  fractional  expres- 
sions, containing  only  proper  fractions : 

^     x^-\-x^-\  2    x^-x-1  J    lOa^-Sa  +  4 


5oa 
^     6a8-9a^6  +  56        ^    g^  -f  z  -  xy  ^    a^-h^-a 

3a  '        x—y  '       a—b 

^     9a;g-9a;-}-3  g    2  x^  +  z  -  6  ^    21  a;^ -}- 20  x  -  1 

x-1        '  '         x+1      *  3x+2        * 

^Q     m^-n^-1         jj    x8-3xg+2x~3         ^g    mg-mn^-w^yi+ng-f  1 


w— ri  X— 1  m^n 

=  -3x-14  ^^    4  x'-f  21x4-9  ^^    x«  +  x'-'  ~ 

x2  -  2        '  '  x^  +  7        *  *       xa  - 1 


Reduction  of  FractionB. 
10.   The  reduction  of  fractions  is  based  upon  the  following 
principles : 

(i.)  If  both  numerator  and  denominator  of  a  fraction  be  multi- 
plied by  one  and  the  same  number  or  expression,  not  0,  the  value 
of  the  fraction  is  not  changed;  or,  stated  symbolically, 

a_am 
b     bm 
E       2_2  X  5^10.    g  —  0? ^  (g  —  0?)  X (g  -f-  a?)  _  a^  —  a^ 
'^''  3""3x5~15'    a  +  x~la  +  x)x{a-i-x)      (g  +  a?/ 

(ii.)  If  both  numerator  and  denominator  of  a  fraction  be 
divided  by  one  and  the  same  number  or  expression,  not  0,  the 
value  of  the  fraction  is  not  changed;  or,  stated  symbolically, 

a  _a-i-m 
b     b-i-m 
E        6_6-<-2^3.    a'\'ab  ^(a^ab)-i-a^l-{-b 
*^''  8~"8-f-2~'4'    g-fgc~"(g-4-ac)-!-g     1-fc' 
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Let  the  fraction  -  be  denoted  by  g,  or  g  =  -.  (1) 

b  b 

Multiplying  both  members  of  (1)  by  6,  we  have,  by   Ch.  L,  §  1, 
Art.  15  (iil), 

qb  =  ^xb; 

0 

or  qb  =.  a,  by  Art.  6.  (2) 

Multiplying  both  members  of  (2)  by  m,  we  have 

qbm  =■  am,  (3) 

Dividing  both  members  of  (3)  by  few,  we  have,  by  Ch.  L ,  §  1,  Art.  16  (iy.j, 

bm 

From  (1)  and  (4),  we  have,  by  Axiom  (iv.), 

a  _am 
b     bm 

The  principle  enunciated  in  (ii.)  can  be  proved  in  a  similar  way. 

Beduotion  of  Fractioiui  to  Lowest  Texms. 

U.  A  fraction  is  said  to  be  in  its  lowest  terms  when  its 
numerator  and  denominator  have  no  common  integral  factor. 

2     x-1 


Kg., 


3    a^H-1 


6  a'&V 
Ex.  1.  Eeduce  ^    ,  ,  ^  to  its  lowest  terms. 
8  a%V 

The  factor  2aVc^  is  the  H.  C.F.  of  the  numerator  and 
denominator.     We,  therefore,  have 

Ex  2  «'  —  a?^  ^ (^  +  ^)(^  —  x)_a  —  x 

(a  +  xy     (a  4- a?)(a  +  a?)     a  +  x 

A  fraction  is  reduced  to  its  lowest  terms  by  dividing  its  nvr 
merator  and  denominator  by  the  H,  C.  F.  of  its  terms. 

This  step  is  called  canceling  common  factors,  and  can  usually 
be  done  mentally,  if  the  terms  of  the  fraction  are  first  resolved 
into  their  prime  factors. 
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BXEBCISBS  III. 
Reduce  each  of  the  following  fractions  to  its  lowest  terms : 


18. 


17. 


21. 


34. 


27. 


80. 


82. 


84. 


86. 


88. 


ab 
ac 

5  a^b^<fi' 

6a-96 
8  a  -  12  6' 

ax-h  bx 
na^  -  nb^' 
a;a  +  2  a;  -  3 

ax—ab 


10. 


14. 


18. 


ax^ 

160  ah^z^ 

48  a  V 

m  —  n 
2m-2n* 

qn  ^  qn-H 

3gg-12a« 
3a;  +  6a  ■ 


11. 


16. 


19. 


6(a;  +  y)« 
16(x  +  yy 
64  a*6"-gy*+i 

72  a6"-V» 
2~a; 
x2~4* 

a-6 


a8-6« 


18. 


16. 


80. 


4  g*ffi^yi' 

8  x8m2n«* 
44(a  +  cy 

66(a  +  c)'-** 

fl^  -f  ab 

cC^  —  ab 

6  g''*  +  6  ax^ 
a^-x^ 
2a-Sb 


82. 


86. 


ax+Sx-Sb-ab 
X*  4-  g^  -  2 
x*  +  6xa  +  6' 
1-ga 
(l  +  ax)a-(o  +  x)^* 
«&(xg  +  y^)H-xy(gg-f  ft«) 
a6(x2-.ya)+xy(g2-62) 

n*~16 

71*  -  4  n8  +  8  n2  -  16  n  +  le' 
Cg4-6  +  c)g-Cg-&-c)« 

(y-g)»+  (g-x)8-f  (x-y)8 


gg  ^  a;  -  12 

(x  +  3)2    * 
x^-ax^  +  bhi-ab^ 
xs-gx^-ft'-^x+gfta* 
x**  +  2xM-l 


x*«  +  3  x»  4-  2 
81 


88. 


86. 


89. 


8  g8  -  27  6« 
6  x«  +  4  X  -  1 
6x2+  19a; -4* 
3xg  +  16x-36 
6x2  +  33x-14* 

&X4-2 
26+(6a-4)x-26x?' 


88. 


86. 


87. 


89. 


x<^  -  x*y  -  xy*  -f  y^ 
X*  -  x«y  —  X  V  +  ^y^ 
gg  -f  g*  -  gg  -  1 
a8  -  g«  +  g2  -  1* 

(g  +  c)a-62* 

6c(6— c)  +cg(c— g)  +g6(g  —  b) 

(6-c)(c~g)(g~6) 
g*(6a_c2)  +  &*(c2--gg)-fc*(g2~6g) 
a2(6-c)  +  6»(c-g)+c2(g~6) 


12.  If  the  numerator  and  denominator  of  a  fraction  cannot 
be  readily  factored,  we  find  their  H.  C.  F.  by  the  method  of 
division. 

Ex.  The  H.  C.  F.  of  the  numerator  and  denominator  of  the 
fraction 

Sa^-Ux  +  16 
6aj8_a^_61ar4-56 
isSx  —  8.    Dividing  both  terms  of  the  fraction  by  3  a?  —  8,  we 
have 

x^2 


33C«~8x»  +  8x-5 

2x8  +  5x2-  5x  +  7 

X8  -  X2  +  2 

x8_3x2-}-4x-2 

a4i_5x2  +  13x-14 

x8  -  x2  +  X  +  14 

x8-3x2  4-4 
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BXEBOI8BB  IV. 

Reduce  the  following  fractions  to  their  lowest  terms : 

2     6x8  +  lla^-6x-5 
*   3x8+ 10x2 +  3x-10' 

^    2x»--13x«+19x-20 
2x8  +  9x2-14x  +  24* 

6      8x8  +  2x2-6x  +  l 
'    8x«+10x«-Ux  +  2 

g    2  x«y«  -  17  x2y2  +  27  xy  -  9 
"    3x8-18x2  +  36x-24  '   2  x«y«  -  11  «2y2  _  15  a^,  ^.  9* 

Redaction  of  Two  or  More  Fractioiui  to  a  Lowest  Common 
Denominator. 

13.  Two  or  more  fractions  are  said  to  have  a  common  de- 
nominator when  their  denominators  are  the  same. 

E.q,,    •        2  and  -;        ^       and  ^^=-2^ 

The  Lowest  Common  Denominator  (L.  C.  D.)  of  two  or  more 
fractions  is  the  L.  C.  M.  of  their  denominators. 

E,q,,  the  L.  C.  D.  of  — ^—  and  ■    ^^ 
is  (»  4-  1)X»  -  1),  the  L.  C.  M.  of  ar»  -  1  and  (x  + 1)*. 

Ex.  1.  Eeduce  -^  and  — -  to  equivalent  fractions  having  a 
b^c  bcr 

lowest  common  denominator. 

Their  required  L.  C.  D.  is  6V.     Multiplying  both  terms  of 

-^  by  6 V  -5-  6%  =  c,  and  both  terms  of  — r  by  6V  -^  6c^,  =  6, 
¥c  bcr 

we  have  ^^  ,  , 

-^^and-^. 

Ex.  2.  Eeduce  a?,  =?,  and      ^       to  equivalent  fractions 
1  x  —  y 

having  a  lowest  commou  denominator. 
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The  required  L.  C.  D.  is  x  —  y.     Multiplying  both  terms  of 
^  by  x  —  yy  and  both  terms  of  — ^—  by  1,  we  have 

1  X  —  ¥ 


X*- 


i?and--SL 


x-y           x-y 
Ex.  a  Reduce  — — ^ -,    ^- -A --,   and 


x»-3x  +  2'       (x-lXx-2)'  x«-l* 

,  to  equivalent  fractions  having  a  lowest  com- 


(a:-l)(x  +  l)' 
mon  denominator. 

The  required  L.  C.  D.  is  (x  —  l)(x  -  2)(x  + 1).     Multiplying 
both  terms  of  the  first  fraction  by 

(x-l)(x-2)(x  +  l)-(x-l)(x~2),  =x  +  l, 

and  both  terms  of  the  second  fraction  by 

(x-l)(x-2)(x  +  l)-!-(x-l)(x-hl),  =x--2, 

we  have- ,    ""-^^  ^ and  ^""""^ ^^ 


(X ~ l)(x ~ 2)(x -hi)  (x - l)(x -  2)(x -h  1) 

Ex.  4.  Eeduce  and  — r   to  equivalent  fractions 

X  —  a  a*  —  x" 

having  a  lowest  common  denominator. 

Observe  that  the  denominator  of  the  first  fraction  is,  except 
for  sign,  a  factor  of  the  denominator  of  the  second  fraction. 
In  such  examples  we  first  change  the  fractions  into  equivalent 
fractions  whose  denominators  are  arranged  to  ascending  or 
descending  powers  of  a  common  letter. 

If,  in  this  example,  the  denominators  be  arranged  to  descend- 
ing powers  of  a,  the  first  fraction  becomes  -^ — r,  by  Art.  7  (i.). 

a  —  X 

The  required  L.  C.  D.  is  now  a*  —  x*,  =  (a  —  x)  (a  +  x).  Mul- 
tiplying both  terms  of  -^ —  by  (a  —  x)(a  +  x)  -^  (a  —  x),  =  (a  -f  x) , 

Qi  — "•  X 

and  both  terms  of  — by  1,  we  have 

or  —  Qir 

.-("  +  '')     =-«  +  '»,    =»  +  «    and       ^     ■ 
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These  examples  illustrate  the  following  method: 
To  redvxie  two  or  raore  fractions  to  equivalent  fractions  toUh  a 
lowest  common  denominator^  multiply  both  numerator  and  de- 
nominator of  each  fraction  by  the  quotient  obtained  by  dividing 
their  L.  C,  D.  by  the  denominator  of  the  fraction. 

BXEBCISBS  V. 

Reduce  the  following  fractions  to  equivalent  fractions  having  a  lowest 
common  denominator: 


1.  1-a, 
8. 


a  +  1 
16        2x 


14xy2'     3y2 

.    2-3x    6  +  2g 

*       4x    '      12x2 

1  6 


7. 


x  +  2    3x  +  6 


9.   I        ^     ,       ^^     ■  10.   -^   -^^,   ^^  I 


U. 
18. 


X    2x-l    4x?-l 
6  3  1 

x  +  2'   x2  +  X  -  2*  x?-4* 

X  1  1 

x~l'    x  +  l'    1-xa* 


,  g    ax  —  6     a  —  6x       1 


2. 

TO  — 4 

4. 

3            7             1 

5a26'    16a6x'    10  62x 

6. 

5a-46    36-2a 

ea-^d    '      8a62 

g 

1               3 

X2-49'   4X  +  28 

10. 

13             5 

x-3'   x2-9    3x  +  9 

19 

6              a             c 

ax-\-ab    x-*  —  ft^'  j^  _  ab 

14. 

m                y          \-\-m 

y{x-yy   m{y-x)'     my 

16. 

a            1         3a+l 

ax+ah     hx+b^    a^b^  1-a     a^-a     a^-l 

3  5  X 


17. 
18 
19. 
SO. 
21. 


2x-2'    xa-2x+l'    l-x^ 
1  3  nm  m  —  n 


n  —  m    n*  —  to*'    to^  +  mn  +  n^ 
1  1 


x2  +  2x-8    x2-6x  +  6    2x«  +  x-10 
3  14 


x2  +  2ax-3a2    x2-9a«    x2  +  4ax  +  3aa 

1  1  1 

2x2-4x+2*    2x2  +  4x4-2'    1  -  x«' 

22.  ^  1  1 


{a  -  c)(ji -- by    {b-a^ib-cy    (c-a)(c-&) 
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Addition  and  Subtraction  of  Fractions. 

X4.  The  sum,  or  the  difference,  of  two  fractions  having  a  com- 
Tnon  denominator  is  a  fraction  whose  numerator  is  the  sum,  or  the 
difference,  of  the  numerator's  of  the  given  fractions,  and  whose 
denominator  is  their  common  denominator;  or,  stated  symboli- 
cally, 

a  ,  b 

=  — ■ — ,    auu 

C 

E  2a;       l-\-x  _2x'-'(l-{-x)  _x  —  l  _^ 

*'        a?  — laj  — 1  »  — 1  x  —  1 

We  have  -  +  -  =  a-i-c  +  6-f-c,  by  definition  of  a  fraction, 

c      c 

=  (a  +  6)  -^  c,  by  the  Distributive  Law, 

=  ^"^    ,  by  definition  of  a  fraction, 
c 

In  like  manner,  the  principle  can  be  proved  for  the  difference  of  two 
fractions. 

15.  If  the  fractions  to  be  added  or  subtracted  do  not  have  a 
common  denominator,  they  should  first  be  reduced  to  equiva- 
lent fractions  having  a  lowest  common  denominator. 

E..X   Simplify  ^  + A. 

ad  _  ac   .hd  __ajC-\-hd 


b^c     be"     l^c"     6V         6V 
Ex.2.   Simplify  2a;-5.v_^3a;-6.y +  2g^a;4-4y-6g 

Reducing  to  L.  C.  D.,  we  have 

8a;-20y     15a?~30y  +  10g     a;  +  4y~6g 
20  20  20 

^8a;-20y-15a;-h30y  — 10g-a;~4y-f6g 

20 
_— 8a;  +  6y  — 4g__— 4a;4-3y  — 2g^     4a;-3y-i-2g 
"20  10  "■  10 

Observe  that  the  expressions  in  this  example  are  not  alge- 
braic fractions. 
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Ex.a  Simplify  ^^--1^4-^. 

Changing  the  signs  of  the  terms  of  the  first  fraction,  we  have 
-1 2      ^     3a?    ^-(g-l-1)     2(a;~l)  ^     3 


»-l     a?+l     »«~1        af^l  aj«-l     '  »«-l 

^(a»  +  l)-2(a?~l)  +  3a? 

1 


4 


aj  +  4     a?  — 5     «  — 4     a;  +  5  i 

I 
The  character  of  the  denominators  in  this  example  suggests     | 

that  it  is  better  first  to  unite  the  first  and  third  fractions,  and 
the  second  and  fourth  fractions  separately,  and  then  to  unite 
these  results.    Reducing,  in  pairs,  to  L.  C.  D.,  we  have 
3(a;~4)      3(a;4-4)      4(a;-|-5)     4(a;~5) 
s^^lQ       o^-ie        a:*-25       aj*-25  I 

__3(a?->4)-3(a?4-4)     4(a?-f  6)->4(g->5) 
aj*~16  aj^-25 

-24   _^     40 


aj2_16      aj2_25 


^-24(a^>-25)  +  40(a^-^16)_       8(2a^-5) 

(a^--16)(a^-25)  (oj^  -  16) (a^ - 25) 

Ex.5.   Simplify -i +  ■ 


(a-b)(a-c)      (6-ct)(6-c)      (c-a)(c-6) 
Changing  the  fractions    into   equivalent    fractions,  whose 
denominators,  taken  in  pairs,  have  one  common  factor,  we 
have 

1 1 4- ^ 

(a  —  6)  (a  —  c)      (a  —  b)(b  —  c)      (a  —  c)  (6  —  c) 

b—c  a—c 


(a-b)(a-c)(b-c)     (a- 6)(6-c)(o-c) 

.  a—b ^  (6  —  c)  ~  (g  —  c)  4-  (a  ~6)^q 

{a-c){b-c){a-b)  (a-6)(a-c)(6-c) 
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Ex.  6.  Simplify  1  -  «  4- «"  -  zr^' 

behave    l^^  +  ^^-^^(l^zl±p(l±^^lzt 

1 4- «         1-f  »' 

BXBBOISES  VI. 
Simplify  the  foUowicg  expressions : 

11    I       1                       o    o •*.     ^ ***  —  6n  •    «         '"* 

.     1  H •  S.   2  w •  8.   a  —  • 


x-1  4  a+6 

3  3  — X  a-« 


2«& 
a +  6* 


7.    1  +  ^^-=^.  8.   l-(a-.-^V       9.   a  +  6- 

4a6  V        1  +  a/ 

a^        afi  xi^       x"-^  xy     ««     yz 

13     A  +  i^-i^.  14    A_JL.  +  _5_.       15.   —^ 2_. 

2  a     4a     6  a  a"     a-^     a»-«  (a-l)«    (l-a)« 

17    ^cib  —  Sy     8a&  —  6x 

20y      "^       4x 

1ft       V  o"       o  P"— '      'z  c"~"^  19        *      '       ^ 


20.    x-l__g-rf^  gl. 


1  +  a  +  a-^+Y^ 

1 
a 

9a« 
14  6«c* 

5  6»-» 
21ac» 

2c"-« 
16  a6* 

x-1 

x-3 

x-2 

x-1 

3 
x-3 

4 

x  +  4 

t»  +  n 

t»  —  n 

w  —  n 

m  +  n 

1  +  x             1 

—  X 

a 

X-1     2X-1 
g~l     x-2 
X  +  1     X  +  2* 
gj    2q  +  3x     2a-3x 
2a-3x     2a  +  3x' 


27. 


1  1 


1  +  X  +  x2     1  -  X  +  x«  ac-^d^     a^-^-ao 


_a^ /qg-x^  ^  >    xg     \ 

c  +  a^      \    ox        a^  +  ax/ 


29. 


n  n 


ax  +  a^      \    ox        a^  +  ax  J  a"  +  1     a*  -  1 

80.   3x-2^x+J^  3      IJzl^lnl^LzJt. 
6              2  '268 

82    x-I      X-2.X+7  JO    3-2q      3q~2     6a +  2 
2             36  '36  10 

84    6~8x     6x-4     26-19x  35    x-2     2x  -6     4-3x 
4              10               16  *     3x  4x^     "^     9x 
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SA    2x  — 4y      6x-f  2y  ~  3g  ■  X  +  16y  —  6g 
5  10  16  * 

87  ^  —  y  —  ^  _  6y  —  3g  —  X  _  6g  —  10y-f-6x 

4  7  14  ' 

88  x«~3x  +  l      3xa-2x-4     6x-3x« 

18  12  16 

gg    3a  — 46     2a  — 6  — c,  15 a  — 4c     a  — 4  6 


7  3  12  21 

40.   -? ^ 41.    2  +  -*-^  ^ 


3-a     a^-3a  x     3x  +  6     xa  +  2x 

^    3a-l  _  l-3o  _  3a-  16  ^      x  -  1         1  -  x         x  -^ 


rt2_9       a  +  3         a -3  6x  +  24     x^- 16     3x  - 12 

45    q-6      fa^-h^     g-f6\ 
'   a  +  6      U^  +  6*     a -6/* 


^    qg  +  3  n«  +  4  an     ^ 
a2  +  n2  +  2  an 


46. 

1,2            2x 

(X  -  1)2   '   X  _  1       x^  +  1 

47. 

11            2x 
1+x     1-x     l-x« 

48. 

2a            1 
a-^  -  1     a  +  1 

49. 

ac        .        6d 
a^  -  4  y2     ac-\-2cy 

50. 

6xy                 xy 

51. 

m      1     2  mn         2  m 
«i  —  n     n^  —  w*     m-\-n 

4a2-962     96d-6ad 

RQ 

3       ,        7          4-20X 

KA 

3a     ,      a           2ax 

2x-l     2x  +  l      1-4  x^^  a  +  x     a-x     a^-x* 

54     2m-3            3           2,  ^^    «z:i  _  f«±l  + ^I+IV 

l_4t»2     i_2m     w  a  +  l     \l-a     a^-l/ 

56    q  -i-  ^     rx  —  g      /a^  +  x^  4  ax  \  "1 

*   a-x      Lx  +  a      U^-xa  a2  +  xajj' 


57. 

a  +  x                               2 

2a  +  2x  +  4     a2  +  2ax  +  2a  +  2x  +  x2 

68 

5a               2a4-36            4a-6 

9a2-2562     Qad-\-\Ohd     %ad-\Ohd 

59. 

2                       3                        4 
x2_3x  +  2     x2-5x  +  6     x2-4x  +  3 

60 

6                   4                   7             • 

x2-2x-3     x2-9     x2  +  4x+3 

A1 

4x                           3x                            5x 

x2-3ax  +  2aa     2x2-3ax  +  a2     2x2-6ax  +  2a* 

1 
a  — 

a2  +  2  a                                go        1         x2  +  X 
1       a8  -  1                                        '    X  +  1      x8  +  1 

1                  1            1                65       ^~2           ^     ,aHa+3 

64 

(a-i)2+3a     l-a3     a-1  ""'   a^-a+l     a+1  '    aHl 


67. 
68. 
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q  —  2n a  —  n 1 

flS  ^  ^8     (j2^  _  Qfi2  _j_  ^8     an  +  n* 

1 Snm m  —  n 

n  —  m     n*  —  w*     w^  +  mn  +  n^ 
1  1.1 


ac*  +  a;2  +  l     a;-i_a;2     x+l  +  x* 
1.1  1 


2x2-4x  +  2      2x2  +  4x  +  2      1  -  x^ 

70.    I + 2a_      1 2_. 

a2  +  6a  +  6     a-2  +  4a  +  3     (a  +  l)2  +  (a  +  l)     a4-3 
,yj        x^-fg-l       .       x^-x-l  X  2x8 


72. 


X8-X2  +  X-1       X^  +  X-^  +  X+l        1-X2       X*-l 

b bx x2  2  6x8 

6  +  x     62  +  xa     62_a.a     54  _  x*' 


78.   -A_  .  .   7  5  7 


x-2     x-1     x+2     x+1 

74.  _L,,-i^-^  +  .  1 


x+7     x-8     x-7      x+8 
76  q  +  &  ,  &H-C  ,  c  +  g 

(6_c)(c-a)      (c-a)(a-6)      (a- 6)(6-c)' 
MA    06 I be ,  ca 


77. 
78. 


(6_c)(c-a)      (c-'a){a-b)      (a-6)(6-c) 
1.1.1 


a(a  —  6)  (a  —  c)      6(6  —  a)  (6  —  c)      c(c  —  a)(^c  —  6) 

« + ^ + 2 

(a  -  6)(a  -  c)      (6  -  a)(6  -  c)      (c  -  a)(c  -  6) 


79.  «'  '  ^^ 


(a-6)(a-c)      (6-a)(6-c)      (c-a)(c-6) 
gQ    6c  ,  ac  ,  a6 


a(a2-62)(a2_c2)      6(62- a2)(6a_c2)      c(c2- a2)(c2  -  6'^ 
81  q^-6c  62 -t-qc  c2  -f  q6 

(q-6)(q-c)      (6  +  c)(6-q)      (c-q)(c  +  6)' 

82.  <^-^|^-c^c-q^  (q-6)(6-c)(c-q). 
'q  +  6     6  +  c     c  +  q      (q  +  6)(6  +  c)(c  +  q) 

83.  2,2,2      ^  Ca-6)24.C6^c)24-Cc-q)^ 
q  —  6      6  —  c     c  —  a  (q  -  6)  (6  —  c)  (c  —  q) 

g4    gy  ,  (g2-62)(62-y2)      (c2-x2)Cc2--y2) 

62c2  62(c2-62)  c2(c2-62) 

85     g^-(y-g)2      y2,(a._;g)2      g2,(a;_y)2 

(«  +  «)2  -  y2  ^  (X  +  y)2  _  g2  ^  (y  ^.  2:)2  _  a;2 
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Multiplication  of  Fractiona. 

16.  The  product  of  two  fractions  is  a  fraction  whose  numerator 
is  the  product  of  the  numerators  of  the  given  fractions,  and  whoie 
denominator  is  the  product  of  their  denominators;  or,  stated 
symbolically, 

?x*  =  — • 
G     d     cd 

We  have  -  x  -  =  (a  -?-  c)  x  (6  -^  d),  by  definition  of  a  fraction 
c     a 

=  ax6-?-c-#-d,  by  Commatative  Law, 

=  (a&)^(cd),  by  Ch.  U.,  §  4,  Art.  8  (il), 

=  — ,  by  definition  of  a  fraction. 
cd 

If  the  numerator  of  one  fraction  and  the  denominator  of 

another  have  common  factors,  such  factors  should  be  canceled 

before  the  multiplications  are  performed. 

Ex.1.  Simplify  6g^x^±i^, 
ix^  —  y^        3  (a—  by 

^2'3(a  +  b)(a--b)       (x-{-y)(x  +  y) 

(«  +  y)(«-y)         3(a-6)(a~6y 

Canceling  the  common  factors,  3  (a  —  6),  (x  +  y),  we  have 

2(a4-^)^g+y^2(a4'6)(a?4-y) 
X  —  y        a^b       (^  —  y)  («  —  ^) 

Ex  2  ^^  X  ?^  X     ^  +  ^     . 

2aj  y  a?-l  y      x-^1 


(«-!)(« -2)     x  +  l     xia^-^iy 
Canceling  common  factors,  we  have 


a;-2     1     (a!«  +  l)'     (as -  2) (a?  + 1)« 

A  mixed  expression  may  be  reduced  to  a  fraction  before 
multiplying. 
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a«         a*  — 6*  a  +  ft 

17.  The  principle  proved  in  Ch.  III.,  5  4,  Art  2,  namely, 
a««  _i_  a"  s=  a*"",  when  m  >  n, 
can  now  be  extended  to  the  case  in  which  the  dividend  is  a 
lower  power  than  the  divisor. 


E.g., 


a*     (jfxii^     a^     a} 


a"*         1 

In  general,  —  «  — -,  when  m<n. 

oT     0*"" 

When  m  <  n,  we  have 

q"*  _  aaa  —  to  m  factors 

a"     aaa  •••to  n  factors 

_  aaa  •••  to  m  factors 


aaa  •••  to  w  factors  x  aaa  •••  to  (n  —  »»)  factors 

_^ 1 1 

aaa  •••  to  (n  —  m)  factors     a*-* 

BXBBCISE8  VII. 
Simplify  the  following  expressions: 
J    Tx     baJ^  2    16aW     14«^ 

'    a«      14aJ«'  •  22  «V     «6a*6" 

3    8a66ga;7^6a*5«c8^  3cV  ^    2g  -  5y  ^^  2z -I- 5r 

15c«j^       6xV      4a^*&«'  x  +  y  x-y   ' 

•^         ^*        x(3a-26).  «.   ^-«!Lx-«-^^ 


16a-106      ^               '  aa-62       2a 

a6'  -  6»     a»  -  all^  .    x-3z«'f2a!  +  l 

a2+a6          268    *  '  x  +  1          x«-27 

aCa  +  &)      ^      fe(a-fe)  ^^     6  ax  -  15  6x  ^  8  ax  +  8  (te 

a2-2a6+62     a2+2a6+6«'  '40ay+15dy     4a«-2662' 

(x+y)2     x2+ya     (x-y)2*  *a8  +  6»           x-y          x  +  y 

j3    x«-(a+&)x  +  a6^^xg-ca  ^^    a^  -  (6  -  c)«  ^^      (x  -f  y)« 

'   x2-(a+c)x  +  ac      x^-ft*  '        x^  -  y2           («  -  6)2  -  c^ 

16.   ^'-^y*x ^±i^ le.         x»-4        ^        x2-9       , 


11 
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a^  -  10  a6       6  aa;  -  9  ay       10  6a;  +  16  by 

x2  +  X  -  6  ^  gg  -f  g  -  12  ^  gg-3a;-  10 
a:2  -  X  -  20      x^  +  x  -  6  x^  -  4 


19.     y  -f  g    ^^  X'  -  y'  X  ^^  ~^  ^^'  X  ^  ^^^ ""  ^^^ 
(m  +  n)8         12  m  —  n  a:  +  y 


\    a  X     I     z:^-\-  ay  \2x-l  J      x  + 


22.    llf-L±^±^=JL]x--:r^ 28.    f  ^±1^1:4  -  i x  1  X  :!-^:i^. 

I  4-  y     X  +  a;2 


24.  ^^HJilxi-^xfn-— ^^ 


25. 
26. 


/x  +  y     x-y        4y«    \     x  +  y 
\x-y     x  +  y     x^-y^l       2y  ' 

Powers  of  Fractions. 

18.   From  the  principle  for  multiplying  fractions  we  have : 

A  power  of  a  fraction  is  a  fraction  whose  numerator  is  tk 
like  power  of  the  numerator  of  the  given  fra^ion,  and  whose 
denominator  is  the  like  power  of  the  denominator;  or,  stated 
symbolically, 

b)  "6"' 


wherein  n  is,  as  yet,  a  positive  integer. 
Ex  1  f2a'by^8(aym 


»     8  a«6» 


The  converse  of  the  principle  evidently  holds ;  that  is, 

?!  =  fi\" 
b"     \bj  ' 

Ex.2.    (^sil£±^=flsil^±iy=(x-2y. 

(x-Sy         \     x-3     J     ^        ' 
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BXBBCISBS  Vm. 

Simplify  the  following  expressioiis : 

(x-l)*  (xa+x+l)«  (x2+y«)»  (x-2)« 

IS.    (9^tl\\^sil.       14.      (^^^r    .       15.  (^-^y^)^ 

^«-     i       xi  +  y.       )    n      «»-%») 
Vx2~2xy  +  y='y       V2xS-6x  +  3/ 

^Express  each  of  the  following  fractions  as  the  square  of  a  fraction : 
19     ^  90    ^^^^  21    g25m"n<" 

Reciprocal  Fractions. 

19.  The  Reciprocal  of  a  fraction  is  a  fraction  whose  numera- 
tor is  the  denominator,  and  whose  denominator  is  the  numera- 
tor of  the  given  fraction. 

E.g.,  the  reciprocal  of  ^  is  -• 
0       a 

20.  The  product  of  a  fraction  and  its  reciprocal  is  1. 

For  2x^  =  ^^  =  i. 

b     a     oa 

Division  of  Fractiona. 

21.  The  quotient  of  one  fraction  divided  by  another  is  equal  to 
the  product  of  the  dividend  and  the  reciprocal  of  the  divisor;  or, 
stated  symbolically, 

b  '  d     be 

TP ^  a  —  x     b  -{-X     a  —  x^a-\-x     a'  —  a* 

b  —X     a-\-  x     b  —  X     b  -\-x     b^  —  7? 
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We  have  ^  -^  -  =  (a  h-  6)  +  (c  s-  d),  by  definition  of  a  fractioii, 

=  a-5-6-f-cxil,  Biiioe  -t-(6-Mi)  =  -4-oxd, 
=  a-*-6xd-i-c,  since  -i-  c  x  d  =  x  d-t-  c, 
=  (a  -i-  6)  X  (d  -^  c),  since  x  d  -s-  c  =  x  (d  -^  c), 

SK  ^  X  -,  by  definition  of  a  fraction. 
0      c 

Et  1    4(a«-~a6)        6a    ^4a(a~6)     (o-6)(a-h6) 
'    '      (a-\-hy       a'-l^       (a-\-by  6a 

3(a  +  6)' 

Ex.2.    (a'-y~c'4-26c)-h^"^^""^ 

=  (a+6-c)(a-6+c)  x  ^±|±-' 
=  (a-6  4-c)(aH-6H-c). 

22.  If  the  numerator  and  denominator  of  the  dividend  be 
multiples  of  the  numerator  and  denominator  of  the  divisor, 
respectively,  the  following  principle  should  invariably  be  used: 
The  quotient  of  one  fraction  divided  by  another  is  a  fraction 
whose  numera>tor  is  the  quotient  of  the  numerator  of  the  fir^ 
fraction  divided  by  the  numerator  of  the  second^  and  whose  de- 
nominator is  the  quotient  of  the  denominator  of  the  first  fraction 
divided  by  the  denominator  of  the  second;  or,  stated  symboli- 
cally, 

a  ,  c  __a-M? 

b'  d" b^d 

Ea      «*  —  ^  .  a  —  a;_(a'  —  a^-s-(a  —  a;)_a4-g 
'^*'     62  _  aj2  •  ft  «  a?     (6^  -  aj2)  H-  (6  -  oj)  ""  6  -I-  a:' 


We  have 


^  H-  -  =  (a  -5-  6)  -J-  (c  -^  d),  by  definition  of  a  fraction, 
0     d 

=  a-i-b-T-cxd^  since  -i- (e  -i-  d)  = -^  c  x  d, 

=  a-i-c-^hxd,  since  -h6-5-c=-f-c-^6, 

=  (a  -^  c)  -^  (6  -=-  d),  since  -5-  6  x  d  =  -^  (6  -f-  d), 

=  7-^1  by  definition  of  a  fraction, 
0  -i-a 
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23.  Observe  that  a  fraction  is  divided  by  an  integral  ex- 
pression, which  is  a  factor  of  its  numerator,  by  dividing  its 
numerator  by  the  expression. 

Ex.1.  ^Il^^(a-6):=("*-^"("-^)  =  ^^ 
«y  xy  xy 

Also  that  a  fraction  is  divided  by  an  integral  expression, 
which  is  not  a  factor  of  its  numerator,  by  multiplying  its 
denominator  by  the  expression. 

xy  xyia-i-o) 

SXBBOISBa  iz. 
Simplify  the  following  ezprewions : 
J     27  a»ft*  .  9  gSfc*  ^    gSfeO     g^b* 

35  a^fe*  '  7  o*&« '  '   &»y»-i  *     6V  ' 

g    xg4-7a;  +  12  .  g-f  4  ^    6(aa  -  fe^)'  .  3(a  +  6). 

'   x2_|.2a;-16  ■  x  +  s'  '     7(x8  _  1)    '    (i  _  »)  * 

^    2  a«  -  2  flft«  .    flg  -  &«  g    a;«-6gH-8  .  x-4 

a-l-26      '2a  +  4  6*  *x2^.2x+l'a;4-l 

g     x^-\-y^-2xy-z^  .    x-y+g         ^^       45(fa;-9(?y     .      30x-6y 
a2-9+4  62+4a6  '  a+2  6-3*  '   20a6x-10  62x  *  20a2x-6  62x' 

11     q^-(&-c)«  .  g~6-f  c  j2     x»~l    .xg-fa;+l 

(a2  -  62)2     •     a4  _  54  "  '   x2  -  a2  ■      x-a     ' 

13    1  +  n-n8-  n*  .  n»~l^  ^^    1  -2x  .  1  -2x4- x2- 2x8 

1  -  a2  *  a=^  -  1'  *    1  -  x8  "^  1  +  2  X  +  2  x2  +  a;8' 

15.   g* -f  aft  .  g^ft  4-  q&*  +  2 a262         ^^         1-x       .  l-x^ 

*   rt-^+ft*   •  a* -6*  '  '    x8+x*-x6     x6-x8-2x2-x' 

-       (a  +  2  6)q»-(2«  +  &)6'       (q  +  6)^ 

jg    x2  +  2  X  -  3  ^  x2  +  4  X  +  3  ^  x8  +  l 
•jca_2x~3x2-4x  +  3     x*-!* 

jg    X*  4-  x2y2  +  y4  ^  a;2  ^  y(2  X  4-  y)  ,  x»  +  y« 


x«4-j^  x»-y«         ■x2-y(2x-y) 
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Complex  Fractions. 

24.  A  Complex  Fraction  is  a  fraction  whose  numerator  and 
denominator,  either  or  both,  are  fractional  expressions. 


2 
3 

a  +  x 
a  —  x 

1+i 

X 

4' 

a  +  y 

i-i 

E.g., 

5     a  —  y 

Observe  that  the  line  which  separates  the  terms  of  the  com- 
plex fraction  is  drawn  heavier  than  the  lines  which  separate 
the  terms  of  the  fractions  in  its  numerator  and  denominator. 

If  no  distinction  be  made  between  the  lines  of  division,  the 
indicated  divisions  are  to  be  performed  successively  from  above 
downward. 

E.g.,  |=2^-3^-4--5=2-s-(3x4x5),  by  Ch.  IL,  §  4,  Art.  8, 
=2^60  =  ^; 

while  |  =  *x|=f 

25.  Complex  fractions  are  simplified  by  applying  succes- 
sively the  principles  already  established  for  simple  fractions. 

Ex.1.   --^  =  l:i^--(l-a;)  =  ?-t^by.Art.  23. 

1  —X  X  ^  ^  X  '^ 

m*  4-  n*  m^  4-  w^  —  mn 

^     ^         n                  m^  +  n^               n  w»-n' 

Ex.2.   — z = '-    o        o  = X 


1  _  1         '  m^  —  n^  m  —  n  rn?  +  n^ 

n     m  mn 

_m{m^  -^  V?  —  mn)  (m  +  n)(m  —  n)      __^ 

m  —  n  (wi  -h  ?i)(m^  —  mn  +  v?) 

We  might  have  simplified  the  complex  fraction  in  Ex.  2  by 
first  multiplying  both  its  terms  by  mn,  the  L.  C.  D.  of  the 
fractions  in  them,  instead  of  uniting  these   fractions  before 
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naviltiplying  by  m».     This  fraction   would    then    first  have 
reduced  to 

m^-f  win'-m^     _m(m'4-n'-mw)     ^s  above, 
w  —  n  m  —  n 

Conttmied  Fractioiia. 

26.  A  Continued  Fraction  is  a  fraction  whose  numerator  is  an 
integer,  and  whose  denominator  is  an  integer  plus  (or  minus) 
another  fraction  whose  numerator  is  an  integer,  and  whose 
denominator  is  an  integer  plus  (or  minus)  a  third  fraction,  etc. 

1  1  1  1      22 


Ex.  1. 


2  +  -J_"*2  +  A"2  +  ii     U     65 


Observe  that  in  this  reduction  the  work  proceeds  from  below 
upward. 

Ex  2  3  _        3        _        3 

'       1 —   T" nr? 

l+EJll  4  4 

3-a  3-a: 

3  4 

■"  3x-f3  ""  a? -I- l" 


EXERCISES  X. 
Simplify  the  following  expressions : 

«,«*                              ^«^  xaj  +  1 

a-t —                               a ■ — 

G_                      2          q  +  x  j^    x- 1        g 

r  ,  6c                              '        ,     «x  *       a;         X  —  1 

OH a  + -- 

a                                     a  —  X  X  + 1 

a 


1. 


+  1 


x  +  l 


2. 

a — 

a  -f-  X 

a-x 

5. 

X 

-T^' 

8. 

a2     62 
68     a' 

1-^ 

1  —  a  .1  +  X  a 

7.  lll±i.  «.  :^-^.  9.  X. 


1  +  x  +  l-L 
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10. 


1  +  - 


1  +  - 


4-x 

ff -l-g     x  —  y 

18.       ".         ^    ■ 


16. 


19. 


21. 


88. 


n  -{-X     n  —  X 


11. 


14. 


17. 


g^  +  1      U 
2x-  1      2 
g4-2 
l-2x 


1+- 


H-X  + 


2x« 


1-x 

g  -f  X     o  —  as 

g  —  x     g  +  x 

4  gx 


12. 


15. 


18. 


g  -hx        22 

X         x-a 

X  —  g 


1-- 


1  - 
g+l_^ 


1-x 
g-1 


»  —  X     n  +  X 


ga-x2 

90.  X  +  1-- 


g~ 1  g+1 

tt  + 1  g-1 

g-1  g+1 

X 


a+- 


g  +  ^^ 
g 


X  +  2-. 


x+1 


x-f 


x+2 


x-2      x+2 

2x * 

ix*-x8  +  4x-8 
g     n  —  X  ■       gx 
n         g         n'^  —  nx 


iB  +  l     x«  +  a* 

('-i)'Vi)- 

fid         V  ^/        N  ^/ 


86 


g4-2&     2g-f  6 
gft*  g*6 


ftV   ^2     c2y     U«     caj    g«c« 

g2  +  ah  g*  -  g  -  3  g8  +  3  g« 


86. 


g2  +  62 


g86  -  6* 


flSft  ^  (^^8  ^  2  ggftfl  g*  +  g2  -  2  g8 


6* 


g262  +  afts  +  64 


Factors  of  Fractional  Ezpresslons. 
27.  Fractional  Expressions   can  be   factored  by   the  same 
methods  as  were  employed  in  factoring  integral  expressions. 

Ex.1.        A:«  +  A:  +  n+^  =  fc2/'i^|V  ^^^1\ 
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Ex.2.  i«;_l  =  f2a     iy2a_A 

Ex.  a    «*  +  l  +  l  =  a?  +  2  +  ^-l  =  fx  +  ^*-l 

EXERCISES  XI. 
Factor  the  following  expressions : 


1. 

S. 

"-^ 

8. 

64  x«      , 
126  y«        • 

4. 

5. 

^"-♦■^-♦■4'x^- 

6. 

4x2+2*  +  /-. 
y     4^3 

7. 

ac»  +  i  +  3x4 

X 

8. 

^^^^l^i' 

9. 

y2     a-a 

10. 

x2+x+2  +  i  + 

X 

1 

U. 

x*+4xH6+i  + 

1 

X* 

18. 

X*                 X 

Indeterminate  Fractiona. 

28.  By  Art.  6,  a  fraction  is  a  number  which,  multiplied  by  the  de- 
nominator, gives  the  numerator.  Therefore  the  fraction  }  is  a  number 
which,  multiplied  by  0,  gives  0.  But  by  Ch.  III.,  §  3,  Art.  16,  any  num- 
ber, multiplied  by  0,  gives  0. 

Therefore  the  fraction  J  may  denote  any  number  whatever.  For  this 
reason,  it  is  called  an  Indeterminate  Fraction. 

Some  Principlea  of  Fractiona. 

29.  The  following  principles  will  be  of  use  in  subsequent  work : 

(l.)  V  T  =  T=T  =  **«' 

ui      as      as 
then  each  of  these  fractiona  is  equal  to  the  fraction 
ani  +  buj  +  cn:^  +  •" 
adi  +  6d52  +  cds  +  ••• 
Ea  2_4_6  X  2  +  6  X  4 

'^•'  3     6     6x3  +  6x6' 

Let  the  common  value  of  the  given  fractions  be  v.    Then  from 

^  =  v,      ^2^v,      ^  =  r,  etc., 
di  dz  ds 

we  have  ni  =  div,  nt  =  d^v,  ng  =  d^v,  etc. 
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Multiplying  these  equations  by  a,  6,  c,  etc.,  respectively,  and  adding 
corresponding  members  of  the  resulting  equations,  we  have 

ani  +  6n2  +  ens  +  •••  =  cidiv  +  bckv  +  cdzv  +  ••• 

.    =(adi  +  6d2+  cdg +•••>• 
Therefore 

ani  +  6n2  +  cws  +  —  =  |,  = !?  i  =  «?  =  etc. 
adi  +  6^2  +  cdz  +  •••  di     d^ 

(ii.)  In  particular, 

»i  _.  W2  _.  n?  _  ...  __  »i  +  ng  +  ns  +  — , 
di      d2     ds  di  +  da  +  da  +  ••• 

*"  3     6     3  +  6 

(iii.)  ff  the  fraction  -  he  in  its  lowest  terms,  then  — ,  loherein  p  iso 
d  d** 

positive  integer,  is  in  its  lowest  terms. 

For  by  Ch.  VIII.,  §  2,  Art.  13  (vii.),  n' and  dP  are  prime  to  each 
other  virhen  n  and  d  are  prime  to  each  other. 

(iv.)  If  two  fractions,  —  and  —,  whose  terms  are  positive  integers,  ^ 

n  d  D 

equal,  and  if  -  be  in  its  lowest  terms,  then  iV=  kn,  D  =  kd,  wherein  k  u 

d 
a  positive  integer. 

E.g.,  J«  =  },  and  10  =  6  X  2,  16  =  5  X  3. 

From  :?^=?,  wehaveiV  =  ^.  (1) 

D     d  d 

Since  iV  is  an  integer,  this  equation  shows  that  nD  is  exactly  divisible 

by  d ;  that  is,  that  it  contains  d  as  a  factor.     Also,  since  -  is  in  its  lo?rest 

d 

terms,  n  and  d  are  prime  to  each  other.     Therefore,  by  Ch.  VIII.,  §  % 

Art.  13  (iv.),  d  is  a  factor  of  D ;  that  is,  D  =  kd,  wherein  A;  is  a  positive 

integer.     Substituting  A:d  f or  Z>  in  (1),  we  have 

N=VM^]cn. 


(v.)  If  two  fractions  -  and  — ,  whose  terms  are  positive  integers^  6« 
equal,  and  each  he  in  its  lowest  terms,  then  N=n  and  D  =  d. 
This  principle  follows  directly  from  (iv.). 
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BXEBCI8ES  XII. 
MISCELLANEOUS   EXAMPLES. 

Simplify  the  following  expressions : 


a  +  b      ax 


5     g  +  fe/l     1\     ft  +  c/l     ly       g    /fl+ft     q-fex     /g4.5     g-.6\ 
aft    U     ft/       &c   \c     h)  '   [c-hd     c-d)'\c-d     c+dj 

7.    a  +  6 r =-.  8.  -  + 


a+l     6+1  ' 1+f     1+5     1+1 

0  a  0  a     a     b 

9.   m ' 


l^m-hm'^-h-  "^^ 


1  +»» 


10.    /a:+2y     x\  .  /x+2y x_\ 

V  ic+y     yJ    \    y       x-\-yl 


"•  fe*")fe-)-fe--)fe-")- 


12.    ^^ 18. 


1 
a2  -  x«  a2a;2 


1 z ^^1  1-A  +  i     «  +  ^ 

sc  —  lx  +  1  a^     ax     x^ 

14.   ^^     .         \        ^/ 

..!-.(,-!)(.-.  4)  • 

15    /2g-f  y  ■  2y-g         gg     \  .  g^  +  y* 
V  «  +  y       «  -  y     x2  -  y^y  *  x2  -  ya' 

Ij     3x»  +  3gy      /_^^_3_\ 
4xy  +  6ay     \ax  +  ay     2x  +  2y/ 

17.    (rL^^!L±l\^(i^n^±Y 
\n  +  l     n-iy     V2     4     4nJ 

a«  a»  g6  +  l 


2g    a-h  n     g^  +  n'  +  2  a»  .^  6 


19. 


a  o«         •  a+— 1—     ^(«^c  +  «  +  c) 

a  +  n     a^  -  n«  6c  +  1 
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a  +  -^                                             a  +  i  6  +  i    c+i 

-ft  c  +  da-6  +  d.o+6,     „    6     c     o 

'"•rr:^^+''+<' ■''+''     6+1  c+i  «+i 

a  +  6                                                    a  b          c 


22. 


1 

X  +  a      1       X  -  a 

a2  +  ax 

X 

1 

x-^  +  o«     X     x2  +  a^ 
a  4-x       1       a-  X 

a-*  -x^ 

a 

a2  +  x^     a     a2  +  x-^ 

84.  ri+i+_?-fi+i)].(p+«)«. 

L\y8    xj    W    y    x/J    x  +  y 
„.[<^,M).(!-l)]-[(«.-.,.(l.!)]. 

cy-^  +  x«y  *  I      (xa-y2)8      *  ^       x)  i 


xy^ 


30.    -«i:^x 


1- 


1-1 


x-1 


81. 


8x  +  (x-l)--' 


l-3x  +  x2 

X8  -  1 


1  +  n  —  w'  —  n* 

TT^i^ 

1 


1  -  2  X  +  x2  -  2  x8 
l  +  2x  +  2x2  4-x« 


1  +XH-X2+  ...  +x"-i  + 


x» 


1  +2x- 


x  +  2 

"  X2  -  1 


V  3  4-X"/ 


x2«  _  24 


X»+2^_3x2 


2x 


a;2»+3  _|.  6x«+8  +  9x8      3  x»  +  6 
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In  eaxh  of  the  follovinx:  expfvsRijits^  OL&kif  :±tf  jitiiiiibsed  saJ!2bC;::*wL::i«:a« 
and.  siniplify  the  result : 

3C   Inf^ill^V.  let»  =  5^ii 


»  — cx      c  c^  — • 

2fcc 


Verify  each  of  the  foUowmg  idenuues : 

6  a 

0  +  c  a  +  c  a-rO 

41.   ^iL2«^x-2a^_4a^    ^j^^^  ^^    a^, 


26-x     26  +  x     46«-^i«  a  +  6 

42.    (1  +  x)(l  +  y)(l  +  2)  =  (1  -  x)(l  -  y:  (1  -  ^),  when 

x  =  «^,  y  =  ^^,  ^=1:^. 
a  +  6  6  +  c  c  +  a 

48.  6*-x2  =  l«(«-a)(«-6)(«-c),  when 
2c 


CHAPTER  X. 

FRACTIONAL  EQUATIONS  IN  ONE  UNKNOWN 
NUMBER. 

1.  A  Fractional  Equation  is  an  equation  whose  members, 
either  or  both,  are  fractional  expressions  in  the  unknown 
number  or  numbers. 

^'  a;4-2     a  +  l  a-f-1 

Observe  that  we  cannot  speak  of  the  degree  of  a  fractional 
equation.  The  term  degree,  as  used  in  Ch,  IV.,  §  2,  Art  5, 
applies  only  to  integral  equations. 

2.  The  principles  of  equivalent  equations  established  in 
Ch.  IV.,  §  3,  hold  also  for  fractional  equations. 

Ex.  1.  If  both  members  of  the  equation 

— ?-  =  ^_  (1) 

be  multiplied  by  {x  4-  2)  (a;  4- 1),  the  L.  C.  D.  of  the  denomi- 
nators of  its  fractional  terms,  we  obtain  the  integral  equation 
3(a;4-l)  =  2(aj4-2);  (2) 

whence  x  =  l. 

The  root  1  of  the  derived  equation  (2)  is  found,  by  substitu- 
tion, to  be  a  root  of  the  given  equation. 

Ex.  2.  If  both  members  of  the  equation 

be  multiplied  by  a^  —  1,  we  obtain  the  integral  equation 

-2iB2_a;(a;4-l)  =  -aj(aj~l)-3(ar'-l), 

or  («  +  !)(«- 3)  =  0.  (2) 

~-  "  180 
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No^w  obseire  that  it  was  not  necessary  to  multiply  by  ac*  —  1, 
=  (a;  -h  1)  (x  —  1),  to  clear  the  given  equation  of  fractions.  For, 
if  tlie  terms  in  the  second  member  be  transferred  to  the  first 
member,  we  hare 

-2g»     _g_     _£__     3^Q 

or,  uniting  terms,  — -^ — - —  =  0, 

ar  —  1 

^ o 

or,  canceling  x  -f- 1, =  0. 

X  — 1 

Clearing  the  last  equation  of  fractions,  we  have 

x-3  =  0;  (3) 

whence  x  =  3. 

The  root  3  of  the  derived  equation  (3)  is  found,  by  substi- 
tution, to  be  a  root  of  the  given  equation.  Had  we  solved 
equation  (2),  we  should  have  obtained  the  additional  root 
—  1,  which,  as  will  be  proved  later,  is  not  a  root  of  the  given 
equation. 

This  root,  which  does  not  satisfy  the  given  equation,  and 
which  was  introduced  by  multiplying  both  members  of  the  given 
eqtiation  by  the  unnecessary  factor  x  4- 1,  is  a  root  of  the  equsr 
tion  obtained  by  equating  this  factor  to  0. 

3.  The  roots  of  a  fractional  equation  are  found  by  solving 
the  integral  equation  derived  from  it  by  clearing  of  fractions. 
The  equivalence  of  the  given  equation  and  the  derived  integral 
equation  is  determined  by  the  following  principle  : 

If  both  members  of  a  fractional  equation,  in  one  unknoum 
number,  be  multiplied  by  an  integral  expression  which  is  neces- 
sary to  clear  the  equation  of  fractions,  the  integral  equation  thus 
derived  will  be  equivalent  to  the  given  fractional  equation. 

Thus,  in  Art.  2,  Ex.  1,  equation  (2)  is  equivalent  to  (1); 
and  in  Ex.  2,  equation  (3)  is  equivalent  to  (1),  while  (2)  is  not 
equivalent  to  (1). 
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Let  :^=0  (1) 

D 

be  the  given  fractional  equation  when  all  ita  terms  are  transferred  to  the 
first  member,  added  algebraically,  and  the  resulting  fraction  reduced  to 
its  lowest  terms.  In  deriving  equation  (1)  from  the  given  fractional 
equation,  terms  were  transferred  from  one  member  to  the  other,  by 
Ch.  IV.,  §  3,  Art.  7  (i.)  ;  and  then  only  indicated  operations  were  per- 
formed. Therefore  equation  (1)  is  equivalent  to  the  given  fractional 
equation. 

Clearing  (1)  of  fractions,  we  have  the  integral  equation 

JV'sO.  (2) 

JV 
Any  root  of  (1)  reduces  —  to  0.     But  any  value  of  x  which  reduces 

N  ^ 

^  to  0  must  reduce  ^  to  0  (Ch.  III.,  §  4,  Art.  7),  and  hence  is  a  root  of 

the  derived  equation.     That  is,  no  solution  is  lost  by  the  transformation. 

Any  root  of  the  derived  equation  reduces  iV  to  0.    But,  since  —  is  a 

fraction  in  its  lowest  terms,  N  and  Z>  have  no  common  factor,  and  there- 
fore cannot  both  reduce  to  0  for  the  same  value  of  x  (Ch.  VIII.,  %  4. 
Art.  2).  Consequently,  any  value  of  %  which  reduces  iV'  to  0  must 
reduce  —  to  0  (Ch.  III.,  §  4,  Art.  6).    That  is,  no  root  is  gained  by  the 

transformation. 

Therefore  the  derived  integral  equation  is  equivalent  to  equataon  (1). 
and  henee  to  the  given  fractional  equation. 

4.  If  all  the  terms  of  a  fractional  equation  be  transferred  to 
its  first  member^,  be  united  into  a  single  fraction,  and  this  frac- 
tion be  reduced  to  its  lowest  terms,  the  integral  equation  ob- 
tained by  then  clearing  of  fractions  is  equivalent  to  the  given 
fractional  equation.  But  it  is  not  necessary,  nor  advisable,  to 
make  this  transformation  before  clearing  of  fractions.  If  any 
new  root  be  introduced,  it  will,  as  we  have  seen,  be  a  root  of 
one  of  the  factors  of  the  L.  C.  D.,  equated  to  0,  and  can  there- 
fore be  rejected  at  sight. 

Ex.   Solve  the  equation  I.?±i2  :^  f|  +  ^. 
^  x-^^        12       6 

Multiplying  by  12  (x  -  2), 

84x  4- 120  =  5ic2__  iQ^  ^  7Q^_  ^40^ 
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Transferring,  uniting  terms,  and  factoring, 
(a?-10)(5a?-f26)  =  0, 

'Whence  »s=10  and  0?  =  — Y* 

Since  neither  10  nor  —  y  is  a  root  of  the  L,  (5,  D.  ecjimted  to 
0,  that  ifl,  of  12(»-2)  =«  0,  both  10  and  -  V  »^'«  »*<^t*^«  *^*'  ^'^*^ 
given  equation. 

5.  The  following  suggestions  will  siiniilify  the  work  of 
solving  many  fractional  equations: 

(i.)  If  any  fraction  he  not  in  iia  loweM  Urmn  it  tthuulU  ha 
reduced, 

(iL)  Hie  form  of  an  equation  will  fratpn^ntly  uufj(//^iff  (/roufiinfj 
and  uniting  same  frwutioTial  termn.  Thin  rttduiiiim  Hliouhi  aluuif/a 
be  made  iftvoo  or  m/jre  frwdiouH  luice  a  tuj/amon  diuiominuUtf, 

Ex-L  Solve  the  efjuation  — *      =      -       -     '     • 

^  x-^2     x-i     X   -  i)     X---I6 

Uniliii?  th.e  fractional  terms  in  eaw;b  wein\Aih'  fc><'j>a*atc'Jy,  h^nd 
diTiding  by  —  2, 

1  1 


Clearing  of  fractions. 

(a-  -  <; .  far  -  8 .  =  (ar  -  2j  'x  -  4;. 

Therefore       ir- 14ir  ^  48  = -^  -  €/• -f  ^. 

"VTbenoe  —  8  -r  =  —  4(>.  or  /•  -  5. 

Since  o  ie  not  s  root  of  any  la^rioi  ui  tiit  L.  C.  J^.  <?<iuit\/Oci  to 
0.  it  iB  a  root  of  tht  giveL  equuiiuu. 

Ex.2.    Bolve  tilt  ^(juati uii       *       =---       n  10.  ^) j 

ilC       1       -(•  —  J 

^      1 
Tranfiferriu^^  auc:  uiiiliiij.-  Utviuf..  -  j(*. 

li^ducing  to  iowtJBi  i»erjLii>-,  -t -i  3  ^  j^'-  C-, 

TMience  -^  -  ^ 
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The  integral  equation  (2)  is  equivalent  to  the  given  equation, 
and  therefore  9  is  the  required  root. 

Had  the  given  equation  been  cleared  of  fractions  by  multi- 
plying by  x  —  1,  the  root  1  of  as  — 1  =  0  would  have  been 
introduced. 

(iii.)  An  improper  fraction  should  in  some  cases  first  be  reduced 
to  a  mixed  expression, 

Ex.3.  Solve  the  equation  5^4.^Il|  =  2. 

a;  — 4     x  —  o 

Reducing  the  improper  fractions,  we  obtain 
1+^  +  1+^  =  2, 

05  —  4  x  —  o 

x  —  4i     x  —  o 
Clearing  of  fractions,     a  —  S-f-as  —  4  =  0.     Whence  a:  =  f . 

EXERCISES  I. 
Solve  the  following  equations  : 

1.   1?  =  4.  2.   6-§  =  2.  8.   ^^^  =  3. 

X  X  «+ 1 

4.   ^1^  =  2.  5.   ^:zi  =  ^^.  6.   -^  =  r 

x+1      3  x-S     x-2  6-±      ' 

X 

7     «-2  ^  a;-6  ^      26  10     ^^  x     _    Sx      ^ 

2x-5      2«-2  '   x-J     3x-4       '        '^^   ^+1     x  +  2      ' 

10.   ^^  +  1  =  1.  11.   ^^±J-  +  2^±1  =  2. 

x-\-\     X  (a;  +  2)2^  x  +  2 

IS.   1+     2     _13         5x 


12. 

6x             17 

3x4-1     9x  +  3      6 

14. 

4      i  +  x       i  +  a;     4 

16. 

3              5      _          4 
l_3x      l-5x         2x-l* 

IQ 

2x+l           8       _2x-l 

2     x+2      8      4x+8 
4  6 


15.     T-^TTT.-^ 

17. 


(x+l)-'    x(x-{-iy    2x(x+l) 
x-7      2X-15  1 


19. 


x+7       2x-6  2(x+7) 

4.7  37 


2x-l      4x2-1      2x  +  l  x  +  2     x-1-3     x2  +  5x+6 

jwj     x-3      12-2x^3x-27  ^i    2x+19         17 3__(j 

•   a;'2-9      x2-36       x2  -  81 '  *    6x2-5     x2  - 1      1-x 
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3?"  -    ^9- 


^         7        .        S  l^ ^ 

25.   I + ^- =  -^    ^        ^ 

jjg       1  1 ?tl_=      <*_. 

*   JB-I     2(x+l)      2(jfa+l)      ^-l 

27     _J^ ?_=_J L-.     9S.    _«._«-      1    _♦    . 

'x  —  2     x-4     «-6     x-8  »-6     ap-a     irt     ir      I 

29.   -J_4—2_3,_7_     __^.    3^     _1.._     9  a     _     I     , 

x-9     x-4     x-7     x-11  a-ia    x     16 \r     IH    jr     IM 

81    a?  +  8     z  +  g  .  x  +  4  _  y-f  ft  _  •''^  ■♦  3     /  f  fl^ 
'x  —  6     X  —  6     X  —  7     x-6     «-(>     /      7 

22    ^"^^  _  x  +  3     x+  1  _  X  -f  2  _  r      1         r    ^ 
'  x-7     x-8     x-9     x-7     X-   8     /.      9* 

TiohUmm, 

6.  Pr.  1.  A  niunbeT  of  men  Tft^j^nvftd  $120,  Uf  }t^  (Vivu]N\ 
equally.  If  their  number  had  been  4  less,  efi/.h  onf^  w^niWI  hnv^ 
received  three  times  aa  much.     Ifow  many  wou  wo^f^  th<'r^  7 

Let  X  stand  for  the  number  of  men.    Tl»^^n  ftn/'-b  rufin  r^c■^i\^^<1 

120 

—  dollars.    If  their  number  had  been  4  Ia««,  ftf»/',b  mi/^  wMtUI 

have  received  — ^^ —  dollars. 

Therefore^  by  the  condition  of  the  prohfen>,  '.^'a,  hnz/A 

^^^-  =  3x-^:  ';v:ienr'e  y  -  ^, 


J  — 4  jp 

Pr.  X  The  value  of  a  fiiiption    vIj^'ti  r<'^l»i^/'/l  to  J-^  kf'^^-'^; 
terms  is  ^.     If  its  nnmprrttor  ^nri    U'-ioni.?i'^ir,r  '>/•  '-f/M  '!•'•. •'• 
ished  by  1,  tiie  result-iiii(  f.Ti^'r.on   v. 11    >/!  .'/ji;;*!  'o  >,      A  .<'(♦,    << 
the  fraction  ? 

The  numerator  of  'lip   t'.-   .;•/'.-!   -' -^/'".u.n  .o*'  f    .a  <   /..   »  »,/. 
of  1,  and  the  (lenoTnuiA-tor    {.^'    ?.i  f  (•     »  -r^    '^  » 

Let  ap  stand  for  *l.i^  .r..  '.*    ,  c      ",'  .*'    *"     -^-'J    '•  ?<"'  '  ^'    * 

>  r 
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By  the  condition  of  the  problem,  we  have 

6a?-l      6* 
Whence  x=^6.    The  required  fraction  is  ^,  =  ^. 

EXEBCISES  II. 

1.  What  number  added  to  the  numerator  and  denominator  of  f  wUL 
give  a  fraction  equal  to  |  ? 

2.  The  sum  of  two  numbers  is  18,  and  the  quotient  of  the  less  dividn^ 
by  the  greater  is  equal  to  i.     What  are  the  numbers  ? 

8*  The  denominator  of  a  fraction  exceeds  its  numerator  by  2,  and  if 
1  be  added  to  both  numerator  and  denominator,  the  resulting  fraction 
will  be  equal  to  }.    What  is  the  fraction  ? 

4.  The  sum  of  a  number  and  seven  times  its  reciprocal  is  8.  What  is 
the  number  ? 

5.  The  value  of  a  fraction,  when  reduced  to  its  lowest  terms,  is  I 
If  its  numerator  be  increased  by  7  and  its  denominator  be  decreased  by  7, 
the  resulting  fraction  will  be  equal  to  j.    What  is  the  number  ? 

6.  What  number  must  be  added  to  the  numerator  and  subtracted 
from  the  denominator  of  the  fraction  ^,  to  give  its  reciprocal  ? 

t.  if  J  be  divided  by  a  certain  number  increased  by  J,  and  J  be  sub- 
tracted from  the  quotient,  the  remainder  will  be  J.    What  is  the  number? 

8.  A  train  runs  200  miles  In  a  certain  time.  If  It  were  to  run  5  miles 
an  hour  faster,  it  would  run  40  miles  further  in  the  same  time.  What  is 
the  rate  of  the  train  ? 

9.  A  number  has  three  digits,  which  increase  by  1  from  left  to  right. 
The  quotient  of  the  number  divided  by  the  sum  of  the  digits  is  26.  Wliat 
is  the  number  ? 

10.  A  number  of  men  have  3  72  to  divide.  If  $144  were  divided 
among  3  more  men,  each  one  would  receive  $  4  more.  How  many  men 
are  there  ? 

11.  It  was  intended  to  divide  )  by  a  certain  number,  bat  by  mistake 
i  was  added  to  the  number.  The  result  was,  nevertheless,  the  same. 
What  is  the  number? 

12.  A  steamer  can  run  20  miles  an  hour  in  still  water.  If  it  can  ran 
72  miles  with  the  current  in  the  same  time  that  it  can  run  48  miles  against 
the  current,  what  is  the  speed  of  the  current  ? 

13.  A  man  buys  two  kinds  of  wine,  14  bottles  in  all,  paying  $9  foi 
one  kind  and  $  12  for  the  other.  If  the  price  of  each  kind  is  the  same, 
how  many  bottles  of  each  does  he  buy  ? 
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14.  A  can  do  a  piece  of  work  in  10  days,  B  in  6  days ;  and  A,  B,  and 
C  together  in  3  days.    In  how  many  days  can  C  do  the  work  ? 

16.  A  and  B  together  can  do  a  piece  of  work  in  2  days,  B  and  C 
together  in  3  days,  and  A  and  C  together  in  2  J  days.  In  how  many  days 
can  A,  B,  and  C  together  do  the  work  ? 

16.  The  circumference  of  the  hind  wheel  of  a  carriage  exceeds  the  cir- 
cumference of  the  front  wheel  by  4  feet,  and  the  front  wheel  makes  the 
same  number  of  revolutions  in  running  400  yards  that  the  hind  wheel 
makes  in  running  600  yards.    What  is  the  circumference  of  ecwjh  wheel  ? 

17.  In  a  number  of  two  digits,  the  digit  in  the  tens*  place  exceeds  the 
digit  in  the  units'  place  by  2.  If  the  digits  be  interchanged  and  the  re- 
sulting number  be  divided  by  the  original  number,  the  quotient  will  be 
equal  to  ||,     What  is  the  number  ? 

18.  In  a  number  of  three  digits,  the  digit  in  the  hundreds'  place  is  2  ; 
if  this  digit  be  transferred  to  the  units*  place,  and  the  resulting  number 
be  divided  by  the  original  number,  the  quotient  will  be  equal  to  }|. 
What  is  the  number? 

19.  In  one  hour  a  train  runs  10  miles  further  than  a  man  rides  on  a 
bicycle  in  the  same  time.  If  it  takes  the  train  6  hours  longer  to  run  255 
miles  than  it  takes  the  man  to  ride  63  miles,  what  is  the  rate  of  the  train  ? 

20.  Two  engines  are  used  in  different  places  in  a  mine  to  pump  out 
water.  The  one  pumps  11  gallons  every  5  minutes  from  a  depth  of  165 
yards ;  the  other  pumps  31  gallons  every  10  minutes  from  a  depth  of  88 
yards.  The  engines  together  represent  the  power  of  54  horses.  Each 
engine  represents  the  power  of  how  many  horses  ? 

21.  A  cistern  has  three  pipes.  To  fill  it,  the  first  pipe  takes  one-half 
of  the  time  required  by  the  second,  and  the  second  takes  two-thirds  of  the 
time  required  by  the  third.  If  the  three  pipes  be  open  together,  the  cis- 
tern will  be  filled  in  6  hours.    In  what  time  will  each  pipe  fill  the  cistern  ? 

22.  A  and  B  ride  100  miles  from  P  to  Q.  They  ride  together  at  a 
uniform  rate  until  they  are  within  30  miles  of  Q,  when  A  increases  his 
rate  by  J  of  his  previous  rate.  When  B  is  within  20  miles  of  §,  he  in- 
creases his  rate  by  J  of  his  previous  rate,  and  arrives  at  Q  10  minutes 
earlier  than  A.     At  what  rate  did  A  and  B  first  ride  ? 

23.  A  circular  road  has  three  stations,  A,  B,  and  C,  so  placed  that  A 
is  15  miles  from  j5,  j5  is  13  miles  from  C  in  the  same  direction,  and  C  is 
14  miles  from  A  in  the  same  direction.  Two  messengers  leaving  A  at 
the  same  time,  and  traveling  in  opposite  directions,  meet  at  B,  The 
faster  messenger  then  reaches  A,  7  hours  before  the  slower  one.  What 
is  the  rate  of  each  messenger  ? 


CHAPTER  XI. 

LITERAL  EQUATIONS  IN  ONE  X7NKNOWN    NUMBER. 

1.  The  unknown  numbers  of  an  equation  are  frequently 
to  be  determined  in  terms  of  general  numbers,  i.e.,  in  terms 
of  numbers  represented  by  letters.  The  latter  are  commonly 
represented  by  the  leading  letters  of  the  alphabet,  a,  b,  c,  etc 

Such  numbers  as  a,  by  c,  etc.,  are  to  be  regarded  as  known. 
E.g.,  in  the  equation  x-ha  =  b,  a  and  b  are  the  known  num- 
bers, and  X  is  the  unknown  number. 
From  this  equation  we  obtain  x  =  b  —  a. 

2.  It  is  important  to  notice  that  the  assumption  that  x,  y,  z^  etc.,  are 
the  unknown  numbers  of  an  equation,  and  that  a,  6,  c,  etc.,  are  the 
known  numbers,  is  arbitrary. 

In  the  equation  x  -f  a  =  6,  either  a  or  6  could  be  taken  as  the  unknown 
number.  If  a  be  taken  as  the  unknown  number,  we  have  a  =  6-x; 
if  &  be  taken  as  the  unknown  number,  we  have  6  =  x  +  a. 

3.  A  Numerical  Equation  is  one  in  which  all  the  known  num- 
bers are  numerals ;  as2a;  +  3  =  7;   4a;  —  3^  =  7. 

A  Literal  Equation  is  one  in  which  some  or  all  of  the  known 
numbers  are  literal  ;as2aa;  4-36  =  5;   ax-\'by  =  c. 

4.  Ex.  1.   Solve  the  equation  ^n^  _^  £zi^  =  _  (?Lz^. 

Clearing  of  fractions, 

2aaj  -  2a2  4-  2  &«  -  2 6^  =  -  a*  4-  2a6  -  6*. 
Transferring  and  uniting  terms, 

2(a4-6)a?  =  a2  4-2a6  4-6*. 

Dividing  by  2  (a  4-  b),     x  =  5!^±-^. 

z  , 

Notice  that  the  above  equation,  although  algebraically  frac- 
tional, is  integral  iu  the  unknown  number  x.  The  equations 
which  follow  are  fractional  in  the  unknown  number. 

188 
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Ex.  2.   Solve  the  equation  L=i[5  =  ^?^  4. 2. 

ox  ax 

Cleajing  of  fractions,         a  —  a^x=:  b^x  —  b  +  2 abx. 
Transferring  and  uniting  terms, 

Dividing  hj  a? -\- 2  db -[- b%  x  = -• 

a  +  b 

Ex.  3.   Solve  the  equation 

1      ,  c  _  X 


a  —  b     (x  —  b)(x  —  c)      {x  —  b)(x-'  c) 
Uniting  fractions  with  common  denominator, 
1       ,  c  —X 


a  —  b     (X'-b)(x—c) 


=  0. 


Beducing  to  lowest  terms, =  0. 

a—b     x—b 

Clearing  of  fractions,         a  —  6  —  a4-6  =  0. 
Whence  as  =  a. 

Had  we  cleared  of  fractions  at  once,  we  should  have  intro- 
duced the  root  c  of  the  factor  x  —  c  equated  to  0. 

5.    A  linear  equation  in  one  unknown  number  has  one,  and  only  one, 
distinct  root. 

Any  linear  equation  in  one  unknown  number  can  be  reduced  to  the 
form 

ax  =  b. 

If  both  members  of  this  equation  be  divided  by  o,  when  a  rjfc  0,  we 

obtain  x  =  -. 
a 
Since  this  value  of  x  satisfies  the  equation,  we  conclude  that  every 
linear  equation  has  at  least  one  root. 

Let  us  assume  that  the  equation  ax  =  b  has  two  distinct  roots,  and  let 
us  denote  them  by  ri  and  r2.  Then,  since  they  must  both  satisfy  the 
given  equation,  we  have 

ari  =  b  (1),  and  ar2  =  b  (2). 
Subtracting  (2)  from  (1),  we  obtain 

a(ri-r2)  =  0. 
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Since  a  :^  0,  we  have,  by  Ch.  III.,  |  3,  Art.  18, 
n  —  rj  =  0 ;   Whence  ri  =  r2. 
Therefore  the  assumption  that  the  equation  has  two  distinct  tooIb  is 
untenable.     Hence  the  truth  of  the  principle  enunciated. 

6.    Observe  that,  in  Art  5,  we  have  no  authority  for  dividing  both 
members  of  the  equation 

ax  =  b 

by  a,  when  a  =  0.    But  if  we  assume  that  -  still  gives  the  solution  of 

a 
the  equation  when  a  =  0,  the  value  of  x  will  be  indeterminate  (§)  oi 
infinite  (oo),  according  as  6  =  0  or  6  :^  0.     Evidently,  when  a  =  0  and 
5  =  0,  any  finite  value  of  x  will  satisfy  the  equation  ;  while,  when  a  =  0 
and  6  :^  0,  no  finite  value  of  x  will  satisfy  the  equation. 

EXERCISES  I. 
Solve  the  following  equations : 

1.   a  —  X  =  c.  2.   wix  4-  a  =  6.  8.   a  —  6x  =  c. 

4.   wix  =  nx  +  2.  5.   X  —  ax  +  1  =  6x.  6.   ox  +  6x  —  x  =  0. 

7.  3  ax  —  5  a6  +  6  ox  —  7  ac  =  2  ax  -f  2  a6. 

8.  4a2-2a&x  +  624.3a9aj  =  6aa-6*»H-2a^* 

9.  (2a-6)x  =  4aa-3a(6-f  X). 

10.  a(x  +  a)  -  6(x  -  6)  =  3  ax  +  (a  -  h)K 

11.  x(x  +  a)-f  x(x  + 6)-2(x  +  a)(x+6)  =  0. 

12.  (a  +  x)(6-f  a;)-(c-x)(d-x)  =  0. 
18.  (3a-x)(a-6)+2ax  =  4  6(a  +  x). 

14.   a-^^-  =  c.  15.   ?  +  6  =  ^+a.  16.  5±^  =  |. 

X  ex  x  —  a4 

17    ^_L^_?[  =  55.  18    q  +  g_a  +  1,  19    rc+g ^JLJ., 

'   ax     a     b     X  "6+X64-1                  '       2       x+o      2 

20    6x+a    Zx-h    Q  2j     g  4-«_a-g  22.   ^-^~^  +  ^ 

4x-f6    2x-a"   *  *    6  +  a     6-a                  *   x-2     x-3 

28    g-a?-&^  oA    g-fa&^g'+g^>-f&"      25    <»+ a^  (2x4  0)!. 

•  6     x-a2*  *   x-a6    a^-aft-ffta'         *   x-6      (2x-6)* 

26      a;g+g«  x      _     1  g?    «(«? -H)  -  ^C^  -  1)  ^ «' 

*  4x«-a2     2x  +  a         4  *   6(x+ 1)- a(x  - 1)     6« 


28. 


a8-&8^aCx-&2)  +  ft(;a2-x)  29.   _i_  +  ^_ L-=0. 

a^+fts    a(x— 6'^)— 6(g"2— x)  *   o6-ax    6c- 6x    ac-ax 

80.  ^zi«-L^z:^+^ii^=l+l+l.  81.  £^4-^^^  +  ^^=^  =  0. 

2  6c      2ac      2a6a6c  x  —  1     x  —  2     x  —  3 


88. 
33. 
34. 
35. 
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a  -»-  X  « —  X  3a 


a--i-ax-rx*     «^  —  -ix  —  x^     x^«*  t-  ax*  -f  *•) 

l  +  2iuH      l-i?.x*     4fcix*-l 
«r*  -r  4  a  a  1 


JC*  +  x—  a-*a     x-ra     x  —  a-rl 
x-12/i-l-x^_2x-l      1-x 


a  — I         a*  —  1  1  —  a*      1 -r  a 

3^     a^  +  x     g^  -  X  _  4  a;>  J  ^  2  <T>  -  3  6* 


38. 
39. 


6*-x     fc*i-x  6*-x* 

q^  -^  qj-  -»-  Jt*       _  q*  —  aV  -i-  qjr*  _     1 
€i>  +  a  x  ^  q^  +  X*     a*  -r  2  rf^x*  +  x*  ~  a  +  x' 
a*^  -  X      2  q  -»-  X  q* 


X  —  2  a      a^  —  X      a*x  +  2ai  —  2  a*  —  x* 

^  ^(x-q)  ^  c-z 1 

a^  —  c*  —  2ax  +  x*     a^  —  a<r  +  cx  —  2ax  +  x*     x—  v«  +  c) 

41.    1 — ^  =  -JL.  431.  ±2L1  =  1_. 


i(-a 


a»  a  +  X  (a  +  x)* 

Oenaral  Problems. 

7.  A  problem  in  which  the  given  numbers  have  particular 
values  can  be  generalized  by  assuming  literal  numbers  for  the 
given  numbers.  A  problem  so  stated  is  a  general  problem,  and 
its  solution  is  called  a  general  solution, 

A  particular  solution  can  be  obtained  from  the  general  solu- 
tion by  assigning  to  the  literal  numbers  in  the  latter,  particular 
numerical  values. 

We  will  now  obtain  general  solutions  of  some  of  the  prob- 
lems already  solved  in  Ch.  V. 

Ch.  v.,  Pr.  1.  The  greater  of  two  numbers  is  m  times  the 
less,  and  their  sum  is  ».    What  ate  the  numbers  ? 

Let  X  stand  for  the  less  required  number.     Then  mx  stands 

for  the  greater.     By  the  condition  of  the  problem,  we  have 

X  4-  wiaj  =  s ; 

whence,  «=- ,  the  less  number,  and  ma;=-^^,  the  greater. 

1-j-m  1-f-w 
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If  m  =  3  and  «  =  84  (as  in  the  particular  problem),  we  have 

a?  =  -^  =  21,  and  ma;  =  3  x  21  =  63. 
1  +  3 

When  the  numbers  are  equal,  m  =  1,  and  we  obtain 
x  =  ~  and  mx  =  -} 

for  all  values  of  « ;  that  is,  either  of  the  two  numbers  is  half 
their  sum. 

Ch.  v.,  Pr.  9.  A  carriage,  starting  from  a  point  Ay  travels 
m  miles  daily ;  a  second  carriage,  starting  from  a  point  5,  ;• 
miles  behind  A^  travels  in  the  same  direction  n  miles  daily. 
After  how  many  days  will  the  second  carriage  overtake  the 
first,  and  at  what  distance  from  B  will  the  meeting  take  place? 

Let  X  stand  for  the  number  of  days  after  which  the  carriages 
meet.  Then  the  number  of  miles  traveled  by  the' first  carriage 
will  be  mx\  the  number  traveled  by  the  second  will  be  "nx. 

Therefore,  by  the  condition  of  the  problem, 

mx  =^'nx—p\  whence  x  =  — — — > 

the  number  of  dfiys  after  which  the  carriages  meet. 
The  distance  traveled  by  the  first  carriage  is  — — 

and  the  distance  traveled  by  the  second  carriage  is  — —  miles. 
They,  therefore,  meet  — ^  miles  from  B. 

Ch.  v.,  Pr.  10.  One  man  asked  another  what  time  it  was, 
and  received  the  answer :  "  It  is  between  n  and  w  + 1  o^clock, 
and  the  minute-hand  is  directly  over  the  hour-hand.'^  What 
time  was  it? 

At  n  o'clock  the  minute-hand  points  to  12  and  the  hour-hand 
to  n.  The  hour-hand  is  therefore  5  n  minute-divisions  in  ad- 
vance of  the  minute-hand. 

Let  X  stand  for  the  number  of  minute-divisions  passed  over 
by  the  minute-hand  from  n  o'clock  until  it  is  directly  over  the 
hour-hand  between  n  and  n  -f- 1  o'clock. 


mu 
n  —  m 
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Then  the  number  of  minute-divisions  passed  over  by  the 
our-hand  is  equal  to  the  number  of  minute-divisions  passed 
ver  by  the  minute-hand,  minus  5  n ;  that  is,  to  x  —  5  n. 

But  since  the  minute-hand  moves  12  times  as  fast  as  the 
Lour-hand,  we  have 

a5  =  12(aj  — 5n);  whence  aj  =  — 5. 

Consequently,  the  time  was  -rrr-  minutes  past  n. 

If  n  =  1,  it  was    ff ,  or    5^^  minutes  past  1. 
If  n  =  2,  it  was  ^^  or  10^  minutes  past  2. 

Etc. 
If  n  =  11,  it  was  ^,  or  60  minutes  past  11 ;  i.e.,  12  o'clock. 

If  n  =  12,  it  was  ^^,  or  65^^  minutes  past  12 ;  i.e.,  5^ 
minutes  past  1. 

l:^otice  that  the  two  hands  coincide  at  12  o'clock,  but  not 
between  12  and  1. 

EXERCISES  II. 

Find  the  general  solution  of  each  of  the  following  problems,  and  from 
this  solution  obtain  the  particular  solution  for  the  numerical  values 
assigned  to  the  literal  numbers  in  the  problem. 

1.  Find  a  number,  such  that  the  result  of  adding  it  to  n  shall  be 
equal  to  n  times  the  number.    Let  n  =  2 ;  6. 

2.  Divide  a  into  two  parts,  such  that  —  of  the  first,  plus  ~  of  the 

m  n 

second,  shall  be  equal  to  6.    Let  a  =  100,  &  =  30,  m  =  3,  w  =  6. 

8.  Find  a  number,  such  that  the  sum  of  the  results  of  subtracting 
it  from  a  and  from  h  shall  be  equal  to  c.    Let  a  =  3,  &  =  6,  o  =  5. 

4.  One  boy  said  to  another:  "Think  of  some  number,  add  3  to  it, 
multiply  the  sum  by  2,  add  4  to  the  product,  divide  the  result  by  2,  sub- 
tract 1  from  the  quotient,  multiply  the  difference  by  4,  add  4  to  the 
product,  divide  the  result  by  4,  tell  me  the  result,  and  I  will  tell  you  the 
number  you  have  in  mind.''  If  the  result  be  d,  what  number  does  the  boy 
think  of  ? 

5.  A  sum  of  d  dollars  is  divided  between  A  and  B.  B  receives  h  dol- 
lars as  often  as  A  receives  a  dollars.  How  much  does  each  receive  ?  Let 
<i  =  7000,  a  =  3,  6  =  2. 
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6.  A  father's  age  exceeds  his  fion*s  age  by  m  years,  and  the  sum  of 
their  ages  is  n  times  the  son's  age.  What  are  their  ages  ?  Let  m  =  20, 
n  =  4  ;  m  =  25,  »  =  7. 

7.  If  two  trains  start  together  and  run  in  the  same  direction,  one  at  the 
rate  of  mi  miles  an  hour,  and  the  other  at  the  rate  of  mo  miles  an  hour, 
after  how  many  hours  will  they  be  d  miles  apart  ?  Let  d  =  200,  wi  =  35, 
m2  =  30. 

8.  A  farmer  can  plow  a  field  in  a  days,  and  his  son  in  b  days ;  in  how 
many  days  can  they  plow  the  field,  working  together  ?    Let  a =10,  6=15. 

9.  A  pupil  was  told  to  add  m  to  a  certain  number,  and  to  divide  the 
sum  by  n.  But  he  misunderstood  the  problem,  and  subtracted  n  from  the 
number  and  multiplied  the  remainder  by  m.  Nevertheless  he  obtained 
the  correct  result.     What  was  the  number  ?    Let  m  =  12,  n  =  13. 

10.  What  time  is  it,  if  the  number  of  hours  which  have  elapsed  since 
noon  is  m  times  the  number  of  hours  to  midnight  ?    Let  w  =  J. 

11.  A  starts  from  P  and  walks  to  Q,  a  distance  of  d  miles.  At  the 
same  time  B  starts  from  Q  and  walks  to  JP.  If  A  walk  at  the  rate  of  m 
miles  a  day  and  B  at  the  rate  of  n  miles  a  day,  at  what  distance  from  P 
do  they  meet,  and  how  many  days  after  they  start  ?  Let  m  =  20,  »  =  30, 
d  =  600. 

12.  Two  friends,  A  and  B,  each  intending  to  visit  the  other,  start  from 
their  houses  at  the  same  time.  A  could  reach  B's  house  in  m  minutes, 
and  B  could  reach  A^s  house  in  n  minutes.  After  how  many  minutes  do 
they  meet  ?    Let  m  =  12J,  n  =  lOJ. 

18.  Two  couriers  start  at  the  same  time  and  move  in  the  same  direc- 
tion, the  first  from  a  place  d  miles  ahead  of  the  second.  The  first  courier 
travels  at  the  rate  of  wii  miles  an  hour,  and  the  second  at  the  rate  of  wij 
miles  an  hour.  After  how  many  hours  will  the  second  courier  overtake 
the  first  ?    Let  d  =  15,  wi  =  17,  rm  =  20. 

From  the  result  of  the  preceding  example  find  the  results  of  Exx.  14-16. 

14.  At  what  rate  must  the  second  courier  travel  in  order  to  overtake 
the  first  after  h  hours  ?    Let  d  =  18,  mi=  15,  h  =  3. 

16.  At  what  rate  must  the  first  courier  travel  in  order  that  the  second 
may  overtake  him  after  h  hours  ?    Let  d  =  12,  «i2  =  22,  A  =  3. 

16.  How  many  miles  behind  the  first  courier  must  the  second  start  in 
order  to  overtake  the  first  after  h  hours  ?    Let  mi  =  18,  »»2  =  21,  h  =  4. 

17.  In  a  company  are  a  men  and  b  women  ;  and  to  every  m  unmarried 
men  there  are  n  unmarried  women.  How  many  married  couples  are  in 
the  company  ?    Let  a  =  13,  6  =  17,  m  =  3,  n  =  5. 

18.  The  annual  dues  of  a  certain  club  are  at  first  a  dollars.  Subse- 
quently the  yearly  expenses  increased  by  d  dollars,  while  the  number  o! 
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members  decreased  by  n.  In  consequence  the  annual  dues  were  increased 
by  b  dollars.  How  many  members  were  originally  in  the  club?  Let 
a  =  26,  d  =  316,  n  =  7,  and  &  =  2. 

19.  A  father  divided  his  property  equally  among  his  sons.      To  the 

oldest  he  gave  d  dollars  and  -  of  what  remained ;  to  the  second  son  he 

1  ^ 

gave  2  d  dollars  and  -  of  what  was  then  left ;  to  the  third  son  he  gave  3  d 

1  ^ 

dollars  and  -  of  the  remainder ;  and  so  on.    What  was  the  amount  of  his 

n 
property  ?    Let  d  =  1600,  n  =  11 ;  d  =  2000,  n  =  6.. 

20.  Two  couriers  start  from  the  same  place  and  move  in  the  same 
direction,  one  h  hours  after  the  other.  The  first  one  travels  at  the  rate  of 
mi  miles  an  hour,  and  the  second  at  the  rate  of  m2  miles  an  hour.  After 
how  many  hours  will  the  second  courier  overtake  the  first  ?  Let  A  =  2, 
mi  =  16,  ma  =  20. 

From  the  result  of  the  preceding  example,  find  the  results  of  Exx. 
21-23. 

21.  At  what  rate  must  the  second  courier  travel  in  order  to  overtake 
the  first  after  H  hours  ?    Let  IT  =  6,  A  -  2,  mi  =  12. 

22.  At  what  rate  must  the  first  courier  travel  in  order  that  the  second 
may  overtake  him  after  H  hours  ?    Let  IT  =  4,  ^  =  1,  ma  =  20. 

23.  How  many  hours  after  the  first  courier  starts  must  the  second  start 
in  order  to  overtake  the  first  after  H  hours  ?  Let  IT  =  6,  mi  =  14, 
ma  =  22. 

24.  Two  boys  run  a  race  from  A  to  B,b,  distance  of  d  yards.  The  first 
runs  a  yards  a  second ;  after  reaching  By  he  turns  and  runs  back  at  the 
same  rate  to  meet  the  other  boy,  who  runs  b  yards  a  second.  How  many 
seconds  after  they  start  does  the  faster  runner  meet  the  other  ?  Let 
d  =  253,  a  =  2.6,  b  =  2.1. 

25.  An  accommodation  train  leaves  A  every  h  hours,  and  runs  to  B  at 
the  rate  of  m  miles  an  hour.  At  the  same  time  an  express  train  leaves 
B  and  runs  to  ^  at  the  rate  of  n  miles  an  hour.  What  time  elapses  after 
an  express  train  meets  an  accommodation  train  until  it  meets  the  next 
accommodation  train  ?    Let  /i  =8,  m  =  20,  n  =  40. 

26.  At  what  time  between  n  and  n  +  1  o'clock  will  the  hands  of  a  clock 
be  in  a  straight  line  ?    Let  n  =  1 ;  2  ;  3  ;  ...  to  12. 

27.  At  what  time  between  n  and  »  4- 1  o'clock  are  the  minute-hand 
and  the  hour-hand  of  a  clock  at  right  angles  to  each  other  ?  Let  n  =  1 ; 
2  ;  3 ;  ...  to  12. 

28.  At  what  time  between  n  and  n  +  1  o'clock  does  the  second-hand 
bisect  the  angle  between  the  hour-hand  and  the  minute-hand  ?  Let  n  =  1 ; 
2;  3;  ...to  12. 


CHAPTER  XII. 

INTERPRETATION  OF  THE  SOLUTIONS  OF  PROBLEMS. 

1.  In  solving  equ^ions  we  do  not  concern  ourselves  with  the  meaning 
of  the  results.  When,  however,  an  equation  has  arisen  in  connection 
vfrith  a  problem,  the  interpretation  of  the  result  becomes  important  In 
this  chapter  we  shall  interpret  the  solutions  of  some  linear  equations  in 
connection  with  the  problems  from  which  they  arise. 

Positive  Solutions. 

2.  Pr.  A  company  of  20  people,  men  and  women,  proposed  to  arrange 
a  fair  for  the  benefit  of  a  poor  family.  Each  man  contributed  $  3,  aud 
each  woman  $  1.  If  ^  66  were  contributed,  how  many  men  and  how  many 
women  were  in  the  company  ? 

Let  X  stand  for  the  number  of  men ;  then  the  number  of  women  was 
20  —  X,  The  amount  contributed  by  the  men  was  3  x  dollars,  that  by  the 
women  20  —  a;  dollars.    By  the  condition  of  the  problem,  we  have 

3x  +  (20  -  aj)  =  66 ;  whence  x  =  17 J. 

The  result,  17|,  satisfies  the  equation,  but  not  the  problem.  For  the 
number  of  men  must  be  an  integer.  This  implied  condition  could  not  be 
introduced  into  the  equation. 

The  conditions  stated  in  the  problem  are  impossible,  since  they  are 
inconsistent  with  the  implied  condition. 

If  the  problem  be  generalized,  its  solution  will  show  how  the  given 
data  can  be  modified  so  that  all  the  conditions,  expressed  and  implied, 
shall  be  consistent.    The  generalized  problem  may  be  stated  thus : 

A  company  of  m  people,  men  and  women,  proposed  to  arrange  a  fair 
for  the  benefit  of  a  poor  family.  Each  man  contributed  a  dollars,  and 
each  woman  b  dollars.  If  n  dollars  were  contributed,  how  many  men  and 
how  many  women  were  in  the  company  ? 

The  solution  of  the  equation  of  this  problem  is 

_  n  —  hm 
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a  order  that  z  may  be  an  integer,  n  —  hm  must  be  exactly  divisible  by 
—  6.      Thus,  if,  in  the  given  problem,  the  number  of  people  were  21 
istea^  of  20,  the  other  data  being  the  same,  we  should  have 

^     55  -  1  X  21     34     .- 

If  all  the  conditions  of  a  problem,  expressed  and  implied,  be  consistent, 
L  positive  solution  will  satisfy  these  conditions  and  therefore  give  the 
jolution  of  the  problem. 

Negative  SolutionB. 

3.  Pr.  A  father  is  40  years  old,  and  his  son  10  years  old.  After  how 
many  years  will  the  father  be  seven  times  as  old  as  his  son  ? 

Xiet  X  stand  for  the  required  number  of  years.  Then  after  %  years  the 
father  will  be  40  +  x  years  old,  and  the  son  10  +  a;  years  old.  By  the 
condition  of  the  problem,  we  have 

40  +  «  =  7(10  4-  x),  whence  x  =  -  6.  (1) 

This  result  satisfies  the  equation,  but  not  the  condition  of  the  problem. 
For  since  the  question  of  the  problem  is  "  after  how  many  years  ?  "  the 
result,  if  added  to  the  number  of  years  in  the  ages  of  father  and  son, 
should  increase  them,  and  therefore  be  positive.  Consequently,  at  no 
time  in  the  future  will  the  father  be  seven  times  as  old.  as  his  son.  But 
since  to  add  —  5  is  equivalent  to  subtracting  5,  we  conclude  that  the 
question  of  the  problem  should  have  been,  *'  How  many  years  ago  ?  " 
The  equation  of  the  problem,  With  this  modified  question,  is : 

40  -  X  =  7(10  -  x) ;  whence  x  =  5.  (2) 

Notice  that  equation  (2)  could  have  been  obtained  from  equation  (1) 
by  changing  x  into  —  x. 

4.  The  interpretation  of  a  negative  result  in  a  given  problem  is  often 
iacilitated  by  the  following  principle  : 

If  —  xbe  substituted  for  x  in  an  equation  which  has  a  negative  root, 
the  resulting  equation  will  have  a  positive  root  of  the  same  absolute  value ; 
and  vice  versa. 

E.g.,  the  equation  x+  1=  —  x  —  3  has  the  root  —  2  ; 
while  the  equation  — x  +  l=x  —  3  has  the  root  2. 

In  general,  the  equation  ax  =  b  has  the  root  -•  (1) 

a 
And  the  equation  —  ax  =  6  (2) 

has  the  root  —  -.    If  the  root  -  be  negative,  then  the  root  —  -  is  positive ; 

a  a  a         . 

and  vice  versa. 
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5.  Pr.  Two  pocket-books  contain  together  $  100.  If  one-half  of  the 
contents  of  one  pocket-book,  and  one-third  of  the  contents  of  the  other  be 
removed,  the  amount  of  money  left  in  both  will  be  $70.  How  many 
dollars  does  each  pocket-book  contain  ? 

Let  X  stand  for  the  number  of  dollars  contained  in  the  first  pocket- 
book  ;  then  the  number  of  dollars  contained  in  the  second  is  100  -  r. 
When  one-half  of  the  contents  of  the  first,  and  one-third  of  the  contents 
of  the  second  are  removed,  the  number  of  dollars  remaining  in  the  first  is 
^,  and  in  the  second  j(100— «).  By  the  conditions  of  the  problem,  we  have 
J  X  +  J(100  -  x)  =  70,  whence  x  =  -  20. 
Substituting  —  x  for  x  in  the  given  equation,  we  obtain 

-ix-f  1(100 -hx)=  70,  or  1(100  + x)-lx  =  70. 

This  equation  corresponds  to  the  following  conditions  : 
If  X  stand  for  the  number  of  dollars  in  one  pocket-book,  then  100  -|-  z 
stands  for  the  number  of  dollars  in  the  other ;  that  is,  one  pocket-book 
contains  %  100  more  than  the  other.  The  second  condition  of  the  prob- 
lem, obtained  from  the  equation,  is :  two-thirds  of  the  contents  of  one 
pocket-book  exceeds  one-half  of  the  contents  of  the  other  by  $70. 
Therefore  the  modified  problem  reads  as  follows  : 

Two  pocket-books  contain  a  certain  amount  of  money,  and  one  contains 
$  100  more  than  the  other.  If  one-thii*d  of  the  contents  be  removed  from 
the  first  pocket-book,  and  one-half  of  the  contents  from  the  second,  the 
fii-st  will  then  contain  $  70  more  than  the  second.  How  much  money  ]& 
contained  in  each  pocket-book  ? 

6.  These  problems  show  that  the  required  modification  of  an  assump- 
tion, question,  or  condition  of  a  problem  which  has  led  to  a  negative 
result,  consists  in  making  the  assumption,  question,  or  condition  the 
opposite  of  what  it  originally  was. 

Thus,  if  a  positive  result  signify  a  distance  toward  the  right  from  a 
certain  point,  a  negative  result  will  signify  a  distance  toward  the  left  from 
the  same  point  j  and  vice  versa  ;  etc. 

Zero  Solutions. 

7.  A  zero  result  gives  in  some  cases  the  answer  to  the  question ;  in 
other  cases  it  proves  its  impossibility. 

Pr.  A  merchant  has  two  kinds  of  wine,  one  worth  1 7.25  a  gallon, 
and  the  other  %  6.60  a  gallon.  How  many  gallons  of  each  kind  must  be 
taken  to  make  a  mixture  of  16  gallons  worth  ^  88  ? 

Let  X  stand  for  the  number  of  gallons  of  the  first  kind  ;  then  l6-a 
will  stand  for  the  number  of  gallons  of  the  second  kind. 
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Therefore,  by  the  condition  of  the  problem,  we  have 

7.26  X  +  5.5  (18  -  »)  =  88  ;  whence  x  =  0. 
That  is,  no  mixture  which  contains  the  first  kind  of  wine  can  be  made 
to    satisfy  the  condition.     In  fact,  16  gallons  of  the  second  kind  are 
worth  ^88. 

Indeterminate  Solutions. 

Su  Pr.  A  merchant  buys  4  pieces  of  goods.  In  the  second  piece  there 
are  3  yards  less  than  in  the  first,  in  the  third  7  yards  less  than  in  the  first, 
and  in  the  fourth  10  yards  less  than  in  the  first.  The  number  of  yards  in 
the  first  and  fourth  is  equal  to  the  number  of  yards  in  the  second  and 
third.      How  many  yards  are  there  in  the  first  piece  ? 

Let  X  stand  for  the  nimiber  of  yards  in  the  first  piece  ;  then  the  num- 
ber of  yards  in  the  second  piece  is  x  —  3 ;  in  the  third  piece,  x  —  7 ;  in  the 
fourth  piece,  x— 10.  Therefore,  by  the  condition  of  the  problem,  we  have 
x+(x- 10)  =  (x- 3)  +  (x- 7),   or  2x-10  =  2x-10. 

This  equation  is  an  identity,  and  is  therefore  satisfied  by  any  finite 
value  of  X. 

If  it  be  solved  in  the  usual  way,  we  obtain 

(2  -  2)x  =  10  :- 10,   or  g^  10 -10^0 
^  2-2       0 

Thj^t  is,  the  conditions  of  the  problem  will  be  satisfied  by  any  number 
of  yards  in  the  first  piece. 

Infinite  Solutions. 

9.  Pr.  A  cistern  has  three  pipes.  Through  the  first  it  can  be  filled  in 
24  minutes ;  through  the  second  in  36  minutes ;  through  the  third  it  can 
be  emptied  in  14f  minutes.  In  what  time  will  the  cistern  be  filled  if  all 
the  pipes  be  opened  at  the  same  time  ? 

Let  X  stand  for  the  number  of  minutes  after  which  the  cistern  will  be 
filled.     In  one  minute  ^  of  its  capacity  enters  through  the  first  pipe,  and 

hence  in  x  minutes  -^  of  its  capacity  enters.     For  a  similar  reason,  —  of 

24  36 

its  capacity  enters  through  the  second  pipe  in  x  minutes ;  and  in  the  same 

6x 
time  — -  of  its  capacity  is  discharged  through  the  third  pipe. 

Therefore,  after  x  minutes  there  is  in  the  cistern 

of  its  capacity.    But  by  the  condition  of  the  problem,  that  the  cistern  is 
then  filled,  we  have 

whence  x  = = =  i  =  oo. 
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This  result  means  that  the  cistern  will  never  be  filled.  This  is  also  &n 
dent  from  the  data  of  the  problem,  since  the  third  pipe  in  a  given  tune 
discharges  from  the  cistern  as  much  as  enters  it  through  the  other  pipes. 

The  Problem  of  thei  Couriers. 

10.  Pr.  Two  couriers  are  traveling  along  a  road  in  the  direction  from 
Mto  N;  one  courier  at  the  rate  of  mi  miles  an  hour,  the  other  at  the  rate 
of  702  miles  an  hour.  The  former  is  seen  at  the  station  A  at  noon,  and  the 
other  is  seen  h  hours  later  at  the  station  B^  which  is  d  miles  from  A  in  the 
direction  in  which  the  couriers  are  traveling.    W  here  do  the  couriers  meet  ? 

A  B 

-o  o o- 


M         Ci  Ch  Gi         IT 

Fig.  3. 

Assume  that  they  meet  to  the  right  of  £  at  a  point  Ci,  and  let  x  stand 
for  the  number  of  miles  from  B  to  the  place  of  meeting  Ci  (Fig.  3). 
The  first  courier,  moving  at  the  rate  of  mi  miles  an  hour,  travels  d  +  2 

miles,  from  A  to  Ci,  in     "*"  ^  hours ;  the  second  courier,  moving  at  the 

mi 
rate  of  m2  miles  an  hour,  travels  x  miles,  from  B  to  Ci,  in  -^  hours.    By 

m2 
the  condition  of  the  problem  it  is  evident  that,  if  the  place  of  meeting  he 
to  the  right  of  B,  the  number  of  hours  it  takes  the  first  courier  to  travel 
from  A  to  Ci  exceeds  by  h  the  number  of  hours  it  takes  the  second  courier 
to  travel  from  B  to  Ci.     We  therefore  have 

^±-^-^=;i,  (1) 

mi       1712 

whence  ^  ^hm.m,  -  d,n,  ^m,(hm,  -  d) ^ 

m2  —  mi  m2  —  mi 

(i.)  A  Positive  Result.  —  The  result  will  be  positive  either  when 
^mi  >  d  and  m2  >  mi,  or  when  Ami  <  d  and  m2  <  mi.  A  positive  result 
means  that  the  problem  is  possible  with  the  assumption  made  ;  i.e.,  that 
the  couriers  meet  at  a  point  to  the  right  of  B. 

(ii.)  A  Negative  Result.-— The  result  will  be  negative  either  when 
hmi^d  and  m2<mi,  or  when  hmi<d  and  m2>mi.  Such  a  resuJt 
shows  that  the  assumption  that  the  couriers  meet  to  the  right  of  B  is 
untenable,  since,  as  we  have  seen,  in  that  case  the  result  is  positive. 

That  under  the  assumed  conditions  the  couriers  can  meet  only  at  some 
point  to  the  left  of  B  can  also  be  inferred  from  the  following  considera- 
tions, which  are  independent  of  the  negative  result :  If  hmi  >  d,  the  first 
courier  has  passed  B  when  the  second  courier  is  seen  at  that  station ;  that 
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is,  the  second  courier  is  behind  the  first  at  that  time.  And  since  also 
m2  <Z  *nu  ^®  fi^  courier  is  traveling  the  faster,  and  must  therefore  have 
overtaken  the  second,  and  at  some  point  to  the  left  of  B. 

On  the  other  hand,  if  hmi  <  d,  the  first  courier  has  not  yet  reached  B 
when  the  second  is  seen  at  that  station ;  that  is,  the  first  courier  is  behind 
the  second  at  that  time.  And  since  also  m^  >  mi,  the  second  courier  is 
traveling  the  faster,  and  must  therefore  have  overtaken  the  first,  at  some 
point  to  the  left  of  B.    Similar  reasoning  could  have  been  applied  in  (i.). 

(iii.)  A  Zero  Result.  —  A  zero  result  is  obtained  when  Ami  =  d,  and 
Y»2  =i^  mi ;  that  is,  the  meeting  takes  place  at  B.  This  is  also  evident 
from  the  assumed  conditions.  For  the  first  courier  reaches  B  h  hours 
after  he  was  seen  at  A ;  and  since  the  second  courier  is  seen  at  By  h  hours 
after  the  first  was  seen  at  A,  the  meeting  must  take  place  at  B. 

(iv. )  Indeterminate  Result.  —  An  indeterminate  result  is  obtained  if 
hnii  —  dj  and  mj  =  mi.  In  this  case  every  point  of  the  road  can  be 
regarded  as  their  place  of  meeting.  For  the  first  courier  evidently  reaches 
B  at  the  time  at  which  the  second  courier  is  seen  at  that  station ;  and 
since  they  are  traveling  at  the  same  rate,  they  must  be  together  all  the 
time.     The  problem  under  these  conditions  becomes  indeterminate. 

(v.)  An  Infinite  Result.  —  An  infinite  result  is  obtained  when  hmi^d^ 
and  7»2  =  mi.  In  this  case  a  meeting  of  the  couriers  ia  impossible,  since 
both  travel  at  the  same  rate,  and  when  the  second  is  seen  at  B  the  first 
either  has  not  yet  reached  B  or  has  already  passed  that  station. 

An  infinite  result  also  means  that  the  more  nearly  equal  mi  and  mj  are, 
the  further  removed  is  the  place  of  meeting. 

BXBBCISES. 

Solve  the  following  problems,  and  interpret  the  results.  Modify  those 
problems  which  have  negative  solutions  so  that  they  will  be  satisfied  by 
positive  solutions. 

1.  A  and  B  together  have  f$  100.  If  A  spend  one-third  of  his  share, 
and  B  spend  one-fourth  of  his  share,  they  will  then  have  $  80  left.  What 
are  their  respective  shares  ? 

2.  In  a  number  of  two  digits,  the  digit  in  the  tens*  place  exceeds  the 
digit  in  the  units'  place  by  6.  If  the  digits  be  interchanged,  the  resulting 
number  will  be  less  than  the  original  number  by  45.     What  is  the  number  ? 

8.  A  father  is  40  years  old,  and  his  son  is  13  years  old ;  after  how 
many  years  will  the  father  be  four  times  as  old  as  his  son  ? 

4.  The  sum  of  the  first  and  third  of  three  consecutive  even  numbers  is 
equal  to  twice  the  second.     What  are  the  numbers  ? 
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5.  In  a  immber  of  two  digits,  the  tena^  digit  is  two-thirds  of  the 
units*  digit.  If  the  digits  be  interchanged,  the  resulting  number  will  exoeed 
the  original  number  by  36.     What  is  the  number  ? 

6.  A  father  is  20  years  older  than  his  son,  and  the  sum  of  their  ages 
is  26  years  less  than  twice  the  father's  age.     How  old  is  the  son  ? 

7.  A  teacher  proposes  30  problems  to  a  pupil.  The  latter  is  to  receive 
8  marks  in  his  favor  for  each  problem  solved,  and  12  marks  against  him 
for  each  problem  not  solved.  If  the  number  of  marks  against  him  exceed 
those  in  his  favor  by  420,  how  many  problems  will  he  have  solved  ? 

8.  In  a  number  of  two  digits  the  tens'  digit  is  twice  the  units'  digit. 
If  the  digits  be  interchanged,  the  resulting  number  will  exceed  the  original 
number  by  18.     What  is  the  number  ? 

9.  In  a  number  of  two  digits,  the  digit  in  the  units'  place  exceeds  the 
digit  in  the  tens'  place  by  4.  If  the  sum  of  the  digits  be  divided  by  2,  the 
quotient  will  be  less  than  the  first  digit  by  2.     What  is  the  number  ? 

10.  A  has  $  100,  and  6  has  $  30.  A  spends  twice  as  much  money  as 
B,  and  then  has  left  three  times  as  much  as  B.  How  much  does  each  one 
spend  ? 

Discuss  the  solutions  of  the  following  general  problems.  State  under 
what  conditions  each  solution  is  positive,  negative,  zero,  indeterminate,  or 
infinite.  Also,  in  each  problem,  assign  a  set  of  particular  values  to  the 
general  numbers  which  will  give  an  admissible  solution. 

11.  In  a  number  of  two  digits,  the  tens'  digit  is  m  times  the  units'  digit 
If  the  digits  be  interchanged,  the  resulting  number  will  exceed  the  original 
number  by  n.     What  is  the  number  ? 

12.  A  father  is  a  years  old,  and  his  son  is  b  years  old.  After  how  many 
years  will  the  father  be  n  times  as  old  as  his  son  ? 

13.  What  number,  added  to  the  denominators  of  the  fractions  -  and  -, 
will  make  the  resulting  fractions  equal  ? 

14.  Having  two  kinds  of  wine  worth  a  and  b  dollars  a  gallon,  respec- 
tively, how  many  gallons  of  each  kind  must  be  taken  to  make  a  mixture 
of  n  gallons  worth  c  dollars  a  gallon  ? 

15.  Two  couriers,  A  and  B,  start  at  the  same  time  from  two  stations, 
distant  d  miles  from  each  other,  and  travel  in  the  same  direction.  A 
travels  n  times  as  fast  as  B.     Where  will  A  overtake  B  ? 


CHAPTER  XIII. 

SIMULTANEOUS  LINEAR  EQUATIONS. 

§  1.     SYSTEMS  OF  EQUATIONS. 

1.    If  the  linear  equation  in  two  unknown  numbers 

x^y  =  5  (1) 

be  solved  for  y,  we  obtain 

y=z5  —  x. 

This  value  of  y  is  not  definitely  determined.  We  may  sub- 
stitute in  it  any  particular  numerical  value  for  x,  and  obtain  a 
corresponding  value  for  y.    Thus, 

when  a;  =  l,  2/  =  4;  when  x  =  2,/  =  3;  when  a;=  3,  y  =  2;  etc. 

In  like  manner  the  equation  could  have  been  solved  for  x  in 
terms  of  y,  and  corresponding  sets  of  values  obtained. 

Any  set  of  corresponding  values  of  x  and  y  satisfies  the  given 
equation,  and  is  therefore  a  solution. 

An  equation  which,  like  the  above,  has  an  indefinite  number 
of  solutions,  is  called  an  Indeterminate  Equation. 

2.   The  equation  y  —  x  =  l  (2) 

also  has  an  unlimited  number  of  solutions.     Solving  this  equar 
tion  for  y,  we  have  y=l-^x.    Then, 

when  a?  =  1, 3^  =  2;  whenx  =  2,/  =  3;  when  «  =  3, 2/  =  4;  etc. 

Now,  observe  that  equations  (1)  and  (2)  have  the  common 
solution,  x=2,  y  =  S.  It  seems  evident,  and  we  shall  later 
prove,  that  these  equations  have  only  this  solution  in  common. 

Equations  (1)  and  (2)  express  different  relations  between 
the  unknown  numbers,  and  are  called  Independent  Equations. 

Also,  since  they  are  satisfied  by  a  common  set  of  values  of 
the  unknown  numbers,  they  are  called  Consistent  Equations. 
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3.  The  equations  a?  +  y  =  5  and  3  a?  -f  3  y  =  16  are  not  satis- 
fied  by  any  common  set  of  values  of  x  and  y. 

For  any  set  of  values  which  reduces  a?  +  y  to  5  must  reduce 
3aj  +  3y,  or  3(aj  +  y),  to  15,  and  not  to  16.  These  two  equa- 
tions express  inconsistent  relations  between  the  unknown 
numbers,  and  are  called  Inconsistent  Equations. 

4.  The  three  equations 

aj  +  y  =  6(l),  y-a?=l(2),  2a:  +  y  =  9(3), 
are  not  satisfied  by  any  common  set  of  values  of  x  and  y.  For, 
by  Art.  2,  equations  (1)  and  (2)  are  satisfied  by  the  values 
a?  =  2,  y  =  3.  But  equation  (3)  is  evidently  not  satisfied  by 
this  set  of  values.  The  three  equations  express  three  inde- 
pendent relations  between  x  and  y. 

5.  A  System  of  Simultaneous  Equations  is  a  group  of  equa- 
tions which  are  to  be  satisfied  by  the  same  set,  or  sets,  of 
values  of  the  unknown  numbers. 

A  Solution  of  a  system  of  simultaneous  equations  is  a  set  of 
values  of  the  unknown  numbers  which  converts  all  of  the 
equations  into  identities;  that  is,  which  satisfies  all  of  the 
equations. 

The  examples  of  Arts.  1-4  are  illustrations  of  the  foUowmg 
general  principles,  which  will  be  proved  later : 

A  system  of  linear  equations  has  a  definite  number  of  solutionSj 

(i.)  When  the  number  of  equations  is  the  same  cw  the  number 
of  unknown  numbers. 

(ii.)    When  the  equations  are  independent  and  consistent. 

EXERCISES  I. 

1.   Are  equivalent  equations  consistent  ?    Are  they  independent  ? 

Wliich  of  the  following  systems  have  inconsistent  equations  ?  Which 
have  equations  not  independent  ?  Which  have  equations  consistent  and 
independent  ? 

r3a;  +  6y  =  ll,  (2x  +  Sy  =  4,                 r3a;4-10y  =  42, 

|4x  +  7y  =  15.  '    \4x-6y=zS.  **   |63c  +  20y  =  84. 

|6x-9y  =  4,  fl8x-16y  =  51,            r6x  +  4y=6, 

l4x-6y  =  9.  '   1    6x-    6y  =  17.  '''   t7x  +  6y  =  10. 
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§2.     EQUIVALENT  SYSTEMS. 

1.  Two  systems  of  equations  are  equivalent  when  every  solution 
of  either  system  is  a  solution  of  the  other. 

E.g.,  the  systems  (I.)  and  (II.) : 

are  equivalent.     For  they  are  both  satisfied  by  the  solution, 
x  =  2f  y  =  l,  and,  as  we  shall  see  later,  by  no  other  solution. 

2.  The  solution  of  a  system  of  equations  depends  also  upon 
the  following  principles  of  the  equivalence  of  systems : 

(i.)  If  any  equation  of  a  system  he  replaced  by  an  equivalent 
equation,  the  resulting  system  will  he  equivalent  to  the  given  atie. 

Thus,  the  systems  (1.)  and  (II.)  above  are  equivalent.  The 
equation  x  —  y  =  loi  (I.)  is  replaced  by  the  equivalent  equa- 
tion 2  a;  -  2  y  =  2. 

(ii.)  If  any  equation  of  a  system  he  replaced  hy  an  equation 
obtained  by  adding  or  subtracting  corresponding  members  of  two 
or  more  of  the  equations  of  the  system,  the  residting  system  will  he 
equivalent  to  the  given  one. 

Thus,  the  system  (II.)  is  equivalent  to  the  system 

3a:  +  2y=    8,1  ^x-^2y^    8,1         ,jjj. 

(3x  +  2y)  +  (2a;~2y)=10,  J  5aj=10.  J        ^      '^ 

(iii.)  If  one  equation  of  a  system  be  solved  for  one  of  the  un- 
known numbers,  and  the  resulting  value  be  substituted  for  this 
unknown  number  in  each  of  the  other  equations,  the  derived  system 
will  be  equivalent  to  the  given  one. 

E.g.,  the  systems 
are  equivalent. 
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The  proofs  of  the  principles  enunciated  are  as  follows : 

(i.)   Let  ^  =  if,     and     G^D,  (I.) 

be  two  equations  in  two  unknown  numbers,  say  x  and  y ;  and  let  C'  =  D 
be  equivalent  U)  C  =  D. 

Then  the  system  A  =  B,    and    C  =  D',  (II.) 

is  equivalent  to  the  system  (I.).  For,  by  definition  of  equivalent  equa- 
tions, the  same  sets  of  values  which  satisfy  C  =  D  also  satisfy  C  =  D', 
and  vice  versa.  Therefore,  any  one  of  these  sets  of  values,  which  also 
satisfies  A  =  B,  Isa.  solution  of  both  systems.  Consequently,  every  solu- 
tion of  either  system  is  a  solution  of  the  other. 

In  like  manner,  the  principle  can  be  proved  for  a  system  of  any  nam 
ber  of  equations. 

(ii.)   The  proof  is  very  similar  to  that  of  Ch.  IV.,  §  3,  Art.  5  (i.). 

(ill.)   Let  A=B,  (1)    and    C=Z),  (2)  (I.) 

be  two  equations  in  two  unknown  numbers,  say  x  and  y ;  and  let  x  =  P 
be  the  equation  derived  by  solving  (1)  for  x,  and  C  =  D'  be  the  equation 
obtained  by  substituting  P  for  x  in  (2). 

Then  the  system     ac  =  P,  (3)    and    O  =  />',  (4)  (II.) 

is  equivalent  to  the  system  (I.). 

Since  equation  (3)  is  equivalent  to  equation  (1),  any  solution  of  the 
system  (1)  must  satisfy  equation  (3);  that  is,  must  give  to  x  and  P  one 
and  the  same  value.  But  (4)  differs  from  (2)  only  in  having  P  where  (2) 
has  X.  Therefore,  since  x  and  P  have  the  same  value,  any  value  of  a:, 
with  the  corresponding  value  of  y,  which  makes  C  and  D  equal  must 
make  C"  and  />'  equal.  Therefore,  every  solution  of  the  system  (I.)  is  a 
solution  of  the  system  (II. ) . 

Since  equation  (1)  is  equivalent  to  equation  (3),  any  solution  of  the 
system  (II.)  must  satisfy  equation  (1);  that  is,  must  make  A  and  B 
equal.  But  (2)  differs  from  (4)  only  in  having  x  where  (4)  has  P. 
Therefore,  since  any  solution  of  (II.)  makes  x  and  P  equal  and  C  and 
D'  equal,  it  must  also  make  C  and  D  equal.  Therefore,  every  solution 
of  the  system  (II.)  is  a  solution  of  the  system  (I.). 

Consequently,  the  two  systems  are  equivalent. 

In  like  manner,  the  principle  can  be  proved  for  a  system  of  any  num- 
ber of  equations. 

3.  Elimination  is  the  process  of  deriving  from  two  or  more 
equations  of  a  system  an  equation  with  one  less  unknown  num- 
ber than  the  equations  from  which  it  is  derived.  The  unknown 
number  which  does  not  appear  in  the  derived  equation  is  said 
to  have  been  eliminated. 
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E.g.y  if  the  equations     a?  +  y  =  7, 

a  -  3^  =  1, 

be  added,  we  obtain  2  a;  =  8, 

in  wliich  the  unknown  number  y  does  not  appear.     We  say 
that  y  has  been  eliminated  from  the  given  equations. 

§3.   SYSTEMS  OF  LINEAR  EQUATIONS, 

Linear  Bquatioiui  in  Two  tTnknowil  KumberB. 

X.  There  are  several  methods  for  solving  two  simultaneous 
equations  in  two  unknown  numbers.  The  object  in  all  of 
them,  is  to  obtain  from  the  given  system  an  equivalent  system 
of  which  one  equation  contains  only  one  unknown  number. 

Elimination  by  Addition  and  Subtraction. 

2.   Ex.  1.  Solve  the  system  3  a;  +  4  y  =  24,  (1)  1 

5aj-6y  =  2.    {2)\  ^  *^ 

To  eliminate  a?,  we  multiply  both  members  of  equation  (1) 
by  5,  and  both  members  of  equation  (2)  by  3,  thereby  making 
the  coefficients  of  a;  in  the  two  equations  equal.  We  then 
have 

15  a; +  203^  =  120,  (3) 

15  a?  -  18  y  =  6.  (4)  ^ 

The  system  (II.)  is  equivalent  to  the  system  (I.),  by  §  2, 
Art.  2  (i.).  The  system  (II.)  is,  by  §  2,  Art..  2  (i.)  and  (ii.), 
equivalent  to  the  system 

3ar-h4y  =  24,  (1) 

(15  a?  +  20y)  -  (15a?  -  18 y)  =  120  -  6;  (5)/ 
or,  performing  the  indicated  operations,  to 

38  2^  =  114;  (6)1    ^     "''    °'  y  =  3.      (7)/     '"'•'' 

The  system  (V.)  gives  the  required  solution,  since  equation  (7) 
gives  the  value  of  y,  and  equation  (1)  the  corresponding  value 


;)    <"•> 


(III.) 
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of  X,  by  §  2,  Art.  2  (iii.).     Substituting  3  for  y  in  (1),  we 
obtain 

3  a;  -h  12  =  24 ;  whence  a;  =  4. 

Consequently  the  required  solution  is  a:  =  4,  t^  =  3. 

This  solution  may  be  written  4,  3,  it  being  understood  that 
the  first  number  is  the  value  of  «,  and  the  second  the  value  of  y. 

The  work  has  been  given  in  full  to  emphasize  that  by  each 
step  one  system  has  been  replaced  by  an  equivalent  systea 
In  practice  the  work  may  be  contracted  as  follows : 

Multiplying  (1)  by  5,      15  a;  +  20  y  =  120.  (3) 

Multiplying  (2)  by  3,      16  a?  -  18  .v  =  6.  (4) 

Subtracting  (4)  from  (3),           38  2^  =  114 ;  (6i 

whence                                                  y  =  3.  (Ij 

Substituting  3  for  y  in  (1),  3  a?  4- 12  =  34 ;  (8) 

whence  as  =  4.  (9) 
In  a  similar  way  y  could  have  been  first  eliminated. 

Ex.  2.  Solve  the  system 


L±^_2£py  =  3y-6,  (1) 

O  4 

+  ^i^ll=18-5a:.  (2) 


4a;-3 


6        '       2 
Clearing  (1)  and  (2)  of  fractions, 

28  +  4a;  -  10a?  -h  5  y  =  60y  - 100,  (3) 

4a?  -  3  +  16y  -  21  =  108  -  30aj.  (4) 

Transferring  and  uniting  terms, 

6a?  +  55y  =  128,  (5) 

34  a?  -h  15 1^  =  132.  © 

Multiplying  (5)  by  3,    18  a?  +  165  y  =  384.  (^ 

Multiplying  (6)  by  11,  374  a?  -h  165  y  =  1452.  W 

Subtracting  (7)  from  (8),           356  x  =  1068 ;  (^) 

whence                                                  a;  =  3.  (^^) 
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Substituting  3  for  x  in  (5),  18  +  55  y  =  128 ;  (11) 

whence  y  =  2.  (12) 

Consequently,  the  required  solution  is  3,  2. 

Kotice  that  (1)  and  (2),  (3)  and  (4),  (5)  and  (6),  (7)  and  (8), 
and  (10)  and  any  preceding  equation  except  (9),  form  equiva- 
lent systems.  In  forming  with  (10)  an  equivalent  system,  we 
take  the  simplest  of  the  preceding  equations,  in  this  case  (5). 

3.  The  examples  of  the  preceding  article  illustrate  the  fol- 
lowing method  of  elimination  by  addition  and  subtraction. 

Simplify  the  given  equcUionSy  if  necessary,  and  transfer  the 
te^'Tas  in  x  and  y  to  the  first  members,  and  the  terms  free  from 
X  and  y  to  the  second  members. 

Deteirmine  the  L,  C.  M,  of  the  coefficients  of  the  unknown  num- 
ber to  he  eliminated,  and  multiply  both  members  of  each  equation 
by  the  quotient  of  the  L.  C  M,  divided  by  the  coefficient  of  that 
unknoion  number  in  the  equation. 

The  coefficients  of  the  unknoum  number  to  be  eliminated  being 
now  equal,  or  equal  and  opposite,  in  the  two  equations,  subtract, 
or  add,  corresponding  members,  and  equate  the  results.  A  final 
equation  in  one  unknown  number  will  thus  be  derived. 

The  solution  of  the  given  system  is  then  obtained  by  solving  this 
derived  equation,  and  substituting  the  value  of  the  unknown  num- 
ber thus  obtained  in  the  simplest  of  the  preceding  equations. 

EXERCISES  II. 

Solve  the  foUowmg  systems  of  equations  by  the  method  of  addition 
and  subtraction : 

J     ra;  +  y  =  17,  r«  +  y  =  a,  r7x-}-lly  =  2, 

[as  — y  =  7.  \x  —  y  =  b.  [lx  —  lly  =  0. 

^    I X- 122/ =  3,  g     r3x+    y  =  31,  ^     r 

'   \x+   4y  =  l9.  [^x-2y  =  l6.  [ 

ri0x-3y  =  26,  (  nx-ay  =  0,  J  6x4-    2/ =  6, 

1    6x-9y=-25.         *    \n^-ay  =  an.  '    [4x-{-Sy  =  U. 

^^    (l2x  +  15y  =  S,  ^^     r5x  +  4y  =  49i,  ^^     f    5x-Sy  =  l2, 

'  ll6»-|-   9y  =  7.  *    l2x  +  7y  =  63.  '   ll9x-6y  =  73J. 


4x-7  2/  =  19, 
x  +  92/  =  37. 
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18.   /      3«  +  iey  =  l 

1  -5aj  +  28y  =  ] 

^^     ri8aj-20y  =  l, 

ll5a;+16y  =  9. 


21 «+   8y=-66, 
28x-23y  =  18. 


17. 


19. 


2£±*  +  l6  =  19. 

_£_  +  -J4  =  l. 
m  —  a     m  —  6 


=  1. 


18. 


to. 


n  —  a     n  —  b 


3xH-^  =  22, 

lly-?^  =  20. 
6 

a2  +  62       ' 

6g  +  qy  _  I 
a2  4-  62 


BUminatlon  by  BubstitatioiL 
4.  Ex.   Solve  the  system  5  a?  —  2  y  =  1,  (1)  1 

4a:  +  53^  =  47.  (2)) 

If  we  wish  to  eliminate  a?,  we  proceed  as  follows : 


a-)  I 


(3) 


=  47. 


W 


Solving  (1)  for  x, 

Substituting  htll  for  x  in  (2),  [     (II.) 

The  system  (ll.)  is  equivalent  to  the  system  (I.),  by  §  2, 

Art.  2  (iii.). 

Solving  (4).  for  y,  y  =  7.  (5)1 

Substituting  7  for  y  in  (3),  a  =  3.  (6)  J 

The  system  (III.)  is,  by  §  2,  Art.  2  (iii.),  equivalent  to  the 

system  (II.),  and  hence  to  the  given  system.     Therefore  the 

required  solution  is  3,  7. 

In  a  similar  way  y  could  have  been  first  eliminated. 

S.  The  example  of  the  preceding  article  illustrates  the 
following  method  of  elimination  by  substitution: 

Solve  the  simpler  equation  for  the  unknown  number  to  be 
eliminated  in  terms  of  the  other,  and  substitute  the  value  thus 
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obtained  in  the  other  equation.    The  derived  equation  wiU  contain 
mt  one  unJcnoivn  number. 

TJie  solution  of  the  given  system  is  then  obtained  by  solving  the 
lerived  equation,  and  substituting  the  value  of  the  unknown  num- 
^er  thus  obtained  in  the  expression  for  the  other  unknown  number. 

BXBBOISBS  III. 
Solve  the  following  systems  of  equations  by  the  method  of  substitation : 


^      fx=2y-3, 
\l/=2a;-X6. 

ty  =  14x. 

I  4|y  =  5x-7. 


5a;  =  8y-  11, 
21. 
aj-3y=:0, 

26x  +  48y  =  987. 


11. 


14. 


f«  =  8y-7, 

1 «  =  «y. 
r7x-8  =  6y, 
\7y-3  =  8». 
rax+   4y  =  9, 
l9»-f  aOy  =  8. 

1  ax +  32^  =  48. 


I  »-4=l(y+6). 

r    7»  =  6y, 
|l6y  =  28x-7( 

{ 


16. 


7+^_9x-_y^3        g 
6  4  *^        ' 

iynl  +  i^^=18-6x. 
2  6 


n. 


ay  =  6x, 

a  +  y  =  &  +  X. 

^^    r6x  +  7y  =  40, 

'  l7x  +  6y  =  47. 

[2x  +  3y=:60. 

[(M)-(M>-. 


18. 


a  +  6     a  —  6 
(X  -  a)(«  -f  ft)=(a  -  h)(y  -  a), 


I  a«  —  6'     a«  H-  6« 

ZSUminatloii  by  Compaxison. 

6.  Ex,   Solve  the  system 

7aj  +  2y  =  20,     (1)| 
13ar-3y  =  l7.     (2)i 
To  eliminate  y,  we  proceed  as  follows : 

20 -7  a? 


Solving  (1)  for  y,        y  : 
Solving  (2)  for  y,        y  = 


13aj-17 


(3) 
(4) 


a.) 


(II.) 
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(III.) 


The  system  (II.)  is  equivalent  to  the  system  (I.),  by  §2, 
Art.  2  (i.).     Substituting  in  (4)  for  y,  its  value  given  in  (3), 

20  -  7  «     13  a:  - 17  ,. 

2  3  ^' 

The  last  equation  and  equation  (3)  form  a  system  which  is 

equivalent  to  the  system  (II.)>  and  hence  to  the  given  system. 

Solving  (5)  for  a?,  a  =  2. 1 

Substituting  2  for  x  in  (3),     y  =  3.  J 

The  system  (III.)  is  equivalent  to  the  system  formed  by 
equations  (3)  and  (5),  and  therefore  to  the  given  system.  Con- 
sequently the  required  solution  is  2,  3. 

In  a  similar  way,  y  could  have  been  first  eliminated. 

7.  The  example  of  the  preceding  article  illustrates  the  fol- 
lowing method  of  elimination  by  comparison : 

Solve  the  given  equaiions  for  the  unknoivn  number  to  be  elimi- 
noted,  and  equate  the  expressions  thus  obtained.  The  derived 
equation  will  contain  but  one  unknown  number, 

Tlie  solution  of  the  given  system  is  then  obtained  by  solving  this 
derived  equation,  and  substituting  the  value  of  the  unknown  num- 
ber thus  obtained  in  tJie  simplest  of  the  preceding  equations. 


EXERCISES  IV. 
Solve  the  following  systems  of  equations  by  the  method  of  comparison: 


1. 


'x  =  Sy-2, 
X  =  5  2/  -  12. 


(6x  =  7y-.l, 
I  7  a;  =  9  2/4- 1.7. 
riix.=  7  2/-38, 
''*   |li2/  =  7x-72. 


10. 


f+7y  =  99, 


|  +  7x  =  61. 


\y  =  Sx-n, 
2/  =  2  X  -  10. 

^    (ix  =  iy-h 
•  \iy  =  ix^2, 

r  6x4-9  2/ =  28, 
1  7  a;  H-  3  2/  =  20. 


11. 


r?  +  |.7  =  0, 
2      3 


3      2 


8  =  0. 


r62/  =  2x4-l, 
*'    [Sy  =  bx-U. 


6. 


12. 


\7ix-biy  =  bo. 
j  21x-23y  =  2, 
*   t    7x-l9y  =  ll 

f^  +  ^  =11, 
•  2      6  ' 

?4--^  =  l 
6      24     2 
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X3.    \  14.   i  16.    ^ 

I  32  X  -  3  y  =  26.  {  42  z  -  69  y  =  96.  1  y+c(x  +  1)  =  0. 

r  6  a;  +  4y  =  9a  -  6,  J  ax  -  fey  =  a«  +  6^ 

|7x-6y  =  a-136.  "''   j  (a  -  6)x +  (a  +  6)y  =  2(a«  -  6«). 


X6. 


7be  Qeneral  Solntion  of  a  System  of  Two  Linear  Equations  in 
Two  Unkno^m  Numbers. 

8.  Any  linear  equation  in  two  unknown  numbers  can  evidently  be 
brought  to  the  form 

ax  +  by  rzc. 

9.  Let  aiX+&iy  =  C],  (1) 

a«x  +  fesy  =  cj,  (2) 

l>e  any  two  linear  equations. 

Multiplying  (1)  by  ftg,  aifeax  +  bib^y  =  6«Ci.  (3) 

Multiplying  (2)  by  6i,  a^bix  +  feiftay  =  bic^-  (4) 

Subtracting  (4)  from  (3),     (aiftj  —  a«6i)x  =  b^ci  —  6iCj  ;  (6) 

whence,  if  aib^  -  a^bi  ^0,  x  =  ^^  "  ^^^»  (6) 

aibi  —  Oibi 

In  Uke  manner,  if  aib^  -  a^hi  =^0,  y  =  ^l^U^S!:^.  (7) 

aiftj  —  aj^i 

But  if  ai6j  —  aa&i  =  0,  we  have  no  authority  for  dividing  both  members 
of  equation  (6)  by  0162  —  a^bi. 

Consequently,  the  general  solution  of  two  linear  equations  in  two 
unknown  numbers  is 

__  62C1  —  bid  __  fliC2  —  flsCi 

0162  —  fla^i  01^2  —  02^1 

when  0162  —  02^1  ^  0. 

10.  Every  system  of  two  independent  and  consistent  equations  of  the 
first  degree  in  two  unknown  numbers  has  one,  and  only  one,  solution. 

For  the  system 

aix  +  biy  =  cu  (1) 

OiX  +  bzy  =  C2,  (2) 
is,  by  Art.  9,  equivalent  to  the  system 

(aibi  —  a2bi)x  =  62C1  —  61C2,  (3) 

(0162  -  a2bi)y  =  aiC2  -  a2Ci.  (4) 

But  equations  (3)  and  (4)  are  each  linear  in  one  unknown  number, 

and  each,  therefore,  has  one,  and  only  one,  solution.  Consequently,  the 

given  system  has  one,  and  only  one,  solution. 
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11.    Three  independent  linear  equations  in  two  unknown  number$  an- 
not  be  8ati^fied  by  any  common  set  of  values  of  the  unknown  numbers. 

If  the  values  of  x  and  y  which  constitute  the  solution  of  equations  (1) 
and  (2),  Art.  9,  satisfy  a  third  equation, 

asX  +  bsy  =  cg,  (3) 

««  ^«««  ^  V  ^^^  "  ^^^  .  iv  X.  qic«  -  gjci     ^ 

we  nave  as  x  — r =-  +  os  x  — r r-  =  Cg. 

aiOj  —  OfOi  aiOi  —  a«0i 

From  this  relation,  we  obtain 

ai6j  —  a^bi  aibi  —  0261 

=  Ici  +  TOCa,  (I) 


wherein 


-  _  asb2  —  a2&>        ^      _  gi&8  —  gs&i 
aibi  —  dibi  ai^a  —  fl2&i 


We  also  have 

08^2  —  02^8  ,  ,    _  aibs  —  asft.      68(ai&2  —  ctibi)      , 

61  X  — r r-  +  Oj  X  — r r^  = r s--^  =  Of. 

<ii02  —  fl20i  ^lOa  —  aiOi        ai02  —  aiOi 

That  is,  68  =  ^61  +  mbi.  (H) 

In  like  manner,  it  can  be  shovm  that 

as  =  lai  +  mat.  (iii.) 

Observe  that  (ii.)  and  (Hi.)  are  identities,  and  hold  for  all  values  of 
the  a's  and  6's  which  do  not  reduce  0162  —  aa^i  to  0  ;  while  (i.)  is  not  an 
Identity,  but  imposes  a  condition  upon  the  values  of  the  known  numbers 
in  the  three  equations. 

When  this  condition  is  satisfied,  Cs  is  obtained  from  ci  and  Cs,  j^t  as 
as  is  obtained  from  ai  and  as,  and  ^s  fi*om  &i  and  62*  That  is,  when  tbe 
solution  of  (1)  and  (2)  is  also  a  solution  of  (3),  the  last  equation  is  not 
independent  of  the  other  two. 

Linear  Equations  in  Three  or  More  Unknown  NtUnbers. 

12.  The  following  examples  will  illustrate  the  methods  for 
solving  systems  of  three  linear  equations  in  three  unknowD 
numbers : 

Ex.  1.  Solve  the  system  2  a;  -  3  y  +  5  2  =  11,  (1) 

5x-^Ay-6z  =  -S,  (2) 

-4a:-f7y-8«  =  -14.         (3) 
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To  eliminate  Xy  we  proceed  as  f oUowa : 
Multiplying  (1)  by  5,  10  »  - 16  y  +  26  «  =  55.  (4) 

Multiplying  (2)  by  2,  10  a?  +  8  y  - 12  2  =  - 10.  (6) 

Subtracting  (4)  from  (6),  23  y  -  37  2;  =  -  65.  (6) 

M:Tiltiplying  (1)  by  2,  4  a?  -  6  2^  + 10  2  =  22.  (7) 

Adding  (3)  and  (7),  y  4-  2 « =  8.  (8) 

Solving  (6)  and  (8),  y  =  ^f 

«  =  3. 
Substituting  2  for  y  and  3  for  z  in  (1),         x^l. 
Notice  that  (1),  (2),  (3);  and  (1),  (6),  (8)  form  equivalent 
systems.    Consequently  the  required  solution  is  1,  2,  3. 

Ex.  2.  Solve  the  system 

ay  —  cz  —  Oy  (1) 

2;  -  a  =  -  6,  (2) 

ax-\-by=:a*  +  b(a  +  c).  (3) 

H^otice  that  by  eliminating  z  from  (1)  and  (2)  we  obtain  an 

equation  in  x  and  y,  which  with  equation  (3)- gives  a  system  of 

two  equations  in  the  same  two  unknown  numbers. 

Solving  (2)  for  2,  z  =  x  —  b,  (4) 

Substituting  x—b  for  z  in  (1), 

ay  —  c»  -h  eft  =  0.  (5) 

Multiplying  (3)  by  a,  a^x  +  ahy  =  a'  +  a%  +  aic,       (6) 

Multiplying  (6)  by  6,       —  box  +  aJby  =  —  bh,  (7) 

Subtracting  (7)  from  (6),    (a* -{-bc)x  —  cf'\'  a*b  -h abc  +  b*c 

=  a\a-\-b)  +  bc(a  +  b) 
^(a'^bc)(a^b)i    (8) 
whence  x  =  a-{-b. 

Substituting  a  +  6  for  a?  in  (4),         z  =  a. 
Substituting  a  for  z  in  (1),  y  =  c. 

To  solve  three  simultaneous  equations  in  three  unknoum  num- 
bers, eliminate  one  of  the  unknoum  numbers  from  any  two  of  the 
equations;   next  eliminate  the  sams  unknown  number  from  the 
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thii'd  equation  and  either  of  the  other  two.      Two  eqiLcUions  in 
the  same  two  unknown  numbers  are  thus  derived. 

Solve  these  equations  for  the  two  unknown  numberSy  and  sub- 
stitute the  values  thus  obtained  in  the  simplest  equation  which 
contains  the  third  unknown  number, 

13.  From  four  equations  in  four  unknown  numbers,  we  caD 
by  eliminating  one  of  the  unknown  numbers  obtain  three 
equations  in  three  unknown  numbers.  We  then  solve  these 
equations  for  the  three  unknown  numbers  and  substitute  the 
values  thus  obtained  in  the  simplest  equation  which  contains 
the  fourth  unknown  number. 

Number  of  SolutionB  of  a  System  of  Linear  Equations. 

14.  The  examples  of  the  preceding  articles  illustrate  the  foUowin^ 
principles : 

(i.)  A  system  of  n  independent  and  consistent  linear  equations,  inn 
unknown  numbers,  has  one,  and  only  one,  determinate  solution. 

From  the  given  system  a  system  of  w  —  1  equations  in  n  —  1  unknown 
numbers  can  be  derived  by  eliminating  one  of  the  unknown  numbers. 
By  eliminating  from  the  latter  system  another  unknown  number,  a 
second  system  of  n  —  2  equations  in  n  —  2  unknown  numbers  is  derived ; 
and  so  on.  Finally,  a  single  equation  in  one  unknown  number  is 
obtained. 

By  the  principles  of  equivalent  equations  the  given  system  is  eqaiva- 
lent  to  a  second  system  which  contains  the  following  equations  :  any  one 
of  the  given  equations  in  n  unknown  numbers,  any  one  of  the  n-1 
derived  equations  in  n  —  1  unknown  numbers,  and  so  on,  to  any  one  of 
the  three  derived  equations  in  three  unknown  numbers,  either  of  the  two 
derived  equations  in  two  unknown  numbers,  and  the  last  derived  equation 
in  one  unknown  number. 

The  last  equation  in  one  unknown  number  has  one,  and  only  one, 
definite  solution.  If  the  value  of  this  unknown  number  be  substituted  in 
the  next  to  the  last  equation  of  the  second  system  described  above,  one, 
and  only  one,  definite  value  for  a  second  unknown  number  is  obtained. 
If  the  values  of  these  two  unknown  numbers  be  substituted  in  the  equa- 
tion in  three  unknown  numbers,  one,  and  only  one,  definite  value  of  a 
third  unknown  number  is  obtained ;  and  so  on. 

Consequently  the  given  system  is  satisfied  by  one,  and  only  one,  defi- 
nite set  of  values  of  the  unknown  numbers. 
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Cii.)  A  system  of  n  independent  linear  equations^  in  more  than  n 
ttThlcnovon  numbers^  has  an  indefinite  number  of  solutions, 

IFor,  by  each  elimination  of  an  unknown  number,  we  derive  a  set  of 
eqiaations,  one  less  in  number,  and  containing  one  less  unknown  number. 

finally,  as  in  (i.),  we  obtain  a  single  equation.  But  since  the  original 
sy  st;em  contained  more  unknown  numbers  than  equations,  the  last  derived 
eqixation  will  contain  more  than  one  unknown  number.  Since  this  equa- 
tion, therefore,  has  an  indefinite  number  of  solutions,  we  conclude  that 
tlie  given  system  has  likewise  an  indefinite  number  of  solutions. 

Ciii.)  A  system  of  n  independent  linear  equations^  in  less  than  n 
urtlcnown  numbers^  does  not  have  a  determinate  finite  solution. 

for,  if  we  take  from  the  given  system  as  many  equations  as  there  are 
unknown  numbers,  the  system  formed  by  these  equations  will  have  by  (i.) 
one,  and  only  one,  definite  solution. 

But  since  the  other  equations  of  the  given  system  are  independent 
of  the  equations  selected,  that  is,  express  independent  relations  between 
tlie  unknown  numbers,  they  cannot  be  satisfied  by  this  solution. 

Therefore,  the  given  system  cannot  be  satisfied  by  any  one  definite  set 
of  values  of  the  unknown  numbers. 


EXERCISES  V. 
Solve  the  following  systems  of  equations : 


11. 


a:  +  y  =  28, 

a;  +  «  =  30,  2. 

y  +  «  =  32. 

3a;-y  =  7, 

3  y  -  «  =  5,  6. 

3  0  -  X  =  0. 

3a;  +  2y-4«  =  15, 

5a;-3y+2«  =  28, 
3y  +  40-x  =  24. 

x  +  y-z  =  c, 

x-^  z  —  y  =  b, 
^y-^z  —  x  =  a. 

2x-    4y+    92f  =  28, 

7x+    3y-    5^  =  3, 
.  9  X  +  10  y  -  11 «  =  4. 


^  X  +  y  =  2  c, 
X  +  «  =  2  6, 
y  +  «  =  2  a. 
3  X  +  5  y  =  35, 
3y +  60  =  27, 

l3«4-6x  =  34. 


10. 


12. 


x-y  =  2, 

y  -  «  =  3, 
X  4-  «  =  9. 
X  4-  y  +  «  =  60j 
6.  ^  y  =  3  X  -  21, 
«  =  4x-33. 
x  +  y-«  =  l, 
8x  +  3y-6«  =  l, 
3«  — 4x  —  y  =  l. 
|'4x-3y  +  2«  =  9, 
2x-}-5y-30  =  4, 
5x  +  6y- 2^  =  18. 
x-2y  +  3«  =  6, 
2x  +  3y-4«  =  20, 
l3x-2y+60  =  26. 
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18. 


15. 


IT. 


19. 


31. 


2     18^10 

&x  +  cy  +  <w  =  a«  +  62  +  c*, 
.  ex  +  ay  +  62f  =s  a"  +  62  +  o«. 

(c  +  a)x  —  (c  —  a)  y  =  2  6c, 
(a  +  6)y-(<i-6)#  =  2ac, 
(6  -\-c)z-(b-e)x  =  2ab. 
X  +  y  +  2f  =  6, 
35  +  y  +  t«  =  7, 
X  +  «  +  tt  =  8, 
y  +  a  +  tt  =  9. 
7a;-20H-3tt  =  17, 
4  y  -  2  «  +  t  =  16, 
6y  -3a;-2tt  =  8, 
4y~3ti  +  2e  =  17, 
8«  +  8tt  =  33. 


14. 


18. 


18. 


90. 


28. 


y 


a  +  6     b  -h  o 
c  —  a     fl  +  a 


6  — a, 

=  c  +  a, 
=  6-c 


6  —  0     a  —  6 

X  +  y  +  «  =  ^ 
ax  +  6y+  c#=0, 

I  a^as  +  62y  +  c3^  =  a 

{c+y+*=(a+ 6+0*1 
ay+63+ca5=8(a6«+6cHM^. 
aa5+6y+c*=a»+6Hc'+6fliv. 

x  +  y  +  2f  —  u  =  ll, 
x  +  y-«  +  i*  =  17, 
x-y  +  *  +  tt  =  8, 
—  x  +  y  +  fi?  +  i4  =  12. 
3a;-4y+3«+3i?-6ti=-l, 
3x— 6yH-2«— 4»=-<', 
10y-3«+3tt-2t>=3o, 
6«+4tt+2v-2i:=I5, 
6w-3v+4x-9y=21. 


§4.    SYSTEMS  OF  FRACTIONAL  EQUATIONS. 

1.  If  some  or  all  of  the  equations  of  a  system  be  fractional, 
and  lead,  when  cleared  of  fractions,  to  linear  equations,  the  solu- 
tion of  the  system  can  be  obtained  by  the  preceding  methods. 

Any  solution  of  the  linear  system  which  is  derived  by  clear- 
i;ig  of  fractions,  is  a  solution  of  the  given  system,  unless  it  is 
a  solution  of  the  L.  C.  D.  (equated  to  0)  of  one  or  more  of  the 
fractional  equations.     (See  Ch.  X.,  Art.  4.) 


Ex.  1.  Solve  the  system 


Clearing  (2)  of  fractions, 


4y  +  5     11* 
66a;  +  ll  =  52y  +  65. 


(2) 
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Transferring  and  uniting  terms  in  (3),  and  diyiding  bj  2, 

33x<-26y  =  27.  (4) 

The  solution  of  (1)  and  (4)  is  15, 18. 
In  clearing  (2)  of  fractions,  we  multiplied  by  11  (4  ^  +  5). 
Since  a;  =  15,  y  =  18  is  not  a  solution  of  4  y  +  ^  =  0,  it  is  a 
solution  of  the  given  system. 

Ex.  2.  Solve  the  system  « -f-.y  =  «y*    (1) 

2«-f  22  =  aa,     (2)  (I.) 

3y  +  32  =  y».     (3)  J 
Observe  that  the  given  equations  are  neither  linear  nor  frac- 
tional.    Yet  they  can  be  transformed  so  that  they  will  contain 
only  the  reciprocals  of  op,  y,  and  z. 

Dividing  (1)  by  xy,  (2)  by  a»,  (3)  by  yZy  we  have : 

i  +  l  =  l.    (4)       \  +  l=l-    (5)       ^+§=1.    (6)      (11.) 

We  will  solve  this  system  for  -,   -,   — 
'  X    y    z 

Multiplying  (4)  by  2,  ?  +  ?  =  2.  (7) 

y    X 

Subtracting  (6)  from  (7),  ---  =  1.  (8) 

Solving  (6)  and  (8)  for  i  and  ^,    J  =  A,    ^  =  -^- 

Substituting  A  for  i  in  (4),  ^  =  :^- 

12         y  aj     12 

Consequently,  a  solution  of  the  given  system  is  ^,  ^j  — 12. 

It  is  important  to  notice  that  we  cannot  assume  that  the 
system  (II.)  is  equivalent  to  the  system  (I.),  since  the  equa- 
tions of  (II.)  are  derived  from  the  equations  of  (I.)  by  dividing 
by  expressions  which  contain  the  unknown  numbers. 

But  if  any  solution  of  (I.)  be  lost  by  this  transformation,  it 
must  be  a  solution  of  the  expressions  (equated  to  0)  by  which 
the  equations  of  (I.)  were  divided ;  that  is,  of 

0^  =  0,  xz  =  0,  2/2  =  0.  (III.) 


220  ALGEBRA.  [Ch.  XItt 

The  system  (III.)  has  the  solution  0,  0,  0,  and  this  solution 
evidently  satisfies  the  system  (I.). 

We  therefore  conclude  that  the  given  system  has  the  two 
solutions  ^,  ^,  - 12,  and  0,  0,  0. 

Ex.  3.  Solv«  the  system 


x-^-y  +  z     2x  —  y     y  —  Sz 

x-\-y'hz^2x-'y     y-Sz       ' 

^^  ^  ^      =5.  (3) 


x-\-y  +  z     2x  —  y     y  —  3z 

This  system  can  be  readily  solved  by  making  the  following 
substitutions : 

Let  5 =tt,  —^—:=v,  —k—  =  w.        '     (I.) 

x-hy-^z  2x-y  y-Sz 

Then  the  given  system  becomes 

w-f3v-hw  =  l,  (4) 

2u-h2v-w  =  3y  (5) 

5  w  —  y  —  3  w  =  5.  (6) 

Solving  equations  (4),  (5),  and  (6),  we  obtain 

^  =  h  ^  =  i>  w  =  -l. 
Substituting  these  values  in  the  system  (I.),  we  have 

a  +  2^+«=6,  2aj-y  =  4,  y-32;  =  -l. 
Whence,  a?  =  3,  y  =  2,  «  =  1. 

2.   As  in  a  system  of  integral  equations,  so  in  a  system  of  fractional 
equations,  the  equations  must  be  consistent  and  independent. 

Ex.   Solve  the  system  3  as  +  4  y  =  11,  (1) 

^     +-l-  =  0.  (2) 


x-1     y-2 
Clearing  (2)  of  fractions  and  uniting  terms, 

x  +  y  =  3.  (3) 

Solving  (1)  and  (3),  «  =  1,  y  =  2. 
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These  values  constitute  a  solution  of  equations  (1)  and  (3),  but  not 
of  (1)  and  (2).  For  they  form  a  solution  of  the  L.  C.  D.  (equated  to  0) 
of  tlie  fractions  in  (2) ;  that  is,  of 

(x-l)(y-2)  =  0.         '  (4) 

"We  conclude,  therefore,  that  equations  (1)  and  (2)  do  not  have  any 
solution. 

It  can,  in  fact,  be  shown  that  they  are  inconsistent.  For  (1)  is  equiv- 
alent to 

3x-3  +  4y--8  =  0, 

or  to  3(x-l)+4(y-  2)=0. 

Dividing  both  members  of  the  last  equation  by  (x  — l)(y  — 2),  we 
obtain 

3      ,      4 


=  0. 


(6) 


y-2     x-1 

Equation  (6)  is  evidently  inconsistent  with  (2). 

It  should  be  noticed  that  in  clearing  (2)  of  fractions  no  unnecessary 
factor  was  used.  The  explanation  of  the  apparent  contradiction  of  the 
principle  proved  in  Ch.  X.,  Art.  3,  is  that  this  principle  holds  only  when 
the  fractional  equation  contains  but  one  unknown  number. 


EXERCISES  VI. 
Solve  the  following  systems  of  equations : 


1. 


4. 


10. 


rl  .  1    1 

x^r^ 

x     y     6 

8. 

x^y 
9     10_^ 
X      y  "    • 

8. 

[7x-?=16, 

y 

3x-?  =  4. 

^        y 

l-3,  =  8, 
11-..  =  .. 

6. 

I  X       y 

6. 

1-1  =  6. 

Ix    y 

(.'4- 

8. 

6y-6x=xy, 

9. 

r  3  1  ^  -3 

10y+3x=6xy. 

[x-i    y-1 

(  3x4-7       . 
lOy  +  3       ' 
12  X  +  6     o 

11. 

2x 
2^ 

3 

-3y 

7 
-Sy 

+ 

^     -8 

3     =10. 
y-2 
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12. 


14. 


x-y  +  1 
lx~y+l 

y -a—  b     y-a 
h     ^     a 
x-a     y  +  6 

X     y 


16. 


1  +  ^  =  6. 


17. 


18. 


16. 


z    y 

25        X 

1  +  Ue. 
^   y 


11 


2x  +  ay     2x-J 

10  y  -  7     10* 
2»  1 


X  +  ny     n  —  ny 


=  1, 


10-.  +  _3_  =  l. 


x  +  ny     n  —  ny 


18. 


12     2 

-  +  -  +  -=16, 
X     y    « 

12     2 

i  +  f  +  -=15, 
y    z    X 

12     2 

+  -  +  -=14. 
z    X    y 


BZVBOISBS  VII. 

Solve  the  folloyring  systems  of  equations  by  the  methods  given  in  this 
chapter : 


7. 


22  X  -  46  y  =  126, 
26  X  +  69  y  =  391. 

£z:Ll  +  yzi^  =  7, 
3  2  ' 

x-7  .  y-5_Q 

i^Zli  +  IlL±2^2x-y. 
4  6 

n+1      n— 1     n— 1 

^     I     y    -    1 


»-l     n  +  1     n2-l 

2  a 

gg  +  5y  ,  6  +  1, 
2       ^^         6 


ra(x  + 


6. 


62)(x-y)  =  4o26. 

r2x  +  7y     8?  +  7_4 
4  6     "  ' 

2x+7y     x+7_Q 
6  3     "  ' 

3x~4     4y-l,     ■ 

^r~"^~5 — '^^^' 


10. 


f  «-l. 

3 

»-l 

"4' 

x+3. 

10 

l»  +  3 

13 

|(x  +  !^)  = 

1  + 

x-y, 
2a 

IfC^- 

y)  = 

1  + 

x-y. 
2a 

r  a^x  -  62y  =  0,  r  (a+6)x+(a-6)y=aH6', 

l(a2+62)x+(a8-62)y=aH6*.    ^**     j  (a-6)x+(a+6)y=a2-6^. 
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18. 


19. 


21. 


X  +  y  =  «  +  10, 
y  =2aj-13, 
«  =2y-ll. 


14. 


f  y«  =  2  (y  +  0), 

aa:  =  3  (x  +  «), 

[  xy  =  4  (a;  +  y). 


16. 


16. 


17. 


22 -6y     6x-7_x-fl      8y  +  5 
3  11  6  18 

r3x  +  7y  +  l  2g-3y  +  8_o 

6  3                 ' 

6x-7y-H0  3g  +  2y-f-6_g 

3  6 


10 


:  +  ; 


2x  +  3y-29     7x-8y  +  24 
2x  +  3y-29_7x-8y  ^  q 


=  8, 


r  J  (a  +  6  -  c)x  +  i  («  -  &  +  c)y  =  «*  +(&  -  c)'» 
1  4  (a  -  6  +  c)x  +  J(«  +  ft  -  c)y  =  a«  -{6  -  c)«. 


n2-i    a^-l 


-==fl2_n2 


I  a2+l    nHl 

x  +  y 
X2; 


lL-=a2+n2-2. 


=  o, 


y  +  «■ 


=  6, 


SO. 


82. 


f-6 


10 


y-J-6 

■  = » 


05-4     16  -  x-^     X  +  4 

6        ^        3       ^     10 
a^  —  3x     Sy  —  xy        xy 

-  + =  o, 

X     y     z 

X     y     «       ' 


88. 


Ill 
X     y     « 

(x-l)(4y  +  3)  =  (4x-8)(y  +  2), 
(x-2)(3  2:  +  l)  =  (3x-8)(;?+l), 
(y+l)(22:  +  8)  =  (2y+l)(2^  +  2). 


=  — c. 


W.  xy«  =  a(y«  —  «x  —  xy)  =  6(«x  —  xy  —  y«)  =  c(xy  —  y«  —  «x). 


25. 


x  +  ay  +  a*«  +  a*  =  0, 
«  +  6y  +  &*«  +  &■  =  0, 
X  +  cy  +  c2«  +  c8  =  0. 


86. 


ax  +  6y  +  c»  3  ^, 
a8sB  +  68y  +  c8«  =  -4». 


1  6«  +  cy  +  a;?  =  ex  4-  ay  +  6«  =  0. 
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28. 


80. 


87. 


89. 


bx-\-  ay  _  a  —  b 
c  {a-c)ib-cy 

cy  -\-  hz  __  5  —  c 
a      ~  {h-a){c-a) 

az-^  cx_  c  —  a 
b  (a^6)(c-6)' 


89. 


a+b    b—c    c-\-a 
a—b    b—c    c—a 


ia^bKc 

{4-x)(2U-y)=z, 
(7-x)(124-y)  =  2r,  '      81. 

(13~a;)(64-y)=«. 

ix  +  y  +  «  =  0, 
(b  +  c)x  +  (c  +  a)y'\'ia  +  b)z  =  0, 
bcx  +  cay  +  a6«  =  1. 
5x  +  7y-f2     3g  +  4yH-7_^ 

3  4 
7x  +  3y  +  4     6x  +  6y  +  7_., 

4  6  ^' 


^ y. ?-=2a-2c. 

a-6    b—c    c+a 

(z  +  x)a  —  (25  -  x)6  =  2  yz, 
(x  +  y)6  -  (x  -  y)c  =  2xz. 
(y  +  «)c-(y-a)a  =  2iy. 


88. 


84. 


86. 


|'4x-3y+19     x-2y  +  9_ 
4  6 

6a;-4y4-.21     3x-2y-2_ 


X, 


9 


2x-3y+17 


+  6x-8y  +  39  =  0, 
-+16y-10x  =  88J. 


86. 


l2x-3y+  17 
'  (a  _  6)x  +  (6  -c)y +(c-o>  =  2(aH  6H  c2-a6  -ac-6c) 

X  +  y  4-  «  =  0. 


'  y;5  +  x«  +  xy  =  xyZf 
yu  -\-  zu-^  xy  =  xyu, 
zu -\- xu -{-  xz  =  xuz, 
zu -\- yu -\- yz  =  uyz. 
x  +  y  +  0  +  w  =  16, 
x  +  y  +  «  +  r  =  18, 
x  +  y-ftt  +  «  =  20, 
x  +  «-fw  +  v  =  22, 
y.+  «  +  w  +  «  =  24. 


88. 


40. 


6*  +  68x+  62y^.62,  +  tt  =  0, 
c*  +  c8x  +  c2y +  c«  +  tf  =  0. 

,2tt-3v  =  2a-7t  +  2c, 
«  +  2  «  =  7  6, 

3a+     y  =  3a  +  6&, 

4y-2x  =  8o, 
ISx  — 6u  =  a-66-6c 


CHAPTER   XIV. 


1.  As  was  stated  in  Ch,  V,,  Art.  2  ^^ii.V  ev^^ry  im^UU^u  >v\uoh 
can  be  solved  mnst  contain  as  many  innuiitiouj^*  oxim'ivsmo^I  wv 
implied,  as  there  are  required  uumlH'rs»  In  solving  \\  \\\\\\\\\^\\\ 
by  means  of  one  equation  in  one  unknown  nnn\)HM\  kww^  wt  I  ho 
required  numbers  was  usually  taken  as  tho  unluu^wn  n\nnlM»r 
of  the  equation.  All  but  one  of  the  conditiouH  of  tlu*  |M'ohlom 
were  used  to  express  the  other  requirod  uiuuImu'm  in  l.Pi'niH  nf 
the  one  selected  as  the  unknown  number.  Thn  ^tulUihllll^;  onii 
dition  furnished  the  equation  of  the  probh^ni, 

But  a  problem  which  contains  more  tluin  (Uh<  eiMHllMnn  eiin 
be  solved  by  means  of  a  system  of  eqmiiioMM  in  wliieli  ilio  iin 
known  numbers  are  usually  the  required  ninnberH  nf  Uim  prob 
lem.  Each  condition  then  furnishcH  an  equation.  The  NoliiUon 
of  the  system  of  equations  thus  obtained  ^iven  the  NohiUoii  of 
the  problem,  if  the  conditions  of  the  latter  t;i?  tuniHiHU^uU 

2.  We  will  first  solve  by  rneann  fff  a  nyniAm  of  two  i^f^nuUohH 
one  of  the  problems  which  wan  H^Avtul  in  ('U,  V.  by  ttttaitA  o1 
one  equation  in  one  unknown  nur/if^jr 

Pr.  1.  (Pr.  4,  CTl  V.;  At  an  ^>J'X\',u  ^^t  wh.rh  UiZ  y//-^ 
were  cast,  A  and  B  were  (:Si.xA/.-^tM%,  K  r^/iu/^A  *  r/^/ff  •/ 
of  65  votes.     How  tl^x.j  v^*/^  w^rf^  *'/4<\  f^/t  ^^ru  'j»<,o  '/;>v.  '^ 

Let  X  stand  for  the  r-  ..v.'xrr  *A  r^*A;e  '>,**  V,r  S, 
and      y  for  the  nur^ber  of  7%v^  ^'^t^*,  f/,f  H 

Then,  by  the  first  eci.  :.*,.,r.- 

«-  '/  -  ifC;,  n, 

and  by  the  aeeond  ec^i.-  .',r.. 
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Whence  x  =  504,  the  number  of  votes  cast  for  A, 
y  =  439,  the  number  of  votes  cast  for  B. 

Had  we  substituted  the  value  of  y  obtained  from  (1),  namely 
943  —  X,  for  y  in  (2),  we  should  have  obtained  the  equation  of 
the  solution  in  Ch.  V., 

X  -  (943  -  aj)  =  65, 

Pr.  2.  A  tank  can  be  filled  by  two  pipes.  If  the  first  be  left 
open  6  minutes,  and  the  second  7  minutes,  the  tank  will  k 
filled;  or  if  the  first  be  left  open  3  minutes,  and  the  second 
12  minutes,  the  tank  will  be  filled.  In  what  time  can  each 
pipe  fill  the  tank  ? 

Let  X  stand  for  the  number  of  minutes  it  takes  the  first  pipe 
to  fill  the  tank,  and  y  for  the  number  of  minutes  it  takes  the 
second  pipe.    Let  the  capacity  of  the  tank  be  represented  by  1. 

Then  in  1  minute  the  first  pipe  fills  -  of  the  tank,  and  in 

6  minutes  -  of  the  tank :  the  second  pipe  fills  -  of  the  tank 

X.  y 

in  7  minutes.     Therefore,  by  the  conditions  of  the  problem, 

6  +  1  =  1;      ?  +  l?  =  l. 

X     y        '     X      y 

Whence  a?  =  10^,  y=^17. 

BXBROISBB  I. 

1.  Find  two  numbers  whose  sum  is  19  and  whose  difference  is  7. 

2.  If  one  number  be  multiplied  by  3  and  another  by  7,  the  sum  of  the 
products  will  be  68  ;  if  the  first  be  multiplied  by  7  and  the  second  by  3, 
the  sum  will  be  42.     What  are  the  numbers  ? 

8.  In  a  meeting  of  48  persons,  a  motion  was  carried  by  a  majority  of 
18.     How  many  persons  voted  for  the  motion  and  how  many  against  it? 

4.  If  one  of  two  numbers  be  divided  by  6  and  the  other  by  5,  the  sum 
of  the  quotients  will  be  62  ;  if  the  first  be  divided  by  8  and  the  second  by 
12,  the  sum  of  the  quotients  will  be  31.     What  are  the  numbers  ? 

6.  Find  two  numbers,  such  that  if  1  be  subtracted  from  the  first  and 
added  to  the  second  the  results  will  be  equal ;  while  if  5  be  subtracted 
from  the  first  and  the  second  be  subtracted  from  6,  these  results  will  also 
be  equal. 


PROBLEMS.  227 

Q.  If  45  be  subtracted  from  a  number,  the  remainder  will  be  a  certain 
multiple  of  5 ;  but  if  the  number  be  subtmcted  from  136,  the  remainder 
will  be  the  same  multiple  of  10.  What  is  the  number,  and  what  multiple 
of  5  is  the  first  remainder  ? 

7.  If  1  be  added  to  the  numerator  of  a  fraction,  the  resulting  fraction 
-will  be  equal  to  J ;  but  if  1  be  added  to  the  denominator,  the  resulting 
fraction  will  be  equal  to  J.     What  is  the  fraction  ? 

8.  If  1  be  subtracted  from  the  numerator  and  denominator  of  a  cer- 
tain fraction,  the  resulting  fraction  will  be  equal  to  ^  ;  but  if  1  be  added 
to  the  numerator  and  denominator  of  the  same  fraction,  the  resulting 
fraction  will  be  equal  to  J.     What  is  the  fraction  ? 

9.  A  said  to  B  :  **  Give  me  three-fourths  of  your  marbles  and  I  shall 
bave  100  marbles."  B  said  to  A:  "Give  me  one -half  of  your  marbles 
and  I  shall  have  100  marbles."     How  many  marbles  had  A  and  B  ? 

10.  A  bag  contains  white  and  black  balls.  One-half  of  the  number  of 
w^bite  balls  is  equal  to  one-third  of  the  number  of  black  balls,  and  twice 
tbe  number  of  white  balls  is  6  less  than  the  total  number  of  balls.  How 
many  balls  of  each  color  are  there  ? 

11.  The  sum  of  two  numbers  Is  47.  If  the  greater  be  divided  by  the  less, 
the  quotient  and  the  remainder  will  each  be  6.     What  are  the  numbers  ? 

12.  A  father  said  to  his  son :  **  After  3  years  I  shall  be  three  times  as 
old  as  you  will  be,  and  7  years  ago  1  was  seven  times  as  old  as  you  then 
were."    What  were  the  ages  of  father  and  son  ? 

13.  A  merchant  received  from  one  customer  $  26  for  10  yards  of  silk 
and  4  yards  of  cloth ;  and  from  another  customer  $  23  for  7  yards  of 
silk  and  6  yards  of  cloth  at  the  same  prices.  What  was  the  price  of  the 
silk  and  of  the  cloth  ? 

14.  A  merchant  has  two  kinds  of  wine.  If  he  mix  9  gallons  of  the 
poorer  with  7  gallons  of  the  better,  the  mixture  will  be  worth  I  l.37i  a 
gallon ;  but  if  he  mix  3  gallons  of  the  poorer  with  6  gallons  of  the  better, 
the  mixture  will  be  worth  f  1.45  a  gallon.  What  is  the  price  of  each  kind 
of  wine  ? 

16.  A  man  has  a  gold  watch,  a  silver  watch,  and  a  chain.  The  gold 
watch  and  the  chain  cost  seven  times  as  much  as  the  silver  watch ;  the 
cost  of  the  chain  and  half  the  cost  of  the  silver  watch  is  equal  to  three- 
tenths  of  the  cost  of  the  gold  watch.  If  the  chain  cost  ^  40,  what  was  the 
cost  of  each  watch  ? 

X6.  A  and  B  make  a  purchase  for  $  48.  A  gives  all  of  his  money,  and 
B  three-fourths  of  his.  If  A  had  given  three-fourths  of  his  money  and  B 
all  ol  his,  they  would  have  paid  $1.50  less.  How  much  money  had  A 
and  B? 
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17.  A  mechanic  and  an  apprentice  together  receive  $40.  The  ine> 
chanic  works  7  days  and  the  apprentice  12  days ;  and  the  mechanic  earns 
in  3  days  #7  more  than  the  apprentice  earns  in  6  days.  What  wages 
does  each  receive  ? 

18.  I  have  7  silver  balls  equal  in  weight  and  12  gold  balls  equal  in 
weight.  If  I  place  3  silver  balls  in  one  pan  of  a  balance  and  5  gold  balls 
in  the  other,  I  must  add  to  the  gold  balls  7  ounces  to  maintain  equilibrium. 
If  I  place  in  one  pan  4  silver  balls  and  in  the  other  7  gold  balls,  the  balance 
is  in  equilibrium.    What  is  the  weight  of  each  gold  and  of  each  silver  ball? 

19.  A  tank  has  two  pumps.  If  the  first  be  worked  2  hours  and  the 
second  3  hours,  1020  cubic  feet  of  water  will  be  discharged.  But  if  the 
first  be  worked  1  hour  and  the  second  2J  hours,  690  cubic  feet  of  water 
will  be  discharged.  How  many  cubic  feet  of  water  can  each  pump  dis- 
charge in  one  hour  ? 

90.  It  was  intended  to  distribute  9  26  among  a  certain  number  of  the 
poor,  each  adult  to  receive  $2.50  and  each  child  75  cents.  But  it  was 
found  that  there  were  3  more  adults  and  5  more  children  than  was  at  fiist 
supposed.  Each  adult  was  therefore  given  $  1.75  and  each  child  50  cents. 
How  many  adults  and  how  many  children  were  there  ? 

21.  A  man  ordered  a  wine-merchant  to  fill  two  casks  of  different  sizes 
with  wine,  one  at  1 1.20  and  the  other  at  $  1.50  a  quart,  paying  $  88.50  for 
both  casks  of  wine.  By  mistake  the  casks  were  interchanged,  so  that  the 
purchaser  received  more  of  the  cheaper  wine  and  less  of  the  dearer.  The 
merchant  therefore  returned  to  him  $1.50.  How  many  quarts  did  each 
cask  hold  ? 

22.  A  and  B  jointly  contribute  $  10,000  to  a  business.  A  leaves  his 
money  in  the  business  1  year  and  3  months,  and  B  his  money  2  years  and 
11  months.    If  their  profits  be  equal,  how  much  does  each  contribute  ? 

23.  A  merchant  sold  12  gallons  from  each  of  two  full  casks  of  wine,  and 
then  found  that  the  larger  contained  twice  as  much  as  the  smaller.  After 
he  had  sold  more  wine  from  both  casks,  he  found  that  each  one  contained 
one-third  of  its  original  capacity.  If  he  had  then  added  4  gallons  of  wine 
to  each  cask,  the  contents  of  the  smaller  would  have  been  three-fourths  of 
the  contents  of  the  larger.     What  was  the  capacity  of  each  cask  ? 

24.  One  boy  said  to  another:  *'Give  me  5  of  your  nuts,  and  I  shall 
have  three  times  as  many  as  you  will  have  left."  " No,"  said  the  other, 
"  give  me  2  of  your  nuts,  and  I  shall  have  five  times  as  many  as  you  will 
have  left."    How  many  nuts  had  each  boy  ? 

25.  A  father  has  two  sons,  one  4  years  older  than  the  other.  After  2 
years  the  father's  age  will  be  twice  the  joint  ages  of  his  sons ;  and  6  years 
ago  his  age  was  six  times  the  joint  ages  of  his  sons.  How  old  is  the  father 
and  each  of  his  sons  ? 
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26.  If  a  number  of  two  digits  be  divided  by  the  sum  of  the  digits,  the 
quotient  will  be  7.  If  the  digits  be  interchanged,  the  resulting  number 
A?vill  be  less  than  the  original  number  by  27.     What  is  the  number  ? 

27.  A  man  walks  26  miles,  first  at  the  rate  of  3  miles  an  hour,  and  later 
a,t  the  rate  of  4  miles  an  hour.  If  he  had  walked  4  miles  an  hour  when  he 
^walked  3,  and  3  miles  an  hour  when  he  walked  4,  he  would  have  gone  4 
miles  further.  How  far  would  he  have  gone,  if  he  had  walked  4  miles  an 
liour  the  whole  time  ? 

28.  Two  trains  leave  different  cities,  which  are  650  miles  apart,  and  run 
"toward  each  other.  If  they  start  at  the  same  time,  they  will  meet  after  10 
Iiours ;  but  if  the  first  start  4^  hours  earlier  than  the  second,  they  will 
meet  8  hours  after  the  second  train  starts.  What  is  the  speed  of  each 
train  ? 

29.  If  the  base  of  a  rectangle  be  increased  by  2  feet,  and  the  altitude  be 
dinainished  by  3  feet,  the  area  will  be  diminished  by  48  square  feet.  But 
if  the  base  be  increased  by  3  feet,  and  the  altitude  be  diminished  by  2  feet, 
the  area  will  be  increased  by  6  square  feet.  Find  the  base  and  the  alti- 
tude of  the  rectangle. 

30.  A  number  of  three  digits  is  in  value  between  400  and  600,  and  the 
sum  of  its  digits  is  9.  If  the  digits  be  reversed,  the  resulting  number  will 
be  If  of  the  original  number.    What  is  the  number  ? 

31.  The  report  of  a  cannon  travels  with  the  wind  344.42  yards  a  second, 
and  against  the  wind  335.94  yards  a  second.  What  is  the  velocity  of  the 
report  in  still  air,  and  what  is  the  velocity  of  the  wind  ? 

32.  Two  messengers,  A  and  B,  travel  toward  each  other,  starting  from 
two  cities  which  are  806  miles  distant  from  each  other.  If  A  start  5| 
hours  earlier  than  B,  they  will  meet  6J  hours  after  B  starts.  But  if  B 
start  5|  hours  earlier  than  A,  they  will  meet  5f  hours  after  A  starts.  At 
what  rates  do  A  and  B  travel  ? 

33.  Each  of  two  servants  was  to  receive  $  160,  a  dress,  and  a  pair  of 
shoes  for  one  year's  services.  One  servant  left  after  8  months,  and  re- 
ceived the  dress  and  «$  106 ;  the  other  servant  left  after  9^  months,  and 
received  a  pair  of  shoes  and  $  142.  What  was  the  value  of  the  dress,  and 
of  the  pair  of  shoes  ? 

34.  On  the  eve  of  a  battle,  one  army  had  5  men  to  every  6  men  in  the 
other.  The  first  army  lost  14,000  men,  and  the  second  lost  6000  men. 
The  first  army  then  had  2  men  to  every  3  men  in  the  other.  How  many 
men  were  there  originally  in  each  army  ? 

85.  If  the  sum  of  two  numbers,  each  of  three  digits,  be  increased  by  1, 
the  result  will  be  1000.  If  the  greater  be  placed  on  the  left  of  the  less, 
and  a  decimal  point  be  placed  between  them,  the  resulting  number  will  b<> 
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six  times  the  number  obtained  by  placing  the  smaller  number  on  the  left 
of  the  greater,  with  a  decimal  point  between  them.  What  are  the  num- 
bers? 

86.  A  vessel  sails  110  miles  with  the  current  and  70  miles  against  the 
current  in  10  hours.  On  a  second  trip,  it  sails  88  miles  with  the  current 
and  84  miles  against  the  current  in  the  same  time.  How  many  miles  can 
the  vessel  sail  in  still  water  in  one  hour,  and  what  is  the  speed  of  the 
current  ? 

87.  A  and  B  run  a  race  of  400  yards.  In  the  first  heat  A  gives  B  a 
start  of  20  seconds,  and  wins  by  60  yards.  In  the  second  heat  A  gives  B 
a  start  of  125  yards,  and  wins  by  6  seconds.  What  is  the  speed  of  each 
runner  ? 

88.  A  merchant  had  two  casks  containing  different  quantities  of  wine. 
He  poured  from  the  first  cask  into  the  second  as  much  wine  as  was  in  the 
second ;  next  he  poured  from  the  second  cask  into  the  first  as  much  wine 
as  was  left  in  the  first ;  finally  he  poured  from  the  first  cask  into  the  sec- 
ond as  much  wine  as  was  left  in  the  second.  Each  cask  then  contained  80 
quarts.    How  many  gallons  did  each  cask  originally  contain  ? 

39.  A  and  B  formed  a  partnership.  A  invested  $20,000  of  his  own 
money  and  35000  which  he  borrowed;  B  invested  $22,000  of  his  own 
money  and  $  8000  which  he  borrowed  at  the  same  rate  of  interest  as  was 
paid  by  A.  At  the  end  of  a  year,  A's  share  in  the  profits  amounted  to 
$  1750  more  than  the  interest  on  his  $5000,  and  B*s  share  to  9  2000  more 
than  the  interest  on  his  8  8000.  What  rate  per  cent  interest  did  they  pay. 
and  what  rate  per  cent  did  they  realize  on  their  investments  ? 

40.  Two  bodies  move  along  the  circumference  of  a-  circle  in  the  same 
direction  from  two  different  points,  the  shorter  distance  between  which, 
measured  along  the  circumference,  is  160  feet.  One  body  will  overtalre 
the  other  in  32  seconds,  if  they  move  in  one  direction  ;  or  in  40  seconds,  if 
they  move  in  the  opposite  direction.  While  the  one  goes  once  around  the 
circumference,  the  distance  passed  over  by  the  other  exceeds  the  circum- 
ference by  45  feet.  What  is  the  circumference  of  the  Circle,  and  at  what 
rates  do  the  bodies  move  ? 

41.  A  number  of  workmen,  who  receive  the  same  wages,  earn  together 
a  certain  sum.  Had  there  been  7  more  workmen,  and  had  each  one  re- 
ceived 25  cents  more,  their  joint  earnings  would  have  Increased  by  $  18.65. 
Had  there  been  4  fewer  workmen,  and  had  each  one  received  15  cents 
less,  their  joint  earnings  would  have  decreased  by  $9.20.  HoW  many 
workmen  are  there,  and  how  much  does  each  one  receive  ? 

42.  A  courier  rode  from  A  toward  B,  which  is  64  miles  distant  from  A. 
Five  hours  after  his  departure,  a  second  courier  started  from  B  and  rode 
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toward  ^.  The  coarien  met  7  hours  after  the  second  coarier  started.  It 
the  second  coarier  had  started  from  B  2  hours  before  the  first  started 
from  A.^  they  would  h^TO  met  8  hours  after  the  secoud  courier  started. 
At  wUat  rate  did  each  coarier  ride  7 

4S.  A  farmer  has  enough  feed  for  his  oxen  to  last  a  certain  number  of 
days.  If  be  were  to  sell  75  oxen,  his  feed  would  last  20  days  longer.  If, 
however,  be  were  to  buy  100  oxen,  bis  feed  would  last  15  days  less.  How 
many  oxen  has  he,  and  for  how  many  days  has  he  enough  feed  ? 

44.  An  alloy  of  tin  and  lead,  weighing  40  pounds,  loses  4  pounds  in 
weight  wben  immersed  in  water.  Find  the  amount  of  tin  and  lead  in  the 
alloy,  if  10  pounds  of  tin  lose  1|  pounds  when  immersed  in  water,  and  5 
pounds  of  lead  lose  .375  of  a  jwund. 

45.  Two  men  were  to  receive  $96  for  a  certain  piece  of  work,  which 
they  could  do  together  in  30  days.  After  half  of  the  work  was  done,  one 
oi  them  stopped  for  8  days,  and  thtn  the  other  stopped  for  4  days.  They 
finally  completed  the  work  in  35^  days.  How  many  dollars  should  each 
one  receive,  and  in  what  time  could  each  one  have  done  the  work  alone  ? 

46.  Two  boys,  A  and  B,  run  a  race  from  Pto  Q  and  return.  A,  the 
faster  runner,  on  his  return  meets  B  90  feet  from  Q,  and  reaches  P  3 
minutes  ahead  of  B.  If  he  had  run  again  to  Q,  he  would  have  met  B  at  a 
distance  from  P  equal  to  one-sixth  of  the  distance  from  P  to  Q.  How 
far  is  Q  from  P,  and  how  long  did  it  take  B  to  run  from  P  to  Q  and 
return  ? 

47.  It  took  a  certain  number  of  workmen  6  hours  to  carry  a  pile  of 
stones  from  one  place  to  another.  Had  there  been  2  more  workmen,  and 
had  each  one  carried  4  pounds  more  at  each  trip,  it  would  have  taken 
them  1  hour  less  to  complete  the  work.  Had  there  been  3  fewer  workmen, 
and  had  each  one  carried  5  pounds  less  at  each  trip,  it  would  have  taken 
them  2  hours  longer  to  complete  the  work.  How  many  workmen  were 
there,  and  how  many  pounds  did  each  one  carry  at  every  trip  ? 

48.  Three  carriages  travel  from  A  to  B.  The  second  carriage  travels 
every  4  hours  1  mile  less  than  the  first,  and  is  4  hours  longer  in  making 
the  journey.  The  third  carriage  travels  every  3  hours  1}  miles  more  than 
the  second,  and  is  7  hours  less  in  making  the  journey.  How  far  is  B  from 
-4,  and  how  many  hours  does  it  take  each  carriage  to  make  the  journey  ? 

49.  Water  enters  a  basin  through  one  pipe  and  is  discharged  through 
another.  Through  the  first  pipe  four  more  gallons  enter  the  basin  every 
minute  than  is  discharged  through  the  second.  When  the  basin  is  empty, 
both  pipes  are  ox>ened,  the  first  one  hour  earlier  than  the  second,  and 
after  a  certain  time  the  basin  contains  1760  gallons.  The  pipe  through 
wliich  water  enters  is  then  closed,  and  after  one  hour  is  again  opened.    If 
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both  pipes  be  then  left  open  as  long  as  they  were  open  together  in  the 
former  case,  the  basin  will  contain  880  gallons.  In  what  time  can  the 
one  pipe  fill  the  basin  and  the  other  empty  it,  if  it^hold  1760  gallons  ? 

50.  A  body  moves  with  a  uniform  velocity  from  a  point  ^  to  a  point  B, 
which  is  323  feet  distant  from  A,  and  without  stopping  returns  at  the  same 
rate  from  B  to  A,  A  second  body  leaves  B  13  seconds  after  the  first 
leaves  A,  and  moves  toward  A  with  a  uniform  but  less  velocity  than  the 
velocity  of  the  first.  The  first  body  meets  the  second  10  seconds  after  the 
latter  starts,  and  on  returning  to  A  overtakes  the  second  body  45  seconds 
after  the  latter  starts.    What  is  the  velocity  of  each  body  ? 

61.  A  fox  pursued  by  a  dog  is  60  of  her  own  leaps  ahead  of  the  dog. 
The  fox  makes  9  leaps  while  the  dog  makes  6,  but  the  dog  goes  as  far  in 
3  leaps  as  the  fox  goes  in  7.  How  many  leaps  does  each  make  before  the 
dog  catches  the  fox  ? 

62.  The  sum  of  the  three  digits  of  a  number  is  14 ;  the  sum  of  the  first 
and  the  third  digit  is  equal  to  the  second ;  and  if  the  digits  in  the  units' 
and  in  the  tens'  place  be  interchanged,  the  resulting  number  will  be  less 
than  the  original  number  by  18.    What  is  the  number  ? 

68.  The  sum  of  the  ages  of  A,  B,  and  C  is  69  years.  Two  years  ago 
B's  age  was  equal  to  one-half  of  the  sum  of  the  ages  of  A  and  C,  and  10 
years  hence  the  sum  of  the  ages  of  B  and  C  will  exceed  A's  age  by  31 
years.     What  are  the  present  ages  of  A,  B,  and  C  ? 

64.  The  total  capacity  of  three  casks  is  1440  quarts.  Two  of  them  are 
full  and  one  is  empty.  To  fill  the  empty  cask  it  takes  all  the  contents  of 
the  first  and  one-fifth  of  the  contents  of  the  second,  or  the  contents  of  the 
second  and  one-third  of  the  contents  of  the  first.  What  is  the  capacity  of 
each  cask  ? 

66.  Three  brothers  wished  to  buy  a  house  worth  $  70,000,  but  none  of 
them  had  enough  money.  If  the  oldest  brother  had  given  the  second 
brother  one-third  of  his  money,  or  the  youngest  brother  one-fourth  of  his 
money,  each  of  the  latter  would  then  have  had  enough  money  to  buy  the 
house.  But  the  oldest  brother  borrowed  one-half  of  the  money  of  the 
youngest  and  bought  the  house.    How  much  money  had  each  brother  ? 

56.  The  sum  of  the  three  digits  of  a  number  is  9.  The  digit  in  the 
hundreds'  place  is  equal  to  one-eighth  of  the  number  composed  of  the 
two  other  digits,  and  the  digit  in  the  units'  place  is  equal  to  one-eighth  of 
the  number  composed  of  the  two  other  digits.    What  is  the  number  ? 

67.  Find  the  contents  of  three  vessels  from  the  following  data :  If  the 
first  be  filled  with  water  and  the  second  be  filled  from  it,  the  first  will 
then  contain  two-thirds  of  its  original  contents ;  if  from  the  first,  when 
full,  the  third  be  filled,  the  first  will  then  contain  five-ninths  of  its  origi- 
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na,!  contents ;  finally,  if  from  the  first,  when  fall,  the  second  and  third  be 
filled,  the  first  will  then  contain  8  gallons. 

&8.  Three  boys  were  playing  marbles.  A  said  to  B :  **  Give  me 
6  marbles,  and  I  shall  have  twice  as  many  as  you  will  have  left.^*  B  said 
to  O:  ^^Give  me  13  marbles,  and  I  shall  have  three  times  as  many  as 
yon  will  have  left.'*  C  said  to  A  :  "  Give  me  3  marbles,  and  I  shall  have 
six:  times  as  many  as  you  will  have  left/*  How  many  marbles  did  each 
l>oy  have  ? 

69.  Three  cities.  A,  B,  and  <7,  are  situated  at  the  vertices  of  a  triangle. 
Xlie  distance  from  ^  to  O  by  way  of  ^  is  82  miles,  from  B  to  ^  by  way 
of  C  is  97  miles,  and  from  C  to  B  by  way  of  A  is  89  miles.  How  far 
are  A^  B^  and  C  from  one  another  ? 

60.  A  father^s  age  is  twenty-one  times  the  difference  between  the  ages 
of  liis  two  sons.  Six  years  ago  his  age  was  six  times  the  sum  of  his  sons* 
ages,  and  two  years  hence  it  will  be  twice  the  sum  of  their  ages.  Pind 
tlie  ages  of  the  father  and  his  two  sons. 

61.  A  regiment  of  600  soldiers  is  quartered  in  a  four-story  building. 
On  the  first  floor  are  twice  as  many  men  as  are  on  the  fourth ;  on  the 
second  and  third  are  as  many  men  as  are  on  the  first  and  fourth  ;  and  to 
every  7  men  on  the  second  there  are  6  on  the  third.  How  many  men  are 
quartered  on  each  floor  ? 

62.  The  sum  of  the  three  digits  of  a  number  is  9.  If  198  be  added  to 
the  number,  the  digits  of  the  resulting  number  are  those  of  the  given 
number  written  in  reverse  order.  Two-thirds  of  the  digit  in  the  tens^ 
place  is  equal  to  the  difference  between  the  digits  in  the  units'  and  in  the 
hundreds'  place.     What  is  the  number  ? 

68.  Four  men  are  to  do  a  piece  of  work.  A  and  B  can  do  the  work  in 
10  days,  A  and  C  in  12  days,  A  and  D  in  20  days,  and  B,  C,  and  D  in 
7  J  days.  In  how  many  days  can  each  man  do  the  work,  and  in  how 
many  days  can  they  all  together  do  the  work  ? 

64.  The  year  in  which  printing  was  invented  is  expressed  by  a  number 
of  four  digits,  whose  sum  is  14.  The  tens'  digit  is  one-half  of  the  units' 
digit,  and  the  hundreds'  digit  is  equal  to  the  sum  of  the  thousands'  and 
the  tens'  digit.  If  the  digits  be  reversed,  the  resulting  number  will  be 
equal  to  the  original  number  increased  by  4905.  In  what  year  was  print- 
ing invented  ? 

DiscuBBion  of  Solutions. 

3.  Pr.  1.  A  merchant  has  two  kinds  of  tea  ;  the  first  is  worth  a  cents 
a  pound,  and  the  second  b  cents  a  pound.  How  much  of  each  kind  must 
be  tdiken  to  make  a  mixture  of  one  pound  worth  c  cents  ? 
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Let  X  stand  for  the  part  of  a  pouud  of  the  first  kind,  and  y  for  the  pan 
of  a  pound  of  the  second  kind. 

Then,  by  the  first  condition,     x-\-  y  =  1;  (1) 

and  by  the  second  condition,      ax  +  &y  =  c  (2) 

Whence  x=^^,      y  =  ^~^ 


a  —  b  a  —  b 

(i.)  If  a  >  c  >  6,  the  values  of  z  and  y  are  both  positive,  and  the  solu 
tion  satisfies  the  conditions  of  the  problem.  Thus,  if  a  =  100,  b  =  75,  and 
c  =  85,  we  have  x  =  f,  y  =  f • 

If  a<c<Cb,  then  x  and  y  are  both  positive,  and  satisfy  the  eonditiom 
of  the  problem.  That  is,  if  the  value  of  the  pound  of  mixture  be  inter- 
mediate between  the  values  of  a  pound  of  each  of  the  two  kinds,  a  definite 
solution  la  always  possible. 

(ii.)  If  c  >  a  >  5,  then  x  will  be  positive  and  y  negative.  The  solution 
does  not  satisfy  the  conditions  of  the  problem.  Thus,  if  a  =  100,  b  =  75, 
c  =  110,  we  obtain  x  =  J,  y  =  —  §. 

It  is  evident  that  a  one-pound  mixture  of  two  kinds  of  tea  which  is 
worth  more  than  either  kind  cannot  be  made. 

(iii.)  If  a  =  6  =  c,  then  x  =  J,  y  =  f.  This  solution  shows  that  the 
conditions  of  the  problem  may  be  satisfied  in  an  indefinite  uumher  of 
ways.  It  is  evident  that  a  one-pound  mixture  of  two  kinds  of  tea,  that 
are  the  same  in  price,  can  be  made  in  any  number  of  ways,  if  the  mixture 
be  the  same  in  price. 

(iv.)   If  a  =  &,  and  a^c^  then  x  =  oo  and  v  =  oo. 

This  solution  does  not  satisfy  the  conditions  of  the  problem,  since 
X  and  y  must  be  finite  proper  fractions.  It  is  also  evident  that  a  one- 
pound  mixture  of  two  kinds  of  tea  which  are  the  same  in  price  cannot 
be  made,  if  the  mixture  is  to  be  of  a  different  price. 

BXBBOISBB  II. 

Solve  the  following  problems,  and  discuss  the  results : 
1.  If  aii  alloy  of  two  kinds  of  silver  be  made,  and  a  ounces  of  the  first 
be  taken  with  b  ounces  of  the  second,  the  mixture  will  be  worth  m  dollars 
an  ounce.  If  b  ounces  of  the  first  be  taken  with  a  ounces  of  the  second, 
the  mixture  will  be  worth  n  dollars  an  ounce.  How  much  is  an  ounce  of 
each  kind  of  silver  worth  ? 

3.  Two  bodies  are  separated  by  a  distance  of  d  yards.  If  they  move 
toward  each  other  with  different  velocities,  they  will  meet  after  w  seconds: 
but  if  they  both  move  in  the  same  direction,  the  one  will  overtake  the 
other  after  n  seconds.     With  what  velocities  do  the  bodies  move  ? 


CHAPTER  XV. 

INDETERMINATB  LINBAR  BQUATION8. 

X.  An  Indeterminate  Equation  was  defined  in  Ch.  XIII.,  §  1,  Art.  1, 
as  au  equation  which  has  an  indefinite  number  of  solutions  ;  as  x  +  2^  =  5. 

An  Indeterminate  System  is  a  system  of  equations  which  has  an  in- 
definite number  of  solutions. 

Thus,  if  the  system  x  +  y  —  2?  =  9, 

2«-j/  +  7«=:33, 

\>Q  Bolyed  for  %  and  y,  we  obtain 

In  these  values  of  x  and  y  we  may  assign  any  value  to  «,  and  obtain 
corresponding  values  of  x  and  y. 

Evidently  the  number  of  solutions  will  be  more  limited  if  only  positive 
integral  values  of  the  unknown  numbers  are  admitted. 

In  this  chapter  we  shall  consider  a  simple  method  of  solving  in  positive 
integers  linear  indeterminate  equations  and  systems. 

2.    Ex.   Solve  4  X  +  7  y  =  94,  in  positive  integers. 
Solving  for  x,  which  has  the  smaller  coefficient,  we  obtain 

4  4 

or  X  -  23  +  y  =  ^-^y. 

4 

Since  x  and  y  are  to  be  integers, ^-2  must  be  an  integer ;  that  is, 

4 
y  must  have  such  a  value  that  2  —  3  ^  shall  be  divisible  by  4. 

Let  —^ — ^  =  m,  an  integer. 

4 

Then  y  =  —^ — —^  an  inconvenient  form  from  which  to  determine  in- 

3  2  —  3  w 

tegral  values  of  y.    But  since  the  expression ^  is  to  be  an  integer, 

4 
any  multiple  of  it  will  be  an  integer.    We  therefore  multiply  its  numera- 

235 
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tor  by  the  least  number  which  will  make  the  coefficient  of  y  one  more 
than  a  multiple  of  the  denominator,  t.e.,  by  3.     We  then  have 

tlL^  =  1  _  2  y +  ^^^,  an  integer. 
4  4 

Therefore,  as  above,    SL  =  m,  an  integer. 

4 

Whence  y  =  2  -  4  to.  (2) 

Then,  from  (1)  and  (2),    x  =  20  +  7  to.  (3) 

Any  integral  value  of  m  will  give  to  x  and  y  integral  values. 

But  since  y  is  to  be  positive,         «*  <  1 ; 
and,     since  ac  is  to  be  positive,         to  >  —  3. 

Therefore  the  only  admissible  values  of  to  are  0,  —  1,  —  2. 

When  TO  =  0,  x  =  20,     y  =    2  ; 

TO  ;=  —  1,  flc  =  13,     y  =    6 ; 

TO  =  -  2,  X  =    6,     y  =  10. 

In  solving  a  system  of  two  linear  equations  in  three  unknown  numbezs, 
we  first  eliminate  one  of  the  unknown  numbers,  and  apply  to  the  result- 
ing equation  the  preceding  method. 

3.  Pr.  A  party  of  20  people,  consisting  of  men,  women,  and  children, 
pay  a  hotel  bill  of  $67.  Each  man  pays  95,  each  woman  $4,  and  each 
child  $1.60.  How  many  of  the  company  are  men,  how  many  women, 
and  how  many  children  ? 

Let  X  stand  for  the  number  of  men, 
y  for  the  number  of  women, 

z  for  the  number  of  children. 

Then,  by  the  conditions  of  the  problem, 

a;  +  y  +  «  =  20,  (1) 

6a;  +  4y  +  i«  =  67.  (2) 

Eliminating  z,  we  obtain       7  a;  +  5  y  =  74. 

Whence  y  =  li^ilJ^=U-x  +  i=^  (8) 

6  5 

Since  x  and  y  are  to  be  Integers,  must  be  an  integer,  and  there- 

fore ^ 

6  5  6 

must  be  an  integer.     Finally,  let 

"~  ^  =  w,  an  integer. 
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Whence  a:  =  2  —  6  m.  (4) 

Then,  from  (3)  and  (4),       y  =  12  +  7  w ;  (6) 

a.xi.d  from  (1),  (4),  and  (6),      «  =  6  -  2  w.  (6) 

Since  x,  y,  and  z  are  to  he  positive,  we  have : 

from  (4),  m  <  1 ;  from  (5),  w  >—  2. 

Therefore  the  only  admissible  values  of  m  are  —  1,  and  0. 

When  w  =  0,  x  =  2,  y  =  12,  z  =  6; 

m=— 1,        x  =  7,  y=   6,  a?  =  8. 

Consequently  the  company  may  have  consisted  of  2  men,  12  women, 
6  children  ;  or  of  7  men,  5  women,  and  8  children. 

4.  Not  every  linear  indeterminate  equation  can  be  solved  in  positive 
integers. 

The  general  form  of  such  an  equation  is  evidently  ax-{-by  =  c,  wherein 
a,  &,  and  c  are  integers. 

If  a  and  b  have  a  common  factor,  /  say,  then  a  =fa\  b  =^fb',  wherein 
a'  and  b'  are  integers.    Tlie  equation  may  then  be  written 

fa'x  -{-fb'y  =  c,  or  a'x  +  b'y  =  y 

Since  a'  and  6'  are  integers,  -  must  be  an  integer,  if  x  and  y  are  to 
have  integral  values  ;  that  is,  /  must  be  also  a  factor  of  c.     Therefore, 

(i. )  The  linear  indeterminate  equation  ax-\-by  =  c  cannot  be  solved 
in  positive  integers  if  a  and  b  have  a  common  factor,  which  is  not  a 
factor  of  c. 

E.g.,  2x  —  iy  =  6  cannot  be  solved  in  positive  integers. 

We  can  infer  at  once  that 

(ii.)  If  a  and  b  are  positive  and  c  negative,  the  equation  ax-\-by  =  c 
cannot  be  solved  in  positive  integers. 

For  ax -{-by  would  then  be  positive  and  could  not  be  equal  to  c,  a 
negative  number. 

E.g.,  2a;+5y  =  —  6  cannot  be  solved  in  positive  integers. 

The  case  in  which  a  and  b  are  negative  and  c  positive  is  evidently 
included  in  (ii.). 

We  therefore  conclude  that 

(iii.)  The  linear  indeterminate  equation  ax  -^  by  =  c  can  be  solved  in 
positive  integer:^  only  when  a,  b,  and  c  are  all  positive,  or  when  a  and  b 
have  opposite  signs;  and  when,  in  both  cases,  a  and  b  do  not  have  a  com- 
mon factor  which  is  not  also  a  factor  of  c. 
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But  even  when  the  conditions  given  in  (iii.)  are  satisfied,  a  solution  la 
positive  integers  is  not  always  p.issible. 

Thus,  the  equation  7x-f-9y  =  15  cannot  be  thus  solved.  Fertile 
least  possible  positive  integral  values  of  x  and  y  are  1  and  1.  But  these 
give  7  X  -H  9  y  =  16  :^  16. 

BXBRCI8B8. 
Solve  in  positive  integers : 

1.   a:  +  y  =  10.  2.   2x+3y  =  26.  8.   6a;  +  7y  =  52. 

4.    6x  +  8y  =  29.  5.    3x  +  6y=10.  6.    12x+13y  =  175. 

7.    2ox+15y  =  216.         8.   6x+13y  =  229.  9.    34x  +  89y  =  407. 

f    x  +  3y  +  6a?  =  44,  r8x  +  3y-2«  =  8, 

|3x+5y+72r  =  68.  '    |7x~2y-     z  =  S. 

Solve  in  least  positive  integers : 

12.  91x-221y  =  0.        18.   3x-6y  =  l.  14.   17x-Xly  =  «5. 
15.   89x-144y  =  l.        16.    14x  +  49y=133.      17.   67x-43y  =  5, 

18.  Divide  1000  into  two  parts  so  that  one  part  shall  be  a  multiple  of 

13,  and  the  other  a  multiple  of  53. 

19.  What  positive  integers  when  divided  by  4  give  a  remainder  3,  and 
when  divided  by  6  give  a  remainder  4  ? 

90.  Divide  ^  into  two  fractions  with  denominators  13  and  9  respec- 
tively. 

21.  A  farmer  received  $  16  for  a  number  of  turkeys  and  chickens.  If 
he  was  paid  $  2  for  each  turkey  and  ^  .75  for  each  chicken,  how  many  of 
each  did  he  sell  ? 

22.  A  gardener  has  fewer  than  1000  trees.  If  he  plants  them  in  rows 
of  37  each,  he  will  have  8  left ;  but  if  he  plants  them  in  a  different  num- 
ber of  rows  of  43  each,  he  will  have  11  left.     How  many  trees  has  he  ? 

23.  A  wheel  with  17  teeth  meshes  in  a  wheel  with  13  teeth.  After 
how  many  revolutions  of  each  wheel  will  each  tooth  occupy  its  original 
position  ? 

24.  A  said  to  B :  *»  If  I  had  eight  times  as  much  money  as  I  now  have, 
and  you  had  seven  times  as  much  money  as  you  now  have,  and  I  were  to 
give  you  $1,  we  should  have  equal  amounts."  How  many  dollars  had 
each? 


CHAPTER   XVI. 
BVOLtTTION. 

S  1.     DEFINITIONS  AND  PRINCIPLES. 

X.  A  ^th  Root  of  a  number  or  an  expression  is  a  number  or 
an  expression  whose  gth  power  is  equal  to  the  given  one. 

E.g,^  since  (-f-  5)^  =  25  and  (—  5)^  =  25,  therefore  +  5  and 
—  5  are  second  roots  of  25.  The  statement,  +  5  and  —  5,  is 
usually  written  ±  5. 

Since  (a  +  6)'*  =  a'  +  3  a*6  +  3  a6*  +  6',  therefore  a  +  6  is  a 
third  root  of  a'* -f- 3  a^ft  +  3  aft^ -f.  6«. 

A  second  root  of  a  number  is  usually  called  a  square  root; 
and  a  ^/iiVd  root  a  cu6e  root. 

2.  It  follows  from  the  definition  of  a  root  that  a  gth  root  of 
a  number  is  one  of  q  equal  factors  of  the  number. 

Thus,  either  +3  or  —  3  is  one  of  two  equal  factors  of  9. 

3.  The  Radical  Sign,  ^,  is  used  to  denote  a  root,  and  is  placed 
before  the  number  or  expression  whose  root  is  to  be  found. 

The  Radicand  is  the  number  or  expression  whose  root  is 
required. 

The  Index  of  a  root  is  the  number  which  indicates  what  root 
of  the  Tadicand  is  to  be  found,  and  is  written  over  the  radical 
sign.     The  index  2  is  usually  omitted. 

E.g.,  ^9,  or  y9,  denotes  a  second,  or  square  root  of  9 ;  the 
radicand  is  9,  and  the  index  is  2. 

4.  A  vinculum  is  often  used  in  connection  with  the  radical 
sign  to  indicate  what  part  of  an  expression  following  the  sign 
is  affected  by  it. 

^'9',  V^  + 16  means  the  sum  of  V9  and  16,  while  V9  +  16 
means  a  square  root  of  the  sum  9  + 16.     Likewise  -^a?  x  6* 
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means  the  product  of  -^af  and  &•,  while  -^a?  x  h^  means  a  cube 
root  of  aV. 

Parentheses  may  be  used  instead  of  the  vinculum  in  connec- 
tion with  the  radical  sign ;  as  V(9  + 16)  for  V9  -|-  16. 

5.  Like  and  Unlike  Roots.  — Two  roots  are  said  to  be  like  or 
unlike  according  as  their  indices  are  equal  or  unequal^  whether 
or  not  their  radicands  are  equal. 

E.g,j  y/a,  y/hy  are  like  roots ;  -y/a,  -^a,  are  unlike  roots. 

6.  In  this  chapter  we  shall  consider  only  roots  of  numbers 
which  are  powers  with  exponents  equal  to  or  multiples  of  tk 
indices  of  the  required  roots ;  as  V^6,  =  V^*?  ■v^^^  ^a**. 

An  Even  Root  is  one  whose  index  is  even;  as  ■^Ja^,  -v/a*^  ^«^- 
An  Odd  Root  is  one  whose  index  is  odd;  as  ^8,  ^a*^  ^tj/a^+^ 

Number  of  Roots. 

7.  (i.)  A  positive  number  has  at  least  two  even  roots,  equal 
and  opposite;  i.e.,  one  positive  and  one  negative. 

E.g,f  since  (±4)*=16,  ^16=  ±4^;  since  (±a)*=a*,  ^a'^=±a. 
In  general,  since  (±  a)^  =  a%  ?J/a*»  =  ±  a. 

(ii.)  A  positive  or  a  negative  number  has  at  leaM  one  odd  root 
of  the  same  sign  as  the  number  itself, 

E.g,,  since  (-3)8= -27,  ^-27= -3;  since  2^=32,  ^32=2. 

In  general,  since  (  -f-  a)^+^  =  -f-  a^+\  ^^+  a^+^  =  -}-«. 

Since         (-  a)^+^  =  -  a^+\  ^i^-  a^+^  =  -  a. 

The  principle  enunciated  in  (ii.),  when  the  radicand  is  nega- 
tive, may  also  be  stated  as  follows : 

(iii.)  An  odd  root  of  a  negative  number  is  equal  and  opposite 
to  a  like  root  of  a  positive  number  which  has  the  same  absolute 
value. 

E.g.,  since  ^-  8  =  -  2  and  -  -^8  =  -  2, 
therefore  ^  —  8  =  —  ^8 ; 

since  ^-t^  ^  a^-^^  =  -  a  and  -  ^"t^a^+i  =  -  a, 

therefore  *»ty  —  a^+i  =  —  ^+^a^-^\ 
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Consequently,  to  find  an  odd  root  of  a  negative  number,  find 
SL  like  root  of  the  positive  number  which  has  the  same  absolute 
"sralue,  and  prefix  the  negative  sign  to  this  root. 

(iv.)   Since  0"  =  0,  therefore  ^0  =  0. 

(y.)  Since  (+  4)*  =  +  16  and  (—  4)*  =  -f  16,  there  is  no  num- 
&er,  with  which  we  are  as  yet  familiar^  whose  square  is  —16. 
Consequently  -^—1^  cannot  be  expressed  in  terms  of  the 
liiimbers  as  yet  used  in  this  book. 

In  general,  since  (±  a)*"  =  -ha**,  we  cannot  express  ?J/—  a** 
in  terms  of  numbers  hitherto  used. 

8.  It  was  shown  in  Art.  7  that  a  positive  number,  which  is 
the  gth  power  of  a  number,  has  at  least  one  qth  root,  and  when 
q  is  even  at  least  tioo;  also  that  any  negative  number,  which  is 
an  odd  power  of  a  negative  number,  has  at  least  one  odd  root. 

It  will  be  proved  in  Chapters  XXI.  and  XXII.  that  any  num- 
ber has  two  square  roots,  three  cube  roots,  four  fourth  roots ; 
and  in  Part  II.,  Text-Book  of  Algebra,  that,  in  general,  any 
number  has  q  qth.  roots. 

Principal  Roots. 

9.  The  Principal  Root  of  a  positive  number  is  its  one  positive 
root. 

^.g.f  3  is  the  principal  square  root  of  9. 
The  Principal  Odd  Root  of  a  negative  number  is  its  one  negar 
tive  root. 

E.g.,  --  2  is  the  principal  cube  root  of  —  8. 

10.  V^^  =  V^^  =  ±  4,  if  other  than  the  principal  root  be 
admitted,  and  ( V4)^  =  (  ±  2)^  =  4 ;  therefore,  V^^  =  ( V^)^  only 
for  the  principal  square  root. 

In  general  -^a^  =  {-^ay  is  true  only  for  the  principal  qth 
root. 

In  subsequent  work  the  radical  sign  will  be  understood  to 
denote  only  the  principal  root,  unless  the  contrary  is  stated. 

E.g.,  V9  =  3,  -Vl6  =  -4.  -^-27  =  -3. 
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BXBBCI8B8  I. 
Write 

1.   Two  square  roots  of  49.  8.   Two  fourth  roots  of  81. 

8.  Two  sixth  roots  of  64.  4.  Two  square  roots  of  5^. 

Write  one  cube  root  of 
5.  64.  6.    -126.  7.   1000.  8.   -  a*«. 

Find  the  value  of  the  indicated  principal  root  of  each  of  the  following 
numbers : 

9.  V256.  10.    ^216.  .    11.    ^-512.  12.   V625. 
18,    ^-729.              14.    ^1296.              15.    ^43.  16.    ^. 

From  the  definition  of  a  root,  express  a  as  a  root  of  the  second  member 
of  each  of  the  following  equations : 

17.   a*  =  6.  18.   a*  =  6».  19.   a*  =  6^.  90.   a«  =  6-. 

81-84.   In  Exx.  17-20,  express  &  as  a  root  of  the  first  member  of  each  of 
the  equations. 

Evolution. 

11.  Evolution  is  the  process  of  finding  any  required  root  of 
a  given  number  or  expression. 

Since  even  roots  of  negative  numbers  are  not  considered  in 
this  chapter,  and  since,  by  Art.  7  (iii.),  an  odd  root  of  a  nega- 
tive number  can  be  found  from  the  like  root  of  a  positive 
number,  we  shall  give  now  only  methods  for  finding  principal 
roots  of  positive  numbers  and  expressions. 

In  the  following  principles  the  radicands  are  limited  to  positive 
values,  and  the  roots  to  principal  roots. 

Principles  of  Roots. 

12.  The  like  principal  roots  of  equal  numbers  or  ea^essions 
are  equal. 

If  a  =  6,  then  ^a  =  ^b. 

This  principle  follows  directly  from  axioms  (i.)  and  (iii.). 

13.  The  process  of  evolution  depends  upon  the  foUowiflg 
principles : 
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(i.)  The  principal  root  of  a  power  of  a  number  is  equal  to  the 
same  power  of  the  like  principal  root  of  the  number,  and  con- 
versely;  or,  stated  symbolically, 

In  particular,  ^a"  =  (-^a)^. 

E.g.,  ^8*  =  (^8)*  =  2«  =  32;  ^32«=(^32)«  =  32. 

(ii.)  The  principal  root  of  a  power  is  obtained  by  dividing  the 
exponent  of  the  power  by  the  index  of  the  root;  or,  stated  sym- 
bolically. 

E.g.,  ^a«  =  a*  =  a\ 

(iii.)  The  principal  root  of  a  pi'oduct  of  two  or  more  factors  is 
equal  to  the  product  of  the  like  principal  roots  of  the  factors,  and 
conversely;  or,  stated  symbolically, 

l/(ab)  =  i/a  xi/b,  and  ^a  x^b  =:^^(ab). 

E.g.,        V(16  x25)  =  V16  X  V25  =  4  X  5  =  20; 

^(8  a^b^  =  -^S  X  ^a^  X  ^6«  =  2  X  a  X  6*  =  2  a6l 

(iv.)  The  principal  root  of  a  quotient  of  two  numbers  is  equal 
to  the  quotient  of  the  like  principal  roots  of  the  numbers,  and 
conversely ;  or,  stated  symbolically, 

>  =  i^,  and  i^=  «/?. 
\b     i/b'  ^b     \b 

*'    \16      V16^4'    \   6«  -^b"  6'' 

(v.)  The  principal  root  of  the  principal  root  of  a  number  is 
e^tjoi  to  that  principal  root  of  the  number  whose  index  is  equal  to 
0>e  pfoduct  of  the  indices  of  the  given  roots,  and  conversely  ;  or, 
stated  symbolically, 

^7a  =  V«,  and  V«  =  -?/a/«  =</"?/<'• 
^■9;    •^V64=</64  =  2;   ^256  =  V V256  =  V16  =  4. 
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The  proofs  follow : 

(i.)  Let  the  gth  root  of  a  be  denoted  by  B,  or  {/a  —  B. 

Then  (ya)«  =  ^«,  by  Ch.  IL,  §  6,  Art.  7, 

or  a  =  B^,  since  (  ^a)'  =  a,  by  definition  of  a  root; 

and  OP  =  (^«)'»  by  Ch.  IL,  §  6,  Art.  7, 

or  a"  =  iBP)9,  since  (i?«)J'  =  (^B^y. 

Whence  {/a^  =  ^(i?")',  by  Art.  12, 

=  Bp,  by  Art.  10. 

Substituting  ^a  for  ^  in  the  last  equation,  we  have 

(ii.)  Let  the  q  root  of  a*«  be  denoted  by  i2,  or  i?  =  -f/a**. 
Then  J»«  =  (  ^a*«)«,  by  Ch.  IL ,  §  6,  Art  7, 

=  a'v  =  (a*)*. 
Whence  ^B^  =  ^(a*)»,  or  i?  =  a*,  by  Art.  10. 

Substituting  ^a^  for  B  in  the  lafit  equation,  we  have 

^a»ff  =  a*  =  o*. 
(iii.)  Let  ^a  =  ^,  and  ^6  =  iJi. 

Then  ( ^a)«  =  i?*,  and  ( ^6)«  =  2?i«,  by  Ch.  H.,  §  6,  Art  7, 

or  a  =  ^»,  and  6  =  Bi^. 

Therefore  ab  =  B^Bi^  =  (BBi^. 

Whence  V(^^)  =  -^-^i»  ^y  ^^^-  ^^  *^d  12. 

Substituting  ^a  for  Bj  and  ^6  for  i?i  in  the  last  equation,  we  have 

In  like  manner,  the  principle  can  be  proved  for  the  qth  root  of  a 
product  of  any  number  of  factors. 

In  like  manner,  (iv.)  and  (v.)  can  be  proved. 

§  2.     ROOTS   OF  MONOMIALS. 

1.  The  principal  (positive)  root  of  a  positive  number  or  ex- 
pression can  be  found  by  applying  the  principles  of  §  1, 
Art.  13. 

The  negative  even  root  of  a  positive  number  or  expression  is 
found  by  prefixing  the  negative  sign  to  its  principal  root. 


2]  ROOTS  OF  MONOMIALS.  246 

The  negative  odd  root  of  a  negative  nuniber  or  expression  is 
3und  by  prefixing  the  negative  sign  to  the  principal  root  of  the 
adicand  taken  positively. 

Ex.  1.  V(16  a*6*)  =  ^16  X  Va'  X  V^* 

=  4  ab^,  the  principal  square  root. 
Therefore        ±  ^(16  a^b^  =  ±^aV, 

In  the  following  examples  we  shall  give  only  the  positive 
iven  roots. 

Ex.  2.     ^(-  27ix?f:^  =  ^-27  x^a^x-^^x  ^^ 

Ex  3       4/I6  g'ft"  ^  -y(16  a'b'')  ^  ^16  X  ^a'  x  ^&"  ^  2  aV 
■     ■     \625c^«       ^(625  c^«)  </625x^c^«  5  c** 

Ex,  4.  ^(27  a»)*  =  (^27  a«)2  =  (3  af  =  9  a*. 

The  work  of  the  last  example  is  much  simplified  by  taking 
the  power  of  the  root  instead  of  the  root  of  the  power. 

It  is  frequently  necessary  to  modify  the  form  of  the  radicand 
before  finding  the  indicated  root. 

Ex.  5.     V(35  X  7  X  20)  =  V(7  X  5  X  7  X  4  X  5) 

=  V(7'  X  5»  X  4)  =  7  X  5  X  2  =  70. 

Ex.  6.  *"-^(-  d^^^b*^'^)  =  -  *'^a^+*  X  ^+-^b*^^  =  -  a^b^-\ 

EXERCISES  II. 
Simplify  each  of  the  following  expressions  : 

I.  y/il6a%^),  2.    y/(S6a^b^^(fi).  8.    ^(Sa'ft*). 

4.    ^(-64a»6i2xi5).  5.    ^(Sa^o^*  x  2a^b^). .         6.    ^(- a^ox^). 

7.    V(3  ax^  X  27  a»a:*»).  8.    ^(9  a*x"y2n  x  3  a^xi^). 

9.    ^(6A«*V"-^-  10.    |/(64xW2/";?2xx2yV). 

II.  V[81  a*(«^  +  «^)']-  12-    V(6i«*&*c^*)- 

18.  ««+J/(-a2'»+i6««+8).  14.    ^[3Jx8«-9(x-l)9]. 

16.  ^/4»«!!.  16.     »/-^^.  17.     »/27«'^^ 

\  6*c^  \       343  \6 


;9q«6^'"  ,g     4/625  x*yi8  ^     «/.( 
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SS.    Vv/(40»xW«).         M.    {/V(^««»V).  86.    ^V(4096a^%»). 

96.    VV(1«  «*•■*)•  W.    ^;j^(27M*»6«»)a.        88.    ^^(-3^a»5i^«) 

88.    ^(lOOa**^*)*.  80.    ^(H)*-  »!•    ^(8a«6»x^)«. 

S  8.     SQUARE  ROOTS  OF  MULTINOMIALS. 

1.  The  square  root  of  a  trinomial  which  is  the  square  of 
a  binomial  and  the  square  roots  of  certain  multinomials  can 
be  found  by  inspection  (Ch.  VIII.,  §  1,  Art.  9). 

2.  Since  (a4-ft)*=a'4-2a64-&*, 
we  have      V(«*  +  2a6  4-  6*)=  a  4-  &. 

From  this  identity  we  infer : 

(i.)  The  first  term  of  the  root  is  the  square  root  of  the  fir^ 
term  of  the  trinomial;  i.e.,   a=^a\ 

(ii.)  If  the  square  of  the  first  term  of  the  root  he  svbtrad^ 
from  the  trinomial,  the  remainder  will  he 

2ah'\-h\  :^(2a-\-h)h. 

Twice  the  first  term  of  the  root,  2  a,  is  called  the  Trial  Divm. 

(iii.)    The  second  te^m  of  the  root  is  ohtained  by  dividing  tk  \ 

first  term  of  the  remainder  hy  the  trial  divisor;  i.e.,  h  =  — —     I 

(iv.)   If  twice  the  first  term  of  the  root  plus  the  second  tern 
2  a  +  &  (the  complete  divisor),  he  multiplied  hy  the  second  tem^  I 
h,  and  the  product  he  subtracted  from  the  first  remainder,  tk 
second  remainder  wiU  he  0.  ! 

The  work  may  be  arranged  as  follows :  i 


a*  +  2ah  +  V 


2  ah 
2ab  +  b^ 


a-^b 


2  a  trial  divisor 

2ab  -i-2a  =  b,  second  term  of  root 

2  a  -f-  6  complete  divisor 
=  (2a-\-b)b 


§  3] 
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Ex.   Find  the  square  root  of  4  3^  —  12x^  +  9  y*. 

1?lie  work,  arranged  as  above,  writing  only  the  trial  and  the 
complete  divisor,  is : 

4a?*- 12  xV +  93^123^- 3y 


4a?* 


-12  xV 

—  12j^y  +  9.v^ 


4x* 
4a^-3y 


3.  When  the  multinomial  is  the  square  of  a  trinomial,  the 
process  of  finding  the  root  is  an  extension  of  the  method  of 
Ajt.  2. 

The  multinomial  whose  root  is  required  should  be  arranged 
to  powers  of  a  letter  of  arrangement. 

Since  (a -h &  +  c)*  =  (a  +  &)*  +  2(a  +  6) c  +  c» 

=  (a*  4-  2  a6  +  6*)  +  2  oc  4-  2  6c  +  c*, 

we  have  V[(«*  +  2  oft  4-  6^  +(2  a  4-  2  6  H-  c)c]  =  a  4-  6  4-  c. 

The  first  two  terms  of  the  root  are  found  by  inspection,  or 
by  the  method  of  Art.  2.  The  work  may  be  ai*ranged  as 
follows : 


a^  4-2  a&  4- 6*  4-2  oc  4-2  6c  4- c^ 

a4-64-c 

required  root 

a« 

2a 

2tt6--2a=6, 

2a4-6 

2ac-!-2a=c, 
2a4-264-c, 

trial  divisor 

2a6 
2  064- 6' 

second  term  of  root 
complete  divisor  of  first 
stage 

2ac 

2ac4-26c4-c2 

third  term  of  root 
complete  divisor  of  sec- 
ond stage 

Observe  that  2ac  is  the  first  term  of  the  remainder  after 
subtracting  (a  4-  6)^  =  a^  4-  2  a6  4-  b^-  For,  in  finding  the  first 
two  terms  of  the  root  we  first  subtracted  a^  and  then  2  a6  4-  61 
Notice  also  that  the  complete  divisor  at  any  stage  is  twice  the 
part  of  the  root  already  found,  plus  the  term  last  found. 
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Ex.  1.  Find  tli&  square  root  of 

The  work  follows : 


4a!«-12a!»  +  29a!'-30a5  +  26 

23*-3x  +  S 

4ar« 

-12a!» 
-12ar>+   9a* 

4af-3x 

20  «• 
20x*-30a!  +  26 

i!)?-6x  +  5 

Only  the  trial  divisor  and  the  complete  divisor  of  eadi 
stage  are  written,  the  other  steps  being  performed  mentally. 

4.  The  preceding  method  can  be  extended  to  find  sqnare 
roots  which  are  multinomials  of  any  number  of  terms. 

The  work  consists  of  repetitions  of  the  following  steps : 

After  one  or  more  terms  of  the  root  have  been  ft?und,  obtain 
each  succeeding  term,  by  dividing  the  first  term  of  the  remainder 
at  that  stage  by  twice  the  first  term  of  the  root. 

Find  the  next  remainder  by  subtracting  from  the  last  remainder 
the  expression  (2a'{-b)  b,  wherein  a  stands  for  the  part  of  the 
root  already  found,  and  b  for  the  term  last  found, 

EXERCISES  III. 

Find  the  square  root  of  each  of  the  following  expressions  : 

1.   X*  -  4  x8  +  8  a;  -I-  4.  8.   4  to*  -  4  m»  4-  6  w^  _  2  w  + 1. 

8.   a;*-2a;8  +  3x2_2a;  +  l.         4.   4x*  +  12x8  +  6x2  -  Ox  +  1. 

6.   9x*+12x8-26x2-20x+26.       6.    4x*  -  28x8  +  51  x^  -  Tx  +  J. 

7.  x*y*  -  4  x8y8  4. 6  xV  -  4  xy  +  1. 

8.  ix*  +  fx8y  +  2xV-12xy8  +  9y*. 

9.  X*  -  6  ax8  +  13  a2x2  -  12  a8x  +  4  a*. 

10.  4  a2  +  9  62  +  16  c2  -  12  a6  +  16  ac  -  24  be. 

11.  49x8  +  42x6-19x*-12x2  +  4. 

12.  25  X*  -  30  ax8  +  49  a2x2  -  24  a8x  +  16  a*. 

13.  a2  +  4a8  +  4a2  +  2a  +  4  +  ^. 

a2 
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14.  ?^_i^  +  4xy  +  6x-12y»  +  9l^. 

y*      y  *^ 

15.  x4^2x^  +  ?!^.2aa:  +  2+--    16.   1  +  2x -««  +  Sac* -2x*  + a*. 

a       a*  X* 

17.  a:«  -  6  ax5  +  15  a^rt  _  20  oV  +  15  a*x«  -  6  a^x  +  «r». 

18.  l-4a  +  64a»-64(i«i-32a»  +  48a*4-12a«. 

19.  4  a«  +  17  a«  -  22  a»  +  13  a*  -  24  a  -  4  a*  +  16. 

20.  9a*  +  6x5y  +  43x*y»  +  2xV  +  45xV-28xy*  +  4y». 

21.  x*  +  4x8  +  6x2  +  5x  +  5  +  5  +  -^+i  +  -^. 

X       4X^       X"       X* 

22.  a2"^*»  +  10  a«»-2aj2«+i  -  6  a"+ix»+i  +  25  a^-*3p*^^  —  30  a"-*x"+* 

+  9a2x«. 


§4.    CUBE   ROOTS  OF  MULTINOMIALS. 

X-  The  process  of  finding  the  cube  root  of  a  multinomial  is 
the  inverse  of  the  process  of  cubing  the  multinomial. 

Since  (a  +  6)*  =  a«  +  3a*6  +  3a6*  +  6' 

=  a»  -f-(3a*  -f-  3tt5  +  6>,  (1) 

we  have  -^(a«  +  3  a*6  -h  3  a6*  +  6^)  =  a  +  b.  (2) 

From  the  identity  (2),  we  infer : 

(i.)    The  first  term  of  the  root  is  the  cube  root  of  the  first  term 
of  the  multinomial;  i.e.,  a  =  -^a^ 

(ii.)  If  the  cube  of  the  first  term  of  the  root  be  subtracted  from 
the  multinomial,  the  remainder  will  be 

3a26  +  3a62  4-6«,  =(3a2  +  3a& +  6>. 

Three  times  the  square  of  the  first  term  of  the  root,  3  a',  is 
called  the  Trial  Divisor, 

(iii.)    The  second  term  of  the  root  is  obtained  by  dividing  the 

first  term  of  the  remainder  by  the  trial  divisor;  i.e.,  6  = -. 

3  a* 

(iv.)  If  the  sum  3  a* -f-  3  aft  -f-  b^,  the  complete  divisor y  be  multi- 
plied by  the  second  term  of  the  root,  and  this  product  be  sub- 
tracted from  the  first  remainder f  the  second  remainder  will  be  0. 
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The  work  may  be  arranged  as  follows : 


3a% 


a+b 


3  a*                               trial  divisor  m 

3  a%  -I-  3  a*  =  6,            second  term  of  root  (2  j 

3  a*  -f-  3  oft  -h  6',            complete  divisor  (3) 

=  (3a«+3aZ>4-6*)x6  (4; 


Ex.  1.  Find  the  cube  root  of  27  af*  +  54  ar'y  +  36  a^  +  8  y». 
The  work,  arranged  as  above,  is : 


27  aj» -1-54  3^4-36  iC3/«+8  y' 
27  ar^ 

54  a^ 


54a^y-f36a^+8y^ 


3a;-f-2y 


3  (3  xy=27  a^,         trial  divisor        (1) 
54«*y-i-27a^=2y,  second  term  of 

root  (2) 

3(3  a.f  4-3(3  aj)(2y)+(22(y=27:c^ 

+18  a^  4-4^,   complete  divisor  (3) 
=:(27aj^4-18ajy4-4y^(2i/)  (4j 


2.  The  preceding  method  can  be  extended  to  find  cube  roots 
which  are  multinomials  of  any  number  of  terms,  as  the  method 
of  finding  square  roots  was  extended.  The  work  consists  of 
repetitions  of  the  following  steps : 

After  one  or  more  terms  of  the  root  have  been  found,  obtain 
each  succeeding  term  by  dividing  the  first  term  of  the  remainder 
at  that  stage  by  three  times  the  square  of  the  first  term  of  the  root. 

Find  the  next  remainder  by  subtracting  from  the  last  remainder 
the  expression  (3  a^  4-  3  a&  4-  6*)  6,  wherein  a  stands  for  the  part 
of  the  root  already  found,  and  b  for  the  term  laM  found. 

The  given  multinomial  should  be  arranged  to  powers  of  a 
letter  of  arrangement. 
Ex. 


27-27  a;490  a;2-56  0^490  ic*-27x6^.  27  x« 
27 

-27  X 

-27  «+  9x^-     a* 


81a;2-64x8 
81x2-54x8-f90x*-27x54.27xg 


3-X+3X* 


3(3)2=27 

3(3)24-3(3)(-x)  4-  (-x)g=27-93:-fx^ 
3(3-x)2+3(3-x)(3x2)+(3a;2)2= 

27-18x-f30x2-9xH9g* 
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EXEBCI8BS  IV. 

Pind  the  cube  root  of  each  of  the  following  expressioDS: 

1.  ac«-63c5+15ac*-20x5+15x«-6x  +  l. 

2.  83C«-36a*  +  66x*-63x»  +  33x«-9z  +  l. 

8.   156a*-144o5-99(i»  +  64a«  +  39a«-9a  +  l. 

4.  l+3x  +  6x2  +  7x«  +  6ac*  +  3x5  +  a:«. 

5.  l-6x  +  9x«  +  4x»-9x»-6a*-a:«. 

6.  8x«-12z2+i2x-7+? — ^+  — 

X     4  X*     8  x» 

7.  27a^+54a«x6  +  9a*x»-28a»x»-3a2x»  +  6ax-l. 

8.  8a6+  48a66  +  60 0*52  _  80(i»6»  -  90a'«6*  +  108 a6*  -  27 6«. 

9.  x»  +  3x7  -  9x11 -27x>*- 6x6 -54xw  + 28x9. 

10.  108a5  _  48a*  +  8(i»  +  64a'  -  12a8  +  a*  -  112a«. 

11.  8a«-48a6x  +  60a*xa-27x«-108ax6-90a2x*  +  80a»x». 

12.  l+3x-8x»-6x*  +  6x6  +  8x«-3x8-x9. 
125j^      1502/6     165y*      172y»     99y«     My      _, 

14.   64x»«-144x8— 1+12x3— 2+117 x»—»-6x3—*-36x*-«-8x*-«. 

§5.    HIGHER  ROOTS. 

1.  Since  -^N=^y/N,  wherein  N  stands  for  any  multi- 
nomial, the  fourth  root  is  most  easily  found  as  the  square  root 
of  the  square  root  of  the  given  multinomial. 

In  like  manner,  since  ■^N=-y/^Ny  the  sixth  root  can  be 
found  as  the  cube  root  of  the  square  root  of  the  given  multi- 
nomial.    And  so  on  for  any  root  whose  index  can  be  factored. 

2.  The  process  of  finding  the  nth  root  of  a  multinomial  is  the  inverse 
of  raising  a  multinomial  to  the  nth  power. 

The  method  can  be  derived  from  the  expression  for  (a  +  6)»,  which 
will  be  given  in  Ch.  XXVIII. 

EXERCISES  V. 
Find  the  fourth  root  of  each  of  the  following  expressions : 
1.   x8  +  4x^  +  6x*  +  4x2+ 1. 
3.   a8  +  4  a^h  +  10  a«62  +  16  a«6»  +  19  a*M  +  16  a»6*  +  10  a^fes  +  4  ad"'  +  6*, 
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8.    16a*  -  160zT  +  408a<  +  440x5  -  2111  x*  -  1320 a;»  +  3672x2  +  43202 

+  1296. 

I 

4.  626x8  +  6600xT  +  17150x«  +  20020x6  +  721  x*  -  8008x»  +  2744x«  i 

-352x4-16. 

Find  the  sixth  roots  of  each  of  the  following  expressions  : 

5.  64x12  -  102 xw  +  240x8  -  160x«  4  60x*  -  12  x^  4- 1. 

6.  a"  4-  6  aiift  4-21  a^fea  4.  60  a»6»  4-  90  a^b*  4- 126  a^b^  4-  141  cfi^ 

4-  126  a^b"^  4-  90  a*b^  4-  60  a^b^  4-  21  a^few  4-  6  aft"  4-  b^^. 

§6.    ROOTS  OF  ARITHMETICAL  NUMBERS. 
Square  Roots. 

1.  Since  the  squares  of  the  numbers  1,  2,  3,  ••-,  9,  10,  are 
1,  4,  9,  •••,  81, 100,  respectively,  the  square  root  of  an  integer  of 
one  or  two  digits  is  a  number  of  one  digit. 

Since  the  squares  of  the  numbers  10,  11,  •••,  100,  are  100, 
121,  •••,  10000,  the  square  root  of  an  integer  of  three  or  four 
digits  is  a  number  of  two  digits. 

In  general,  the  square  root  of  any  integer  of  2n  —  1  or  2n 
digits  is  a  number  of  n  digits. 

Therefore,  to  find  the  number  of  digits  in  the  square  root  of  a 
given  integer,  tee  first  mark  off  the  digits  from  right  to  left  in 
groups  of  two.  The  number  of  digits  in  the  square  root  will  be 
equal  to  the  number  of  groups,  countiivg  any  one  digit  remaining 
on  the  left  a^s  a  group. 

2.  The  method  of  finding  square  roots  of  numbers  is  then 
derived  from  the  identity 

(a  4-  &)'  =  a^  4-  (2a  4-  h)  b,  (1) 

wherein  a  denotes  tens,  and  b  denotes  units,  if  the  square  root 
be  a  number  of  two  digits. 

Ex.  1.  Find  the  square  root  of  1296. 

We  see  that  the  root  is  a  number  of  two  digits,  since  the 
given  number  divides  into  two  groups.  The  digit  in  the  tens' 
place  is  3,  the  square  root  of  9,  the  square  next  less  than  12. 
Therefore,  in  the  identity  (1),  a  denotes  3  tens,  or  30. 
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The  work  then  proceeds  as  follows : 

a-{-b 
12'96    30  +  6  =  36 
9  00    2  a  =  60,         trial  divisor 
2a  =  396-* 


2  a  =  60,         trial  divisor  (1) 

3  96    (2a6-|-62)_j_2a  =  396-*-60  =  6-h  (2) 

396     =(2a-f-6)  x6=(604-6)x6  (3) 

The  first  remainder,  396,  is  equal  to  2a^-\-b\  and  cannot 
l>e  separated  into  the  sum  of  two  terms,  one  of  which  is  2ab, 
^We  cannot,  therefore,  determine  b  by  dividing  2ab  by  2  a, 
as  in  finding  square  roots  of  algebraic  expressions. 

Consequently  step  (2)  suggests  the  value  of  b  but  does  not 
definitely  determine  it.  As  a  rule  we  take  the  integral  part 
of  the  quotient,  6  in  the  above  example,  and  test  that  value 
by  step  (3). 

This  method  may  be  extended  to  find  roots  which  contain  any 
number  of  digits.  At  any  stage  of  the  work  a  stands  for  the 
part  of  the  root  already  found,  and  b  for  the  digit  to  be  found. 

Ex.  2.  Find  the  square  root  of  51529. 

The  root  is  a  number  of  thi'ee  digits,  since  the  given  number 
divides  into  three  groups.  The  digit  in  the  hundreds^  place  is  2, 
the  square  root  of  4,  the  square  next  less  than  5.  Therefore  in 
the  identity  (1),  a  denotes  2  hundreds,  or  200,  in  the  first  stage 
of  the  work. 

The  work  then  proceeds  as  follows : 

200  4-  20  -h  7  =  227 


5' 15' 29 
4  00  00 


1  15  29 
84  00 


31  29 
31  29 


2  a  =  400,         trial  divisor 

(2a6  4-  &")  -^  2a  =  11529  -f-  400  =  20  -|- 

=  (2a  +  ^>)6  =  (400-h20)  x  20 


(1) 
(2) 
(3) 
(4) 
(5) 
In  the  second  stage  of  the  work,  a  stands  for  the  part  of  the 

root  already  found,  220,  and  b  for  the  next  figure  of  the  root. 

In  practice  the  work  may  be  arranged  more  compactly,  omitting 

unnecessary  ciphers,  and  in  each  remainder  writing  only  the 

next  group  of  figures.     Thus : 


(2a6  4-  &')  ■^2a  :=  3129 -5- 440  =  7  + 
=  (2a+6)6  =  (440-h7)x7 
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5' 15' 29 

227 

4 
1  15 

11  +  4  =  2  + 

(2) 

84 

42 

31  29 

312+44  =  7  + 

(4) 

31  29 

447 

Observe  that  the  trial  divisor  at  any  stage  is  twice  the  part  of 
the  root  already  found,  as  in  (2)  and  (4). 

The  abbreviated  work  in  the  last  example  illustrates  the 
following  method : 

After  one  or  more  Jlgures  of  the  root  have  been  founds  obtain 
the  next  figure  of  the  root  by  dividing  the  remainder  cU  that  stage 
(omitting  the  last  figure),  by  the  trial  divisor  at  that  stage. 

See  lines  (2)  and  (4). 

Annex  this  quotient  to  the  part  of  the  root  already  found,  and 
also  to  the  trial  divisor  to  form  the  complete  divisor. 

Find  the  neoct  remainder  by  subtracting  from  the  last  remainder 
the  product  of  the  complete  divisor  and  the  figure  of  the  root  la^ 
found. 

3.  Since  the  number  of  decimal  places  in  the  square  of  a 
decimal  fraction  is  twice  the  number  of  decimal  places  in  the 
fraction,  the  number  of  decimal  places  in  the  square  root  of  a 
decimal  fraction  is  one-half  the  number  of  decimal  places  in 
the  fraction. 

Consequently,  in  finding  the  square  root  of  a  decimal  frac- 
tion, the  decimal  places  are  divided  into  groups  of  two  from 
the  decimal  point  to  the  right,  and  the  integral  places  from 
the  decimal  point  to  the  left  as  before. 

Ex. 


14' 46.28' 09 

38.03 

9 

5  46 

6  44 

68 

2.28  09 
2.28  09 

76.03 
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In  finding  the  second  figure  of  the  root,  we  have  -^  =  9 ;  but 
>9  X  9  =  621,  which  is  greater  than  546,  from  which  it  is  to 
3e   subtracted.     Hence  we  take  the  next  less  figure  8. 

Cube  Roots. 
4-    Since  the  cubes  of  the  numbers  1,  2,  3,  •••,  9,  10  are  1,  8, 
2T,  ••-,729, 1000,  respectively,  the  cube  root  of  any  integer  of 
oThe^  two,  or  three  digits  is  a  number  of  one  digit.     The  cube 
roots  of  such  numbers  can  be  found  only  by  inspection. 

Since  the  cubes  of  10, 11, ...,  100  are  1000, 1331, ...,  1000000, 
respectively,  the  cube  root  of  any  integer  of  four,  five,  or  six 
d.igits  is  a  number  of  two  digits. 

In  general,  the  cube  root  of  any  integer  of  3  n  --  2,  3  n  —  1, 
or  3  n  digits  is  a  number  of  n  digits. 

Therefore,  to  find  the  number  of  digits  in  the  cube  root  of 
a.  given  integer,  we  first  mark  off  the  digits  from  right  to  left 
in  groups  of  three.  The  number  of  digits  in  the  cube  root  will 
\>e  equal  to  the  number  of  groups,  counting  one  or  two  digits 
remaining  on  the  left  as  a  group. 

5.  The  method  of  finding  cube  roots  of  numbers  is  derived 
from  the  identity 

(a  +  bf  =  a»  4- (3a«  +  3a6  4-  b^b, 
wherein  a  denotes  tens,  and  b  denotes  units,  if  the  cube  root 
is  a  number  of  two  digits. 

Ex.   Find  the  cube  root  of  59319. 

The  digits  in  the  tens^  place  of  the  root  is  3,  the  cube  root 
of  27,  the  cube  next  less  than  59.  Therefore  in  identity  (1), 
a  denotes  3  tens  or  30.     The  work  may  be  arranged  as  follows : 


(1) 

2700  =  9+    (2) 


59'  319 

a  +  6 

27  000 

30  +  9 

32  319 

3a»  =  3(30)*  =  2700 

(3a»6  +  3a6»+  6«)  ^-  3a*=  32319  -i- 

• 

3o'  =3(30)«    =2700 

3a6  =  3(30)9  =    810 

V=           9»=     81 

32  319 

=  (3a»  +  3a6  +  &»)  X  6=  3591  X  9 

(3) 


69' 319 

39 

27 

32  319 

2700 

810 

81 

32  319 

3591 
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As  in  finding  square  roots  of  numbers,  step  (2)  suggests  the 
value  of  b,  but  does  not  definitely  determine  it.  K  the  value 
of  b  makes  (3  a'  -j-  3  a6  +  6*)  x  6  greater  than  the  number  from 
which  it  is  to  be.  subtracted,  we  must  try  the  next  less  number. 

In  practice  the  work  may  be  arranged  more  compactly,  omit- 
ting unnecessary  ciphers,  and  in  each  remainder  writing  only 
the  next  group  of  figures ;  thus 


(1) 

(3) 


6.  The  preceding  method  may  be  extended  to  find  roots  that 
contain  any  number  of  digits. 

At  any  stage  of  the  work  a  stands  for  the  part  of  the  root 
already  found,  and  b  for  the  digit  to  be  found. 

The  method  consists  of  a  repetition  of  the  following  steps : 

Tlie  trial  divisor  at  any  stage  is  three  times  the  square  oftk 
part  of  the  root  already  found ;  as  27  in  the  preceding  example. 

Afler  one  or  more  figures  of  the  root  have  been  found  obtain 
the  next  figure  of  the  root  by  dividing  the  remainder  at  that  stage 
(omitting  the  last  two  figures)  by  the  trial  divisor.  In  the  last 
example,  9  +  =  323h-27. 

Aimex  this  quotient  to  the  part  of  the  root  already  found. 

Add  to  the  trial  divisor  (ivith  two  ciphers  annexed)  three  times 
the  product  of  the  part  of  the  root  already  found  (with  one  cipher 
annexed)  and  the  figure  of  the  root  just  found,  and  also  the 
square  of  the  figure  of  the  root  just  found.  TJie  sum  is  called 
the  complete  divisor. 

Find  the  next  remainder  by  subtracting  from  the  laM  remainder 
the  product  of  the  complete  divisor  and  the  figure  of  the  root  last 
found. 

7.  Evidently,  in  finding  the  cube  root  of  a  decimal  fraction 
the  decimal  places  are  divided  into  groups  of  fAree  figures  from 
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tlie  decimal  point  to  the  right,  and  the  integral  places  from  the 
decimal  point  to  the  left  as  before. 

Ex. 


11'089.667 

22.3 

8 
3089 

1200 

120 

4 

2648 

1324 

441.567 

1452.00 

19.80 

.09 

441.567 

1471.89 

EXERCISES  VI. 
Find  "the  square  root  of  each  of  the  followmg  numbers: 
1.    196.  2.    841.  8.    1296.  4.   66.61. 


5.   7396. 


6.    3481.  7.   667489.  8.    170669.  9.    1664.64. 

10.    582169.  11.    1.737124.  12.   556.0164.  18.    .00099226. 

Find  the  cube  root  of  each  of  the  following  numbers : 

14.    2744.  16.   39304.  16.    110.592.  17.  328509. 

18.    1.191016.        19.    74088000.        20.   340068392.        21.  426.967777. 

22.    684067.412279.  23.   375601280.458961.  24.  .041063625. 

Find  the  value  of  each  of  the  following  indicated  roots : 

26.    ^79841.  26.    {/3010936384.  27.    ^164204746.7776. 


CHAPTER  XVII. 

INEQUAIiITIES. 

1.  One  number  is  greater  or  leas  than  a  second  number  according  as 
Uie  remainder  of  subtracting  the  second  number  from  the  first  is  po6iti?e 
or  negative.    Thu^, 

a>b,  when  a  —  6  is  positive,  i,e.,  when  a  —  6  >0. 
a  <  6,  when  a  —  6  is  negative,  <.«.,  when  a  —  6  <  0. 

2.  An  Inequality  is  a  statement  that  two  numbers  or  expressions  are 
unequal ;  as  a'  +  6^  >  aK 

The  members  or  sides  of  an  inequality  are  the  numbers  or  expressions 
which  are  connected  by  one  of  the  signs  of  inequality,  >  or  <. 

3.  Two  inequalities  are  of  the  Same  or  Opposite  Species,  or  are  said 
to  subsist  in  the  same  or  opposite  sense,  according  as  they  have  the  same 
or  opposite  si<;n  of  inequality. 

S-Q",  8  >  3  and  —  5  >  —  7  are  inequalities  of  the  same  species;  0>— 1 
and  0  <  1  are  inequalities  of  opposite  species. 

4.  Observe  that  a  relation  of  inequality  between  two  numbers  can  be 
stated  in  two  ways ;  as  7  >  3,  or  3  <  7. 

That  is,  if  the  members  of  an  inequality  be  interchanged,  the  sign  of 
inequality  must  be  reversed. 

Principles  of  Inequalities. 

5.  If  one  number  be  greater  than  a  second,  and  this  second  number  ht 
greater  than  a  third,  then  the  first  number  is  greater  than  the  third;  that  is, 

If  a  >  6  and  6  >  c,  then  a^c. 

In  like  manner,  if  a  < 6  and  6  < c,  then  a<ic. 

E.g.,  3>2,  2>1,  and  3>1;    -3<-2,  -2<0,  and  -3<0. 

6.  Addition  and  Subtraction. — The  following  principles  of  inequali- 
ties involve  the  operations  of  addition  and  subtraction  : 

(i.)  If  the  same  number,  or  equal  numbers,  be  added  to  or  subtracted 
from  both  members  of  an  inequality,  the  resulting  inequality  will  be  of 
the  same  species ;  that  is, 

If  a>b,  then  a  ±m>b  ±m. 

E.g.,  3  >  2,  and  3  +  1  >  2  -f  1,  and  3  -  1  >  2  -  1. 
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(ii. )  If  the  corresponding  members  of  two  or  more  inequalities  of  the 
iaine  species  be  added,  the  resulting  inequality  will  be  of  the  same  species; 
tliat  is. 

If  «i>6i,  a8>62,  a8>68,  — ,  then  014-02  +  08  + •••>Ai  + 624-68  + —. 
-^.flr.,  -6>-7,  3>2,  0>-4,  and  -64-3+0>-74-2-4 ;  i.e.,  -2>-9. 

(iii.)  If  the  members  of  one  inequality  be  subtracted  from  the  corre- 
sponding members  of  another  inequality  of  the  same  species^  the  resulting 
inequality  will  not  necessarily  be  of  the  same  species  ;  that  is, 

If  Oi  >  61  and  02  >  62,  then  Oi  —  02  may  or  may  not  >  61  —  62. 

JS.g.,  11>6,  4>3,  and  ll-4>6-3;  5>4,  3>1,  but5-3<4-l. 

(iv.)  If  the  members  of  an  inequality  be  subtracted  from  the  corre- 
sponding members  of  an  equality.,  the  resulting  inequality  will  be  of  the 
opposite  species  ;  that  is,  if 

0  =  6,  and  c > (/,  then  a  —  c<b  —  d. 

E.g.,       4  =  4,  3>-2,  and  4-3<4-(-2),  or  1<6. 

The  proof  of  the  principle  enunciated  in  (i.)  follows ;  the  other  princi- 
ples are  easily  proved  in  a  similar  manner. 

(i.)  If  a  >  5,  then  a  -  6  is  positive ;  and  a  —  b±m^^mv&  positive. 
Therefore  {a  ±  m)  —  (5  ±  m)  is  positive ;  and  hence  a±m>b  ±m, 

7.  Multiplication  and  Division.  —  The  following  principles  of  ine- 
qualities involve  the  operations  of  multiplication  and  division  : 

(i.)  If  both  members  of  an  inequality  be  multiplied  or  divided  by  the 
same  positive  number,  or  by  equal  positive  numbers,  the  resulting  ine- 
quality will  be  of  the  same  species  ;  that  is,  if 

o  >  6,  then  an  >  6/1,  arid  -  >  -, 
n     n 

wherein  w  is  ft  positive  number. 

E.g.,  -3>-6,  and  -16>-25,  and  -1>-}. 

(ii.)  If  both  members  of  an  inequality  be  multiplied  or  divided  by  the 
same  negative  number,  or  by  equal  negative  numbers,  the  resulting  ine- 
qtiality  will  be  of  the  opposite  species ;  that  is,  if 

a>6,  then  a(— /i)<6(— /?),  and  -JL<;_6_^ 

—  n     —  n 
wherein  —  n  is  a  negative  number. 

S.g.,       2>-l,  and  2( -3)<(- 1)(- 3),  or  -6<3; 
and  -^< — i,  or  -1<-. 


260  ALGEBRA.  [Ch.  XVii 

(iii.)  If  all  the  members  of  two  or  more  inequalities  of  the  same  specie 
be  positive,  and  if  the  correnponding  members  be  multiplied  together,  the 
resiUting  inequality  will  be  of  the  same  species  ;  that  is,  if 

tf  1  >  ^u  fla  >  ^2»  «8  >  ^8*  then  aiaTflz  >  bibj^tf 

wherein  au  bu  (ht  ^si  ost  &s  ^^  ^Xi  positive. 

E.g.,         12>4,  3>2,  and  12  x  3>4  x  2,  or  36>8. 

The  proof  of  the  principle  enunciated  in  (ii.)  follows ;  the  other  princi- 
ples can  be  easily  proved  in  a  similar  way. 

(ii.)  If  a  >  6,  then  a  —  &  is  positive.  Let  —  m  be  any  negative  num. 
ber.    Then 

-.m(a-6),   ^^ma-(-mb),  and  (^  -  ^\   =-55 ^ 

—  m  —  m     —  III 

are  negative.    Therefore 

-ma<-mb,  and  -iL-<-A_. 


8.  Powers  and  Roots.  — The  following  principles  follow  directly  from 
those  of  the  preceding  article  : 

(i.)  If  both  members  of  an  inequality  be  positive,  and  be  raised  totk 
same  positive  integral  power,  the  resulting  inequality  will  be  of  the  same 
species;  that  is,  if 

a>6,  then  a*>6", 

wherein  a  and  b  are  positive,  and  n  is  a  positive  integer. 

E.g.,  9>4,  and  81  >  16. 

(ii.)  If  the  same  principal  root  of  both  members  of  an  inequality  k 
taken,  the  resulting  inequality  will  be  of  the  same  species;  that  is,  if 

fl>6,  ya>^6. 

E.g.,         9>4,  and  3>2;  -27<-8,  and  -3<-2. 

9.  Transformation  of  Inequalities.  —  The  preceding  principles  enable 
us  to  make  the  following  transformations  of  inequalities : 

(i.)  Any  term  may  be  transferred  from  one  member  of  an  inequality  to 
the  other,  if  its  sign  be  reversed. 

E.g.,M  a- 6>c,  then  a>6-f  c. 

(ii.)  If  the  signs  of  both  members  of  an  inequality  be  reversed  from 
-I-  to  — ,  or  from  —  «o  +,  the  sign  of  inequality  must  be  reversed. 

E.g.,  -  3 <  6,  and  3 >-  5. 
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Ciii.)  An  inequality  may  he  cleared  of  fractions  by  multiplying  both 
^^  embers  by  the  L.  G.  D.,  taken  positively. 

E.g.,ii  .J--P.^£  then  -10a-66<6c. 

—  3     5     6 

If  _^ y  >    g 

ft  -  c     6  4-  c     62  -  c2' 
t;lien      x(b  +  c)  —  y(b  -  c)>z,  if  6*  —  c^  be  positive,  le.,  if  6  > c, 
-while    x(6  +  c)  —  y(b  —  c)< «,  if  6^  _  c^  be  negative,  i.e.,  if  6 < c. 

(iv.)  Common  positive  factors  can  be  canceled  from  both  members  of 
€tn  inequality. 

E.g.,  8  >-  12,  and  2  >-  3. 

If  x{a^-l^)<(a-^by, 

then  a;(a  —  6)  <  (a  +  6),  when  a  +  6  is  positive ; 

but  x(a  —  6)  >  (a  +  6),  when  a  +  6  is  negative. 

(v.)  If  the  reciprocals  of  the  members  of  an  inequality,  which  are 
either  both  positive  or  both  negative,  be  taken,  the  resulting  inequality 
will  be  of  the  opposite  species. 

E.g.,  3>2,  and  i<i;  -5<-2,  and  -i>-^- 

o      2  5  2 

10.  An  Absolute  Inequality  is  one  which  holds  for  all  values  of  the 
literal  numbers  involved ;  as  a^  -|-  6^  ^  ^2^ 

Such  inequalities  are  analogous  to  identical  equations. 

A  Conditional  Inequality  is  on^  which  holds  only  for  values  of  the 
literal  numbers  lying  between  certain  limits. 

E.g.,  x^-\-\'>2,  only  for  values  of  x  greater  than  1  and  less  than  —1 ; 
that  is,  for  values  of  x  between  1  and  -f  oo,  and  between  —  1  and  —  go. 

AbBolute  Inequalities. 

11.  Ex.  1.   Prove  that  if  a  #  6,  then  ««  ^_  52  >  2  ab. 

We  have  (a  -  6)2  >  0,  (1) 

since  the  square  of  any  positive  or  negative  number  is  positive,  and  there- 
fore greater  than  0. 

From  (1),  a2  -  2  a6  +  62>0  ; 

whence  a^  +  6^  >  2  ab,  by  Art.  9  (i.). 

Ex.  2.  Which  is  greater,  ±±Ak  or  «_±1_^,  in  which  a  and  b  are 
positive?  «  +  ^^         «  +  3^ 
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We  can  detennine  which  fraction  is  greater  by  finding  their  diftereoce 

g-f  46      g-f  2ft_ 26^ ^ 

g  +  5&     g  +  36     (a  +  6  6)(a  +  3&) 

Since  thig  remainder  is  positive,  we  have 

g-f  46^g  +  26 
g  +  66     g  +  3  6' 

Conditional  Inaqualitiea. 
12.   Ex.  1.   Between  what  limits  must  x  lie  to  satisfy  the  inequality 

a  >  6  X  -  10  ? 
Transferring  terms,  —  4  x  >  —  10 ;  whence  »  <  f,  by  Art.  7  (ii,). 
That  is,  the  inequality  is  satisfied  by  all  values  of  z  between  f  and  — oo. 

Ex.  2.   What  values  of  x  satisfy  the  inequality 
a;a  +  6x>.--6? 

Transferring  -6,  a2  +  6x  +  6>0;  or  (x -|-2)(x  +  3)>0. 

In  order  that  the  product  (x  +  2)(x  +  3)  may  be  greater  than  0,  i.«., 
positive,  the  two  factors  must  be  either  both  positive  or  both  negative. 

The  factors  x  +  2  and  x  +  3  will  be  both  positive,  when  x  >  —  2. 

Thus,  if  X  =  -  1,  then  (x  +  2)(x  +  3)  =  (-  1  +  2)(-  1  +  3)  =  2. 

The  factors  will  be  both  negative,  when  x <—  3. 

Thus,  if  x  =  -4,  then  (x  +  2)(x -I- 8)  =  (- 4 -|- 2)(- 4  +  3)  =  2. 

Therefore,  the  given  inequality  will  be  satisfied  by  all  values  of  x 
between  —2  and  +00,  and  between  —3  and  —00. 

Ex.  3.   What  values  of  x  and  y  satisfy  the  inequality 

5x  +  3y>ll,  (1) 

and  the  equality  3  x  +  6  y  =  13  ?  (2) 

Multiplying  (1)  by  3,       15  x  +  9  j^  >  33.  (3) 

Multiplying  (2)  by  5,     15  x  +  25  y  =  65.  W 
Subtracting  (4)  from  (3),      -  16  y  >  -  32,  or  y  <  2. 

Multiplying  (1)  by  5,     25  x  -f  16  y  >  55.  (5) 

Multiplying  (2)  by  3,      9  x  +  15  y  =  39.  (6) 
Subtracting  (6)  from  (5),         16  x  >  16,  or  x  >  1. 

Notice  that  not  any  value  of  x  greater  than  1  taken  with  any  value  of 
y  less  than  2,  will  satisfy  both  (1)  and  (2).  But  such  values  of  x  and  a 
as  satisfy  (1)  and  (2)  simultaneously,  must  be  greater  than  1  for  x,  and 
less  than  2  for  y.     If  we  assign  to  x  any  value  greater  than  1,  we  can 
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determine  from  (2)  the  corresponding  value  of  y,  which  will  always  be 
less  than  2 ;  these  corresponding  values  of  x  and  y  will  then  satisfy  (1). 

-£7.gr.,   let  05  =  };  then  from  (2),  y  =  |,  <  2 ;  these  values  of  z  and  p 
satisfy  (1). 

BXEBCISES  I. 

Prove  the  following  inequalities,  in  which  the  literal  numbers  are  all 
positive  and  unequal : 

1.  a2  -f  62  +  c«  >  a&  -f  ac  +  be.       3.   tf2^+6V+a2c2>a6c(a+  6+c). 

3.  a6(a4-6)+ 6c(6  +  c)+ac(a4-c)>6a6c. 

4.  If   P  +  w2  +  u2  ^  1^  and  h^  +  wi^  +  ni2  =  1,  then  ZZi  +  mmi  +  nui  <  1. 

5.  a«  -I-  6»  >  a26  +  a6«.  6.   a*  +  6*  >  a^b  +  ofts. 

7.    (a +  6)(6  +  c)(c  +  «)>8a6c.    8.   3(a2  +  52  ^.  gS) >(«  +  5  ^- c)2. 

9.    a8  -  68>  3  a25  -  3  ab^,  if  a  >  6 ;  <  3  a^d  -  3  oft*,  if  a  <  6. 
10.    (a6 +a;y)  (ax+ by)  >4  a&xy.        11.   a^  +  6»  +  c^  >  3  abc. 
12.    a*-|-6*+c*>a6c(a+6+c).         18.   (a+6+c)8>3(a  +  6)(o+c)(6-|-c). 
If  X  be  positive,  which  fraction  is  the  greater : 

14.    ?-±i  or  ^±2?  16.   ^±i   or  ^±i,  if  x>6? 

x+3         x  +  l  x-6         x-4 

Determine  the  limits  between  which  the  values  of  x  must  lie  to  satisfy 
each  of  the  following  inequalities : 


16. 

a;-8>4. 

17. 

-3(a4-10)>-20. 

18. 

3«-8     ^^37-2x 
4          "^^       3 

+  9. 

19. 

lla-x^a-x 
4a  +  6  ^  b-a 

20 

a:         ^     rl     *~^ 

21. 

all>^a-,<"'- 

1 —a            a— 1 

22. 

aj2-  8x  +  2>0. 

23. 

«2_x-6>0. 

24. 

x-2"^ 

85. 

6x2-7x4-2^^ 
2x2-6x-3^   • 

Determine  the  limits  between  which  the  values  of  x  must  lie  to  satisfy 
simultaneously  each  of  the  following  systems  of  inequalities : 

■Jx- Jx4-ix>x  +  6, 
Ka5  +  2)>-Ka5-2). 
'x2- 12x  +  32>0,  ^      fx2-3x-4>0, 

■6>0. 


f6x  +  l>0, 

27. 
26-4x>0. 


^^      rx2-12x  +  32>0,  ^      rx2-3x- 

|x2-13x+22>0.  *     |x2~x-( 

What  value  of  x  satisfies  each  of  the  following  syst 
[a;»-l>0?  ■     [ai'  +  l 
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Determine  the  limits  between  which  the  values  of  x  and  y  must  lie  to 
satisfy  the  following  systems : 

(x-y>2.  '     \3z-2y>14. 

Determine  the  limits  between  which  the  values  of  a  must  lie  to  make 
each  of  the  following  values  of  x  positive : 

.   X  =  — •  8tt.   X  =  : — •  5o.   05  =       — 


ll-.2a  16-4a  9~2a 

ProblemB. 

13.  Pr.  1.  Divide  80  into  two  parts,  such  that  the  greater  part  shall 
exceed  twice  the  sum  of  4  and  the  less  part. 

Let  X  stand  for  the  greater  part ;  then  80  —  x  will  stand  for  the  less. 

By  the  given  condition, 

x>2(80-x4-4),  or  3x>168;  whence  x> 56. 

Therefore  any  number  greater  than  66  (and  less  than  80)  will  satisfy 
the  condition  of  the  problem. 

E.g,,  if  X  =  60,  the  greater  part,  then  80  —  x  =  20,  the  less  part ;  and 
60>2x  24. 

Pr.  2.  A  man  receives  from  an  investment  an  integral  number  of  dol- 
lars a  day.  He  calculates  that  if  he  were  to  receive  $6  more  a  day  his 
investment  would  yield  over  $  270  a  week  ;  but  that,  if  he  were  to  receive 
$  14  less  a  day,  his  investment  would  not  yield  as  much  as  $  270  in  two 
weeks.     How  much  does  he  receive  a  day  from  his  investment  ? 

Let  X  stand  for  the  number  of  dollars  which  he  receives  a  day. 

Then,  by  the  first  condition, 

7  (x  +  6)  >  270  ;  whence  x  >  32f 

And,  by  the  second  condition, 

14 (x  -  14)< 270  ;  whence  x  <  33f 

Therefore  he  receives  $  33  a  day  from  his  investment. 

BXBRCISBS  II. 

1.  What  integers  have  each  the  property  that  one-half  of  the  integer, 
increased  by  5,  is  greater  than  four-thirds  of  it,  diminished  by  3  ? 

2.  What  integers  have  each  the  property  that,  if  9  be  subtracted  from 
three  times  the  integer,  the  remainder  will  be  less  than  twice  the  integer, 
increased  by  12  ? 

3.  A  has  three  times  as  much  money  as  B.  If  B  gives  A  $  10,  then 
A  will  have  more  than  seven  times  as  much  as  B  will  have  left.  What 
are  the  possible  amounts  of  money  which  A  and  B  have  ? 
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4.  Find  a  multiple  of  25,  such  that  three-fourths  of  it  is  greater  than 
one-half  of  it,  increased  by  16,  while  five  times  the  number  is  less  than 
ttiree  times  the  number,  increased  by  200. 

5.  What  positive  numbers  have  each  the  property  that,  if  the  number 
l3e  subtracted  from  a  and  be  added  to  6,  the  product  of  the  resulting 
nixinbers  will  be  greater  than  the  product  of  the  given  numbers  ? 

6.  In  a  class-room  can  be  placed  6  benches,  but  it  contains  fewer.    If 

5  pupils  be  seated  on  each  bench,  then  4  pupils  will  be  without  seats. 

6  lit  if  6  pupils  be  seated  on  each  bench,  some  seats  will  be  unoccupied. 
How  many  benches  are  in  the  room  ? 

A  Property  of  Fractions. 

14.    ff  the  denominators  of  the  fractions  ^,  ^,  ^ .-  be  all  positive, 

di    dz    ds 
then  the  fraction  "i  +  ^s  +  ^g"*        {g  greater  than  the  least,  and  less 
di -h  d2 -\-  ds -{ — 

than  the  greatest,  of  the  given  fractions. 

Let  ^  be  the  greatest  of  the  given  fractions,  and  let 

—  =  a,  or  wi  =  dix.  (1) 

Then  ^<flj,  or  n2<d^\    —<x,  or  nz<d^\  etc.  (2) 

d2  dz 

From  the  equation  (1),  and  the  inequalities  (2),  we  have 

»i  +  n2  +  ns  -I-  —  <(di  +  da  +  t^a  -I-  — )«• 

Therefore  ^i  +  ng+ngH--^       i.e.,  <^*i-. 

di  +  d2  +  dz  +  '-  dx 

In  like  manner  it  can  be  proved  that  ^^  "^  ^^  "^  ^'"  "^        is  greater  than 
the  least  of  the  given  fractions.  di  +  d2-\-dz-\r  - 

A  Property  of  Powers. 

IS.   If  d  be  a  positive  number  and  n  a  positive  integer,  then 

(1  +  </)'»>  1  +  /iflf. 
We  have  a«  -  6"  =  (a  -  6) (a**-^  +  a^'-^h  4-  —  4-  a6«-2  +  6"-^), 
or  a«  =  6»  4-  (a  -  6) (a»-i  +  a»»-26  +  .-  4-  a6«-2  4-  &"-0. 

Let  a>h. 

Then  a*»-*>6"-i,  a«-26>6«->,  ••.,  a6»-2>6«-i,  6"-^  =  &«-i. 
Therefore  a"-^  4-  a^'-^h  4-  •••  4-  ah''-^  4-  6"-^  >  6**-^  +  6**~^  4-  •••  n  terms 

>  w6"-^ 
Consequently,  since  a  —  6  is  positive,  a"  >  &*»  +  n{a  —  &)&"-^ 
Now  let  a  =  1  4-  d,  and  6  =  1.     Then  (1  +  d)«  >  1  4-  wd. 


CHAPTER  XVIII. 

IRilATIONAL  NUMBBR8. 

1.  If  a  be  the  gth  power  of  a  number,  say  &,  then  -^a,  =  ^b*^  hu. 
as  we  have  seen  in  Cb.  XVI.,  a  definite  value ;  as  ^16  =  2. 

We  shall  now  consider  roots  of  positive  numbers  which  are  not  powers 
with  exponents  equal  to  or  multiples  of  the  indices  of  the  required  roou. 

2.  The  qth  root  of  a  positive  fraction^  whose  terms  (either  or  both)  arr 
not  qth  powers  of  positive  integers,  cannot  be  expressed  either  as  an  integer 
or  as  a  fraction. 

The  proof  of  the  general  caae  will  be  first  illustrated  by  the  y^. 
The  y/2  must  be  a  number  whose  square  is  2.     But  since  1^  =  1  and 
2'  =  4,  the  y/2  cannot  be  an  integer. 

Let  us  assume  that  y^  can  be  expressed  as  a  fraction,  ^,  reduced  to 

a 
its  lowest  terms.    Then  from 

V2  =  ^,    (1)  we  have         2  =  ^.    (2) 

a  o" 

Since  —  is  in  its  lowest  terms,  ^  is  in  its  lowest  terms  [Ch.  IX.. 
d  d^ 

Art.  29  (iii.)]-    Consequently,  by  Ch.  IX.,  Art.  29  (v.), 

n2  =  2,  and  d^  =  1.  (3) 

But  since  2  is  not  the  square  of  an  integer,  the  first  of  equations  (3),  and 
therefore  also  (1),  is  untenable. 

Consequently,  ^2  cannot  be  expressed  as  a  fraction. 

In  general,  -*(— ,  wherein  N  and  D   (either  or  both)  are  not  qth 

powers  of  positive  integers,  cannot  be  expressed  as  a  fraction  -• 

d 
The  proof  is  identical  with  that  for  the  ^, 

Observe  that,  if  d  be  assumed  equal  to  1,  the  preceding  proof  shows 

that  i/—  cannot  be  expressed  as  a  positive  integer ;  also,  if  2>  be  assumed 

equal  to  1,  that  the  {/N  cannot  be  expressed  as  a  positive  integer,  or  as  a 
positive  fraction. 

266 
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3.  It  is  therefore  liiuwimj  to  ezdade  such  roots  from  our  consideim- 
ion  or  to  enlarge  our  idea  of  number.  The  latter  altenkative  is  in 
kccordance  with  the  generalizing  spirit  of  Algebra. 

We  therefore  assume  that  V^,  amd  ia  generate  iy^tMa  mumbery  amd 
nclude  it  in  our  nutnher  system. 

The  properties  ol  these  new  nombers  must  be  consistent  with  the  defi- 
lition  of  a  root ;  that  is,  with  the  relations, 

4:    Before  operating  with  or  upon  the  numbers  thus  introduced  into 

the  number  system,  we  must  prove  that  they  obey  the  fundamental  laws 

of  Algebra,  which  were  proved  in  Chs.  II.  and  III.  only  for  integers  and 

fractions.     The  following  property  will  lead  to  another  definition  of  the 

«  'V 
y/2j  and  in  general  of  the  ^.— ,  which  is  consistent  with  that  given  in 

Art.  3,  and  from  which  the  fundamental  laws  can  be  easily  deduced. 

Xf  ^  be  a  fraction  whose  terms  {either  or  both)  are  not  qth  powers 

of  positive  integers,  numbers  can  always  be  found,  bath  greater  and  less 

than  -^yry  tohich  differ  from  -l—  by  (is  little  as  we  please;  that  is,  by 

less  than  any  assigned  number,  however  small. 

The  proof  of  the  general  case  will  first  be  illustrated  by  the  y/2. 

Since  2  lies  between  1^  and  2^,  the  ^  lies  between  1  and  2,  i.e., 
1<V2<2. 

The  interval  between  1  and  2  we  now  divide  into  ten  equal  parts,  and 
form  the  series  of  powers 

12,  1.12,  1.22,  1.32^  1.42^  1.52^  ...^  1.92^  22. 

Then  2,  which  lies  between  12  and  22,  must  lie  between  two  consecutive 
powers  of  this  series,  or  between  two  consecutive  numbers  of  the  equiv- 
alent series 

1,  1.21,  1.44,  J.69,  1.96,  2.25,  -.,  3.61,  4. 

Since  2  lies  between  1.96  and  2.25  (that  is,  between  1,42  and  1.62), 
the  ^2  must  lie  between  1.4  and  1.6,  i.e.,  1.4<v'2  <1.5. 

The  interval  between  1.4  and  1.5,  =  .1,  we  next  divide  into  ten  equal 
parts,  and  form  the  series  of  powers 

1.42,  1.412,  1.422^  ...^  1.402^  1.52. 

Then  2,  which  lies  between  I.42  and  1.62,  must  lie  between  two  con- 
secutive powers  of  this  series,  or  between  two  consecutive  numbers  of 
the  equivalent  series 

1.9600,  1.9881,  2.0164,  ...,  2.2201,  2.2600. 
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Since  2  lies  between  1.9881  and  2.0164  (that  is,  between  1.41^  and 
1.42*),  the  ^2  lies  between  1.41  and  1.42,  i.e.,  1.41<  V2<  1.42. 

This  method  of  procedure  can  be  continued  indefinitely.  These  results 
may  be  summarized  as  follows: 


(a) 

(ft) 

1<V2<2 

and 

2-1         =1 

1.4<V2<1.6 

and 

1.6-1.4      =.1 

1.41<V2<1.42 

and 

1.42-1.41    =.01 

1.414  <V2<  1.415 

and 

1.416  -  1.414  =  .001,  etc. 

It  follows  from  tables  (a)  and  (6)  that  there  can  be  found  two  nam* 
bers,  one  greater  and  the  other  less  than  y^,  which  differ  from  each  other 
by  as  little  as  we  please,  and  which  therefore  differ  from  y/2^  which  lies 
between  them,  by  as  little  as  we  please. 

Observe  that  the  numbers  of  the  one  series,  which  are  always  less  than 
y/2,  continually  increase  toward  ^"2,  while  the  numbers  of  the  other 
series,  which  are  always  greater  than  y/2,  continually  decrease  toward  ^2. 

Either  of  these  two  values  is  an  approximation  to  y/2. 

In  the  proof  of  the  general  case,  which  now  follows,  it  is  necessary  to 
represent  the  two  values  between  which  the  required  root  lies  at  any  stage 
of  the  work  in  terms  of  common  fractions  instead  of  decimal  fractions. 

Thus,  1.414  <V2<  1.416 

could  have  been  vnritten 

10      102"^10«     ^        10      102"^10» 
XT- 
Let  —  be  a  fraction,  in  which  N  and  D  (either  or  both)  are  not  5th 

powers  of  positive  integers.     Evidently  the  powers 

"''  [h)''  {w}''  i^Y'  ••••  &  - 

increase  without  limit.     Therefore,  whatever  positive  value  —  may  have, 

there  will  always  be  two  consecutive  powers  of  the  above  series  between 

which  —  lies.    Let  f  ^V  and  f  ^^-i^Vbe  the  two  powers  between  which 

—  is  found  to  lie,  wherein  ki  is  0  or  any  positive  integer. 

Then  since  —  lies  between  f^V  and  Z^i  +  iy  thei/— Ues  between 
D  VlO^  V    10     /  '         \2> 

*iand*i^;   i.c., 
10  10      '         ' 

^1  ^  9/iV^fci  +  l  n\ 

10     '  ^ 


*1<'/^. 
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The   interval  between     ^  "*"     and  -^,    =  — ,  we  now  divide  into  ten 
10  10         10 

equal  parts,  and  form  the  series  of  powers 

\ioJ'  Uo'*'io2J'  Uo^io^r     '  Vio^wj'  V  10    I 

Then  — ,  which  lies  between  f-^)  and  ( ^  "^    Y,  must  lie  between 
two  consecutive  powers  of  this  series. 

:  the  numbers, 
1  found  to  lie. 


UTTVr     ^VrAaS7^\yUU&TO     ^\J^Ki±0    \I±     VU10    OCX  IC^O. 

0,  1,  2,  ...,  8,  9,  be  the  two  powers  between  which  —  is  foui 


D 

102 


Then  i/'~  lies  between  *1  +  A  and  ^  +  ^^^^^^^ ;  i.e., 
\Z>  10     102         10        102    '        ' 

10      102^\i>^10         102  ^      ^ 

The  method  can  evidently  be  carried  on  indefinitely  ;  that  is,  we  can 
find  two  powers 

\,  10 ^102^    ^lopy        Vio    102^    ^  lOp  I 

AT 
between  which  —  lies.     We  therefore  have 
D 

^  +  *2.  +  ...  +  A_ <  '/^<^  +  _^  4- ...  +  *L±I  (III.) 

10      102^      ^10P^\i)^10      102^       ^     lOi*    '  ^       ^ 

wherein  p  is  any  positive  integer  from  1  to  +  oo. 

The  two  numbers  between  which  ^—  is  found  to  lie  at  any  stage  of 

1  1 

the  work  evidently  differ  by  -=-.    As  p  increases  without  limit,  — 

IOp  lOi* 

decreases  without  limit  (Ch.  III.,  §4,  Art.  19).     Since,  therefore,  these 
two  numbers  can  be  made  to  differ  from  each  other  by  less  than  any 

assigned  number,  however  small,  the  -^— ,  which  lies  between  them,  will 

differ  from  either  of  them  by  less  than  any  assigned  number,  however 
small. 

Either  of  these  numbers  is  an  approximate  value  of  -*/— . 

5.    It  is  important  to  keep  clearly  in  mind  that,  although  approximate 

values  have  been  obtained  for  v'2,  and  in  general  for^— ,  these  numbers 
have  as  exact  values  as  have  integers  and  fractions. 

Thus,  y/2  X  V2=2,  by  definition  of  a  root.  Now  no  approximate  value 
of  y/2  multiplied  by  itself  gives  exactly  2.  Therefore  the  number  which 
multiplied  by  itself  gives  2  must  have  an  exact  value.  This  exact  value, 
to  be  sure,  cannot  be  expressed  in  terms  of  integers  and  fractions. 
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* 

6.  In  Art  4  we  found  that  the  I^^  lies  between  two  corresponding 
numbers  of  the  two  series : 

10'   10     102'       '    10     102^      ^IOp'  ^' 

A;i-f  1    ki  .  Ati  -H      ^    *1j.A4.  .    1^+1  ,9^ 

10  '  10 "^   102  •  "'  10 "^102"^'  ■*"  loT^  ^' 

wherein  p  =  1,  2,  3,  ••*,  ao. 

These  two  series  have  the  following  properties : 
(i.)   The  numbers 

^  +  ^,  +  ...  +  ^,  wherein  p  =  1,  2,  3,  ...,  oo, 

of  the  first  series  increaise  as  p  increases^  but  remain  always  leas  than  tk 
numbers 

k  4-  *1  +  ...  +  ^E_±i  wherein  p  =  1,  2,  3,  ...,  oo, 
10      102  IQp   '  ^       .    ,    »      »      » 

of  the  second  series;  and  the  numbers  of  the  second  series  decrease  nt 
p  increases^  but  remain  always  greater  than  the  numbers  of  the  first  series. 
That  is,  the  numbers  of  the  one  series  more  and  more  nearly  approach  iht 
numbers  of  the  other  series^  but  never  meet  them, 

(ii.)  The  difference  between  a  number  of  the  one  series  and  the  corre- 
sponding number  of  the  other  series  can  be  made  less  than  any  assigned 
number^  however  small^  by  taking  p  sufficiently  great. 

7.  Two  series  of  numbers  which  possess  the  properties  (i.)  and  fll.). 
Art.  6,  are  said  to  have  a  common  limit,  which  lies  between  them.  Two 
such  series  therefore  define  the  number  which  is  their  common  limit. 
This  number  is  approached  by  both  series  and  not  reached  by  either. 

The  two  numbers  between  wliich  the  i/—  lies  can  be  reduced  to 
a  common  denominator  10i».    Let  us  designate  10'  by  n.    Then  since 

these  two  numbers  differ  by  -^,   =  -,  they  may  be  represented  «by  * 
m  4-1  10i»         n  n 

and      "^     respect iv  Iv.    In  the  theory  which  follows,  we  shall  let 
n 

*i  j.^  J.      +JV  -!?•     rn  ^1  I   ^  j  I  ^  +  l_ri>  +  1^  (2) 

10"^102"^"  "^lO/'      n'     ^^  10     102"^      ^    lOi'  n  ^ 

That  is,  !»<'/:!V;^mjJ.  ^j) 

n      \D         n 

Irrational  Numbem. 

8.  An  Irrational  Number  is  a  number  which  cannot  be  expressed 
either  as  an  integer  or  as  a  fraction,  but  which  can  be  inclosed  between 
two  fractions  ultimately  differing  from  each  other,  and  therefore  from  the 
jnclosed  number,  by  less  than  any  assigned  number  however  small. 
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An  irratioiial  numlier,  /,  is  therefore  defined  by  the  reUtioa 

n  m 

vherein  —  and  ?L±Jl  have  the  properties  (L)  and  (u.).  Art.  6 ;  as  ^  ^ 
n  » 

d.    Wliatever  Talue  p,  and  therefore  —  and  **  "*"  \  may  have^  there 

R  m 

vrill  always  be  nombers,  integers  or  fractions,  lying  between  any  two 

numbeiB   ol  the  series  ^  and  ^^-^t —     But  no  auch  number  can  be 

a  m 

selected  which  will  not  be  passed  by  numbers  of  one  or  the  other  series, 
if  p  be  sufficiently  increased.  Therefore  there  is  no  number  in  the  sys- 
tem defined  so  as  to  include  only  integers  and  fractions,  which  is  greater 
than  every  number  of  the  series  (1.)  and  less  than  every  number  of  the 
series  (2.);  that  is,  which  is  approached  by  both  series  and  not  reached 
by  either.  Since,  however,  these  series  cannot  meet,  we  conclude  that 
there  was  a  gap  between  them  which  could  not  be  filled  by  any  integer  or 
fraction.  Consequently  by  including  irrational  numbers  in  the  number 
system,  continuity  has  been  introduced  where  before  it  was  lacking. 

Negattve  Irrational  Nnmbera. 

10.  If  the  fractions  of  the  series  which  define  an  irrational  number 
be  negative,  the  number  thus  defined  is  called  a  Negative  Irrational  Num- 
ber.    Therefore  a  negative  irrational  number  is  defined  by  the  relation 

n  n 

wherein  the  two  series  of  fractions,  —  fUjtl  and  —  -,  have  the  properties 

n  n 

(i.)  and  (ii.),  Art.  6. 

U.    The  positive  and  negative  irrational  numbers  defined  by  the 
relations 

n  n    ^  n  n 

are  called  equal  and  opposite.    The  absolute  value  of  an  irrational  number 
is  its  value  without  regard  to  quality. 

The  Fundamental  Operationa  with  Irrational  Numbers. 

12.   Addition.  —  Let  /i  and  I2  be  two  positive  irrational  numbers 
defined  by  the  relations 

^<7i<!?»l±i,     (1)  ??h<72<!?l2jLl.     (2) 

Ai  til  n2  fH 
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If  the  corresponding  rational  numbers  of  the  series  which  define  /i  and 
It  be  added,  we  obtain  the  two  series  of  rational  numbers 

^  _L  ^  and  "*^  "^  ^  +  ?*2_HtA. 
fii      Its  Hi  n^ 

The  numbers  of  these  series  have  the  properties  (i.)  and  (ii),  Art  6. 

For,  since  ^  increases  as  fii  increases,  and  ^  increases  as  n-  in- 

creases,  therefore  — ^  +  ^  increases  as  m  and  n^  increase.    For  a  suniiar 
ni      fi2 

reason,  *"^  **"    +  "**  "^     decreases  as  m  and  n%  increase.    And  since 

*»l  ^  W>1  4-  1  jm^  Wj  ^  Wj  +  1       ffll   I   fll2  ^  wi  +  1    I  wig  +  1. 

Ill          ni               n2         ti2  Ai      f^  ^1             As 
The  difference 

/wii  -H  ^  ma  -I-IX  /mi  ^  mgX  _i^_i_ 

\     ni             n2     /  V»i      «2/  »i     W 

can  be  made  less  than  any  assigned  number,  however  small.     For  —  can 

1  ni 

be  made  less  than  any  assigned  number,  say  \  d ;  and  —  can  be  made  less 

nz 

than  any  assigned  number,  say  J  d.    Therefore,  —  H —  can  be  made  less 
thanid+ Jd,  =d.  '*i     ^ 

Therefore,  the  two  series  of  numbers 

!5l  -L  5*2  and  ^^  "^  ^  +  ^2  +  ^ 
fii      ns  ni  912 

determine  a  positive  number  which  lies  between  them.    This  number  is 
defined  as  the  sum  h  +  /s.    That  is, 

mi  ■  ^2  ^  J   ^  Jn  <  ^^  "^  ^  I  ^2  +  ^. 
n\      712  wi  n2 

Exactly  similar  reasoning  will  apply  if  either  or  both  of  the  irrational 
numbers  be  negative,  or  either  be  rational. 

13.  Subtraction.  —  The  following  definition  of  Subtraction  of  irra- 
tional numbers  is  a  natural  extension  of  the  principle  of  subtraction  for 
rational  numbers. 

To  subtract  an  irrational  number  from  a  rational  or  irrational  number 
is  equivalent  to  adding  an  equal  and  opposite  irrational  number. 

The  AsBOciative  and  Commutative  Laws  for  Addition  and 
Subtraction  of  Irrational  Numbers. 

14.  These  fundamental  laws  hold  also  for  irrational  numbers;  that  is 

/l  +  /2  =  /2  +  lu 

/i  +  /«  +  /a,  =  /i  +  (/a  +  Iz)  =  /i  +  (/b  +  /a)  =  etc 
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For,  by  the  definition  of  /i  +  I2, 


Til         712  ^1  ^2 


lid ,  "by  definition  of  I2  +  /i, 

?*2  -I-  ^  <  /a  +  /i  <  ^  +  ^  +  ^^  +  ^ . 

112         V^l  ^2  111 

,.^  W*2       W*i        Wli        ?/l2 

But  Since  ^4.^  =  ^4.      , 

712         Wi         7li         7l2 
»»2  +  1        7»i  +  1        Wi  +  1        »»2  +  1 


7l2  7li  ni  712 

therefore  /i  +  /2  =  /2  +  A. 

rFlie  Associative  Law  can  be  proved  in  a  similar  manner. 

T  S.    Multiplication. — Let  7i  and  /2  be  two  positive  irrational  numbers 
defined  by  the  relations 

mx  mi  + 1  7?*2         ^2+2    .. 

If  the  corresponding  rational  numbers  of  the  series  which  define  /i  and 
I^  l>e  multiplied,  we  obtain  the  two  series  of  rational  numbers, 
y»i    WI2  j^jj^  ywi  +  1    mo  +  1 

Til       7l2  7li  7l2 

The  numbers  of  these  series-have  the  properties  (i.)  and  (ii.),  Art.  6. 

^         .        wi  .  ,  w*2  . 

For,  smce  -—  increases  as  711  mcreases,  and  —   mcreases  as  712  m- 

creases,  therefore  -—  .  — -  mcreases  as  nx  and  712  mcrease.    For  a  sunilar 

'  Til        W2 

7»l  +  lW2+lj  J.  ^j. 

reason  — — - —  decreases  as  nx  and  7*2  increase.    And  smce 

nx  n%  *  * 

Wi        7»i  +  1  J   W2        7W2  +  1      ,  ^  7»i      7»2        W»i  +  1      7^2  +  1 

^;r-<  — ^;; —  ^<1  :;r <  — ;; — » therefore  -r-  •  -„- <  — ;; = 

fix  nx  7l2  7l2  nx       7l2  Til  »l2 

The  difference 

TWi  +  1       7»2  +  1        Wi      71*2  »»i  4-  1      7>l2  ^   1        Wli  +  1      W*2       7»i  +  1      ^2 

Til  7l2  7li       7I2'     ~"        nx  7l2  Til  7l2  Wl  7l2 

_7»l      71*2 

711*712 

can  be  made  less  than  any  assigned  number,  however  small. 

For,  since decreases,  it  is  always  less  than  some  positive  finite 

7/12      ^2  +  A 
rational  number,  say  B ;  and  since  —  <  — - — ,  it  is  also  less  than  some 

712^2  7)1    4- 1       7n 

positive  finite  rational  number,  say  ^i.      Moreover,  — —  and 

— can  each  be  made  less  than  any  assigned  number,  say  d. 

Til  Hi  *  o 


5      71*1  +  1/71*2  4- 1      'f*'2\     m2fmx  +  1  .  7?li\ 
!~      7*1     \     7*2  »    /'^»2\     ni         ~ri[f 
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Therefore  the  given  difference  can  be  made  less  than  dB  -h  ^^i^ 
=  d(U  +  JRi),  But  d{B  +  Bi)  can  be  made  leas  than  any  assigned 
number,  say  d,  by  taking  d  less  than  — — — - 

mi    mt       ,  wi  +  1    m2  +  1 
Therefore  the  two  series  —-  •  -—-  and 


ni     712  rii  n% 

determine  a  positive  number  which  lies  between  them.    This  number  is 
defined  as  the  product  /i  •  /s.    That  is, 

The  following  definition  of  multiplication  of  irrational  numbers  is  con- 
sistent with  the  preceding  result 

T%e  product  of  two  irrational  numbers  is  the  product  of  their  absolute 
vaUies^  with  a  sign  determined  by  the  laws  of  signs  for  the  product  of  two 
rational  numbers. 

The  AMOOlatiTe,  Oommutative,  and  Distributive  Iiaws  for 
Multiplication  ol  Irrational  Numbers. 

16.  These  fundamental  laws  hold  also  for  irrational  numbers.    That  is, 
Ixh  =  hh\  /i/2/a  =  /x(/2/8)=etc. ;   {Ix±h)h  =  Iih±hh' 

The  proofs  of  these  principles  are  similar  to  those  given  in  Art  14. 

17.  Reciprocal  of  an  Irrational  Number. —  It  can  easily  be  proved 
that  the  reciprocal  of  the  numbers  of  the  series  which  define  /  have  the 
properties  (i.)  and  (il.).  Art.  6. 

Therefore  the  two  series  of  numbers, 7  and  — ,  define  a  positive 

n  n 

number  which  lies  between  them.   This  number  is  defined  as  the  reciprocal 

of/.    Thatis,  --L-.<^<i. 
m  -t  \     1      m 

n  n 

18.  Division. — Division  by  an  irrational  number  maybe  defined  as 
follows : 

To  divide  any  number  by  an  irrational  number^  not  0,  is  equivalent  to 
multiplying  it  by  the  reciprocal  of  the  irrational  number. 

From  this  definition  it  follows  that  the  fundamental  laws  hold  also  for 
division  of  irrational  numbers. 

19.  It  follows  from  the  preceding  theory  that  the  laws  governing  the 
fundamental  operations  with  irrational  numbers  are  the  same  as  those 
governing  these  operations  with  rational  numbers. 

E.g.,  V2-(V3-V6)  =  V2-V3+VSJ    (>/2>/3)»  =(V3)«(V3)«. 


CHAPTER  XIX 

SURDS. 

X.  In  Ch.  XVI.  we  considered  only  roots  whose  radicands  are 
powers  with  exponents  equal  to  or  multiples  of  the  indices  of 
ihe  roots. 

In  Ch.  XVIII.  we  assumed  the  existence  of  roots  of  numbers 
which,  are  not  powers  with  exponents  equal  to  or  multiples  of 
the  indices  of  the  required  roots,  and  proved  that  such  roots 
obey  the  fundamental  laws  of  Algebra ;  as  ^2  x  V^= V^  ^  V^> 
etc. 

Such  roots  were  called  Irratio&al  Kumbers. 

2.  A  Rational  Kumber  is  a  number  which  can  be  expressed  as 

an  integer  or  as  a  fraction ;  as  2,  -— ,  ^(27  a*). 

A  Rational  Expression  is  an  expression  which  involves  only 
rational  numbers ;  as  |  a  +  ^  6,  a5  +  y'a*. 

3.  A  Radical  is  an  indicated  root  of  a  number  or  expression ; 

as  V7,  V9»  -^(a  +  ft). 

A  Radical  Expression  is  an  expression  which  contains  radi- 
cals; as  2^7,  V^+  V2/>  V(^  +  V^)- 

A  Surd  is  an  irrational  root  of  a  rational  number ;  as  -yjly  ^a. 

Observe  that  V(l  +  V*^)  ^^  ^^*  a  surd,  since  1  H-  y'T  is  not  a 
rational  number. 

Notice  the  difference  between  arithmetical  and  algebraical  irrationality. 
Thus,  y/a  is  algebraically  irrational ;  but  if  a  =  4,  then  ^a,  =  V^,  =  2,  is 
arithmetically  rational. 

Classilication  of  Surds. 

4.  A  Quadratic  Surd,  or  a  Surd  of  the  Second  Order,  is  one  with 
index  2 ;  as  V3,  -y/a. 
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A  Cable  Surd,  or  a  Surd  of  the  Third  Order,  is  one  with  index  3. 
as</(a  +  6),  ^7. 

A  Biquadratic  Surd,  or  a  Surd  of  the  Fourth  Order,  is  one  with 
index  4;  as  -y/iab),  ^6. 

A  Simple  Monomial  Surd  Kumber  is  a  single  surd  number,  or  a 
rational  multiple  of  a  single  surd  number ;  as  -y/S,  2^5. 

A  Simple  Binomial  Surd  Kumber  is  the  sum  of  two  simple 
surd  numbers,  or  of  a  rational  number  and  a  simple  surd 
number ;  as  V^  +  ^/^f  3  -j-  ^6. 

&  The  principles  enunciated  in  Ch.  XVI.,  and  their  proofs, 

hold  also  for  irrational  roots.     Each  principle  will  be  rest&td 

as  occasion  for  its  use  arises  in  this  chapter.     As  in  Ch.  XYI, 

we  shall  limit  the  radicands  to  positive  values,  and  the  ioot& 

to  principal  roots. 

Redaction  of  Surds. 

6.  A  surd  is  in  its  simplest  foitn  when  the  radicand  is  in- 
tegral, and  does  not  contain  a  factor  with  an  exponent  equsl  to 
or  a  multiple  of  the  index  of  the  root ;  as  ■y/2,  ■y/(a^b),  -y/'a*. 

A  surd  can  be  reduced  to  its  simplest  form  by  appljiflg  one 
or  more  of  the  following  principles : 

(i.)  ^a^<i  ^a'^^af'        [Ch.  XVI.,  §  1,  Art.  13  (ii.)] 

(ii.)  V(«*)= V«  X  V*     [Ch.  XVI.,  §  1,  Art.  13  (iii.)J 

(iv.)  In  a  root  of  a  power  (or  a  power  of  a  root)  the  index  of 
the  root  and  the  exponent  of  the  power  may  both  be  multiplied  or 
divided  by  one  and  the  same  number;  or,  stated  symbolically, 

Va"  =^^a*'',  and  ^/a^  =  f^a"- 
E.g,,  -^a^  =  -^a''',  ■^a''=^a\ 

The  proof  is  left  as  an  exercise  for  the  student. 

7.  The  following  examples  will  illustrate  the  methods  of  re- 
ducing surds  to  their  simplest  forms : 

Ex.  1.   V(18  a'b^  =  V(9  a^ft")  X  V(2  «)  =  3  a%  V(2  «)• 
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Ex.  2.    ^(ar+^h^+^  =  VCa"^"")  X  ^(ab^  =  ab^^idb"^. 

Observe  that  the  radicand  is  separated  into  two  factors,  one 
P  which  is  a  power  with  the  highest  exponent  which  is  equal 
>  or  a  multiple  of  the  index  of  the  required  root.  The  result 
J  then  obtained  by  multiplying  the  rational  root  of  this  factor 
y  the  irrational  root  of  the  second  factor. 

Ex    3       /3a'^V(3a^^Va^x  V3_aV3 

When  the  required  root  of  the  denominator  of  a  fraction 
iannot  be  expressed  rationally,  multiply  both  terms  of  the 
iraction  by  the  expression  of  lowest  degree  which  will  make 
:he  denominator  a  power  with  an  exponent  equal  to  the  index 
3f  the  loot. 

By  Art.  6  (iv.),  a  given  surd  can  frequently  be  reduced  to 
an  equivalent  surd  of  a  lower  order. 

Ex.  6.   ^(27  d'b^^  ^6«  X  ^{Saf  =  b^(3a). 

EXERCISES  I. 
Reduce  each  of  the  following  surds  to  its  simplest  form  : 
1.    V32.  2.    V76.  8.    ^lOS.  4.    y/ofi. 

9.    y/(a^b^  +  a^c^).  10.    ^dab^C^ -b^c^). 

11.    V(6-c)(68-c«).  12.    V(a2-l)(l-f  a). 

18.    y/(9ofi-lSx^-^9x).  14.   V(4«'&-8a262  4.4a68). 

'15.    {/192.  16.    ^(-lOJ).  17.    ^(-aio).  18.    ^(o^d'c*). 

19.    </(16a6x9).  20.    ^(32a«+««).  21.    ^(- 64a^+iy*). 

22.    ^(-a7.53.).  28.    ^(cfi  -  a^x'^).  24.    :;j/(a««&«- a'*). 

25.    ^729.  26.  ^(icfiofi).    27.  ^(a'+"6^+i).  28.  ^da^^x^). 

29.    ^(-ais-ftio").  30.  «/(a«»+i6).  31.  ♦j/(a'«+«6*»e8).  32.   8/[(a2)Ha2]*. 

"vs-     -#    »>e-     »/-?• 


41.    -XT- 
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"■^^        -^^w■    "Vlg-      "Vl^ 


^9"  *^   "\/^«"  **•   a/276'      ■        **•     \46Y- 

58.   *r,'«^.  64.    ^5.  55.    ^(81  a^).  66.    ^a«. 

69.    ^(Sa'ftW).  68.  ^VC^^a^xW).  ©4.   i«J/(a«>*6a>). 

65.   ^(81a86«>).  66.   ^(a««+«*6»).  6T.   *V(«^  -  2  ax  +  z'f. 

Addition  and  Subtraction  of  Surds. 

8.  Similar  or  Like  Surds  are  rational  multiples  of  one  and 
the  same  simple  monomial  surd,  as  ■y/12f  =  2^3,  and  Sy'S. 

Like  surds,  or  such  surds  as  can  be  reduced  to  like  surds,  can 
be  united  by  algebraic  addition  into  a  single  like  surd. 

Ex.  1.   V12H-2 V27-9V48=2V3+6V3-36V3=-28v^. 
Ex.  2.  8^40  +  3-^135  -  2^625  =  16^5  +  9^5  - 10^5 

=  15^5. 

Ex.3.   V2-Vl+V-02=V2-iV2  +  TVV2  =  fV2- 
Ex.  4.   VK^)  +  2V(a'6')  +  V(«^') 

=  aV  W  +  2  ab-y/lab)  ^V-y/{(ib)  =  (a+6)  VW 

EXERCISES  II. 
Simplify  each  of  the  following  expressions : 
1.    V24-V6  +  Vl^0.  2.  2v/8 +  5^72-7^18- 

8.    V^  +  2  V24  -  9V06.  4.   6^3-2^48  +  6^/^05. 

5.    3  V76  +  4i  V192  -  2}  V12.  6.    V^ A  +  V^H  -  Vf • 

7.   4VJ-*VA-2V27.  8.  2Vf  +  V60-Vl5+v'i' 

9    8^48  +  3^162-2^384.  10.    6^64  +  9^60  ^{/686. 

11.  2f  ^500  +  i^66  -  3i^32  -  }^108. 

12.  1.5 ^If  -  2J  »/12.8  -  mfbi  +  4.6^43.2. 
18.    ^40  -  5  ^A  +  4  ^(  -  .625)  +  j  ^16 J. 
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L4.    2V3-V12  +  ^.  15.    ^4  +  3|/9  -  6{/192. 

16.  V(4  «»)  H-  Vi^  «»)  +  V(26  a»)  -  v/(81  a'). 

17.  V(12a26)+V(76a26)-V(27o*6). 

18.  ^(64  a866)  +  </(126  a^ft*)  -  ^(a»&6). 

19.  ay/(a^W)  +  ftVCa^^'^)  -  2  a6V(«'^*)  +  \/(«"&")- 

21.  3  (i26^(32  a«6)  +  6^(108  a^ft*) -  a6^(600  a^ft). 

22.  ^(9  a262)  +  ^(27  aSft) 4-  6^(729  a^W). 

28.  2  ^(3  x^y)  -  ^(9  x*2/^)  +  ^(126  x*y)  -  {/(x^. 

24.  V(»«  +  27)+8V(4a+12). 

26.  V(4a8  +  4a26)  +  V(4a&2  +  4  68). 

26.  7a;V(25a  +  76)-5V(9x2a  +  27x2). 

27.  2v(2x8)-V(8«)-V(2x'*-4x2  +  2x). 

28.  ^(a866  +  3  66)  +  a^(32  a^  +  96  6)  -  ^(a^  +  3  a^ft). 

29.  Va8  -  a^&  -  Vafe^  -  fes  _  V(a  +  6)  (a^  -  &2). 

80.   3aJ^-3xJ?^-2aJ?^  +  4xJ^ 

Reduction  of  Surds  of  Different  Orders  to  Equivalent  Surds  of 
the  Same  Order. 

9.  Surds  of  different  orders  can  be  reduced  to  equivalent 
surds  of  the  same  order  by  the  principle  given  in  Art.  6 
(iv.): 

^a9  =*^(i'^9  [Art.  6  (iv.)] 

Ex.   Reduce  y'S,  ^(2  a),  and  ^(5  h)  to  equivalent  surds  of 
the  same  order. 
We  have  -^Z  =  ^3«  =  ^729 ; 

^(2a)  =  ^(2a)«  =  ^(8a«); 

^(56)=^(6&)2  =  :^(256^. 

Observe  that  the  L.  C.  M.  of  the  given  indices  is  taken  as  the 
common  index  of  the  equivalent  surds,  and  that  each  radicand 
is  raised  to  a  power  whose  exponent  is  equal  to  the  quotient  of 
this  L.  C.  M.  divided  by  the  index  of  the  given  root. 
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30.  Any  rational  number  can  be  expressed  in  the  form  of  a 
surd  by  writing  under  the  radical  sign  a  power  of  the  number 
whose  exponent  is  equal  to  the  index. 

E,g.,  2  =  V4  =-{/8  =  ...  =^2*. 

11.  Two  surds,  or  a  surd  and  a  rational  number,  can  be  com- 
pared by  first  reducing  them  to  equivalent  surds  of  the  same 
order,  and  then  comparing  the  resulting  radicands. 

Ex.  Which  is  greater,  V^  or  ^3  ? 
We  have  V^  =  \/8,  and  ^3  =  ^9. 
Since  9  >  8,  therefore  ^9  >  ^8,  or  -^3  >  y/2, 

BXEBCI8BS  III. 
Reduce  to  equivalent  surds  of  the  same  order : 
1.    V2,   ^6.  9.    y/Z,  ^.  8.    V7,  v^lO. 

4.    Vi.  V\'  «.   6i  \/10.  6.  6,  ^4. 

7.    ^,  ^.  8.    JJ/16,  w/lO.  9.    V(3«*)^  ft*. 

10.    ^cfl,  ^6*.  11.   *+^(a*y),  — ^(»y»).        12.    y/b,  {/lO,  ^la 

18.  ^2,  3,  ^6.  14.    7aa,  6»,  ^c*.  16.  ^'^a\^lfi,^&. 
Which  is  the  greater, 

16.   2^3  or  3 V2?  17.    V^or^lO?  18.   \^b  or  \y/\V. 

19.  ^ar  or  v«.  when  o  <  1  ?  90.    ^x»  or  ^x*,  when  x  >  1  ? 
Which  is  the  greatest, 

91.    V3,  ^5,  or  ^10?  29.    Vf  v^i  or  ^J? 

Multiplication  of  Surds. 

12.  Multiplication  of  Monomial  Surds. — The  product  of  two 
or  more  monomial  surds  is  found  by  applying  the  principle 

Ex.  1.  5^4  X  2^6  =  10^24  =  20^3. 
If  the  surds  are  of  different  orders,  they  should  first  be  rfr 
duced  to  equivalent  surds  of  the  same  order. 

Ex.  2.   V«  X  A/a*  =  V^^  X  -v/a*  =  V^^  =:^a-^a. 
Ex.  3. 
■^(p^h)  X  ^{a^h^  X  ^{a'h')  =  ^(a«60  X  ^(aW)  x  ^(a«6«^ 
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Ex.  4.  2^5  X  3^20  X  VlO  =  6^5  x  -^(2«  x  5)  x  V(2  x  5) 

=  64J/5*  x  ^(2«  x  53)x^(2«x  6«) 
=61^(5^x2^  =  60^2/5. 
WJtien  the  radicands  contain  numerical  factors  it  is  advisable 
to  express  them  as  powers  of  the  smallest  possible  bases,  as  in 
Ex.  4. 

It  is  frequently  desirable  to  introduce  the  coefficient  of  a 
surd  under  the  radical  sign. 

Ex.  5.  3  a-»/(2  ab)  =  -^(27  a?)  x  -^(2  ab)  =  ^(54 a'b). 

13.   Multiplication  of  Multinomial  Surd  Numbers.  —  The  work 
may  be  arranged  as  in  multiplication  of  rational  multinomials. 

Ex.   Multiply  2  -  3V2  +  5V6  by  ^2  -^3. 
We  have  2  -  3  V2  +  ^^^ 

V2-V3 

2 V2  -  6  +  10V3 
~15v2        -   2V3  +  3V6 
-13V2-6  4-   8V3  +  3V6 
Observe  that  the  terms  of  each  partial  product  are  simplified, 
and  that  similar  surds  are  then  written  in  the  same  column. 

14.  Conjugate  Surds.  —  Two  binomial  quadratic  surds  which 
differ  only  in  the  sign  of  a  surd  term  are  called  Conjugate  Surds. 

E.g.,  V^+V^  and  -yS+V^;  1-V^  and  l+V^- 
Either  of  two  conjugate  surds  is  the  conjugate  of  the  other. 
The  product  of  two  conjugate  surds  is  a  rcUioncU  number. 

For,     (y/a  -t-  V^)  ( V«  -  V^)  =  (-V^y  -  (V^)*  =  a  -  &• 

15.  Tjrpe-Forms.  —  Many  products  are  more  easily  obtained 
by  using  the  type-forms  given  in  Ch.  VI.,  §  1. 

Ex.  ( V2  +  ^Sy  =  ( V2)'  +  2  V2  X  V3  +  ( V^)' 

=  2  +  2  V6  4-3  =  5  +  2  V6. 

EXERCISES  IV. 
Simplify  each  of  the  following  expressions  : 
1.    ^SXy/6.  2.    V27x3v/18.  8.   4^}  x  6Vf. 

4.    Vi^Vih'  5.    ^4x^.  6.   2</fixJ</i. 


282  ALGEBRA.  [Ch.  XIX 

7.    ^(a26)  X  ^(afta).      S.    ^  x  ^0,  9.   9^54x3^. 

10.    V2x2^4.  11.    Vlx^l2.  12.    ^54x^486. 

18.  Vtfx^H-  !*•    ^12  x^.  15.    </ix^i{. 

W.    ^Hx{/tt.  17.    </Ax{/H.  !••    |/2x^ix^. 

19.  ^54  X  3V«  X  6{/2.  90.    V^^  x  ^100  x  </600. 
21.    {/12  X  </108  X  ^486.  22.   12  {/14  x  y^  j  x  ^^. 

98.    V(«'  +  «)xV(««!  +  «)«  •*•    V02«'-12a;)xv'(8*«-8). 

25.    V(»*  -  *)  X  V(a5*  +  «•).  86.    V(««  +  «)x  V(&a;  +  6). 

29  z*  -  8  g«  ^      g>        /  xg 

30  q^  -  25  m^  *lia'^-  12  am  +  9  m^  ^  a  ;4  g^  -- 12  am  +  9  iii« 
'   4  a^- 9  ma  \a2  + 10  am +  25  m^       \  a2  +  5a?» 

81.  (V2-V3  +  V18)V2.  82.  (4^  -  2}{/36)  x  2^30. 

88.  (V2+{/2  +  ^)</J.  84.  (8+V6)(2-V5). 
85.  (9-7Vl3)(5-6vl3).  86.  (13 -V^)  (7  +  3^5). 
87.  (5  +  ^4-2^5)(V6  +  VS)-  «••  (2v'3  +  ^2)(2V3 -^4). 

Find  the  value  of  each  of  the  following  powers : 

89.  (V7)».  40.   (2V3)*.  41.    (y/x)K  49.   (y/ab)*. 
48.    (6^4)».          44.    (v^)a.          45.    (jV6a6)8.        46.    (2a\^)«. 

Find  the  value  of  each  of  the  following  expressions,  without  performing 
the  actual  multiplication : 

51.  (V5-V10)*-  W-    (i  +  2V2)*.  58.    (^-^)« 

54.  (V6-^40)2.  65.    (V3-V6)*.  56.    (v6-2{/2)«. 

57.  (1+V2-V3)^.  58.    (V2+V3  +  1)*. 

59.  ^(5  +  2V6)x  V(3-V«).  60.    (8  -  3^7) (8  +  8^7). 

61.  ^/(2  +  V12){/(2-Vl2).  62.    ( VS  -  V^  +  V3  +  V^)'- 

63.  (\/2~S&H-V3~^)2.  64.    (n-Vl  -  n2)2. 

65.  (\/aTx+V^r^)2.     66.    ( ^J^^  +  v^T^)'.    67.    (a:  +  2 \^2"=^)8. 
68.    (  Va  +  6  4-  V«  -  V'^)  (  ^  «  +  ^  -  v'fl'  -^  V&) • 


69.    [\V(«  +  ^)  -t- V(a  -  b)  -My/{a  +  6)  -  VCa  -  &)?• 

,0.  (.^|+vf^)(.+|_v?i7). 
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In  each  of  the  following  expressions  introduce  the  coefficient  under  the 
radical  sign : 

71.    7V3.        72.   iV2.  78.   J ^'4.  74.   f^V- 

76.    2aVa-     76.  6x'^y/(Sxy),      77.   a^J—  7».  ia^b^(2a), 

79.    a*^a,        80.  aa6*»-^(a6).      81.   a»+V<»*"*-      82.   a5«jr^'(x*y»). 

Division  of  Surds. 

16.  Division  of  Monomial  Surds. — The  quotient  of  one 
monomial  surd  divided  by  another  is  obtained  by  applying 
the  principle 

If  the  surds  are  of  different  orders,  they  should  first  be 
reduced  to  equivalent  surds  of  the  same  order. 

^(3  a)      ^(27  a«)     \  27       ^V^^^«; 

17.  Division  of  Multinomial  Surd  Numbers.  —  It  is  better  to 
write  the  quotient  of  one  multinomial  surd  number  by  another 
as  a  fraction,  and  then  to  simplify  this  fraction  by  the  method 
to  be  given  in  Art.  26.  But  if  the  divisor  is  a  monomial,  the 
work  proceeds  as  follows : 

(V72  +  V32-4)H-2V2  =  ^  +  ^-A 

=  3  +  2-V2  =  6-V2. 

18.  Type-Fonns.  — Many  quotients  are  more  easily  obtained 
by  using  the  type-forms  given  in  Ch.  VI.,  §  2. 

Ex.  (^a?-  -^b^  +  (^a-  ^b)  =  [(»•- (^6)»]  +  (-^a-  ^b) 

=  -^a+-^b. 
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BXBBOI8B8  V. 

Simplify  each  of  the  following  expressions : 
1.   3^2  H- 2  v^.  2.    V^-j-V^.  8.    Vl5-?-Vf 

4.    V21^Vf  »•   6^V3.  6.   20  ^3^10. 

7.    10+^5.  8.    15  H-^.  9.   9^--2V21. 

10.   2^ +  ^2.  11.   6^2-^.  12.    ^0-3^16. 

18.  (4+V®-6V14)-^2V2.         14.    (3^10  -  4V15 +  5)^  V'S. 
15.    (V2-3^4)-f-^.  16.    (^3-3|/6)-^^. 

17.  V*-?-|/x.  18.    V^  +  ^x".  19.    y/x-^^x. 

20.  ^xa-5-^x».  21.    V(«^)  +  \/«-  W.    ^x2-=-nVx. 

28.  V(14a6)  +  {/(28a26").  2ft.    </(16  x«y) -:- ^(25  xy2). 

26.  2  aV» -^  5^(4  n).  26.   x^x*-*^  n^x"-*. 

Simplify  each  of  the  following  expressions,  without  performing  the 
actual  division : 

27.  (1 -x)-5-(l-V«).  28.    (ax-6x)-H(Va-V6)- 

81.   {ay/a-\-hy/b)-^{,y/a-\-y/h).     82.    (x{/x-y^y)-f-(^x-^y). 

Surd  Factors. 

19.  From  the  identity 

(mx  -\-  w)*  =  mV  -|-  2  mnx  -\-  n* 
we  infer: 

If  a  trinomial,  arranged  to  descending  powers  of  a  letter,  say 
X,  be  the  square  of  a  hinoraial,  the  third  term  is  equal  to  the 
square  of  the  quotient  obtained  by  dividing  the  coefficient  of  x  by 
twice  the  square  root  of  the  coefficient  of  o?;  that  is, 

,      /2  mn\^ 

Consequently,  if  to  any  binomial  of  the  form  mV  4-  2  mux 

the  term  f  — ^  ) ,  =  n*,  be  added,  the  resulting  trinomial  will 

\  2m  J 
be  the  square  of  a  binomial. 

This  step  is  called  completing  the  square. 

E.g.,  if  to  9a:2-}-5a;  we  add  (-^y,  =-Jf, 
we  have  9  ic*  +  5  a;  -f  If  >  =  (3  a?  + 1)*- 
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20.  An  expression  of  the  second  degree  in  a  letter  of 
arrangement,  say  x,  can  be  transformed  into  the  difference 
of  t^wo  squares,  and  hence  be  factored. 

Ex.    Factor  25  o^  + 13  a?  +  1. 

To  transform  25a^  +  13aj  +  l  into  the  difference  of  two 
squares,  we  first  complete  25  a^  -f  13  a;  to  the  square  of  a 
binomial  by  adding  (j^y,  =  yfl ;  and,  in  order  that  the  value 
of  the  given  expression  may  remain  unchanged,  we  also  sub- 
tract \^^  from  it.     We  then  have 

25  a:^-}- 13 aj-hl  =  25 2^4-13 a? -j-m-lM  +  l 

=  (5  aj  +  H -}- iVV69)(5  a:  +  «  -  T^  V69). 

2L.  If  the  coefficient  of  a?  in  the  expression  to  he  factored  he  1, 
the  term  to  he  added  to  complete  the  square  is  evidently  the  sqimre 
of  hcdf  the  coefficient  of  x. 

Ex.  1.  Factor  a^  —  5  a?  —  1. 

We  have        aj2-5aj-l  =  aj2-5aj  +  (fy-(f)'-l 

=  (^-|  +  iV29)(a^-|-W29). 

Ex.  2.  Factor  -- S  a? -\' 4:  xy  +  2  f. 

Since  the  coefficient  of  a^  is  not  the  square  of  a  rational 
number,  the  work  is  simplified  by  first  taking  out  the  factor 
—  3.     We  then  have 

Completing  a^  —  ^osy  to  the  square  of  a  binomial  by  adding 
(2  yY^  —  4  2^^  to  the  expression  within  the  parentheses,  and  also 
subtracting  |  y^  from  it,  we  obtain 

-3«*  +  4ajy-|-23^  =  -3(a^-|aJ2/  +  f2/"-J^2/*) 
=  -3[(a.-|2/)^-(^2,)^] 
=  -3(aj-.|y  +  ^2/)(«'-|y-^y). 
This  method  can  of  course  be  applied  when  the  factors  are 

rational,  but  the  methods  given  in  Ch.  VIII.,  §  1,  Arts.  9-13, 

are,  as  a  rule,  to  be  preferred. 
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EXERCISES  VI. 
Resolve  x  —  1  into  two  factors,  one  of  which  is 

I.  V*  +  1-  *•  y/^  - 1-  8-   \/«  +  1.  4.  ^x  - 1. 
Factor  each  of  the  following  expressions : 

6.  ai«-2a:-ll.  6.   166 -f  6 «  -  ««.  7.   4a!«  -  4ay- 17^. 

t.  3  +  2x~lla«.       9.   ««-2mx-l.        10.   *«- 2a«  + a«-ft«. 

II.  ax«  H- 6«y  +  cy«.    18.  m^«  -  4  m«  +  4  -  nm«. 

RatioiiallBation. 

22.  To  rationalize  a  surd  expression  is  to  free  it  from  irrar 
tional  numbers. 

Thus,  ^4  is  rationalized  by  multiplying  it  by  ^2,  since 
^4x^2.=  ^8  =  2. 

A  RAtiomdiiing  Factor  for  an  irrational  expression  is  an 
expression  which,  multiplying  the  irrational  expression^  gives 
a  rational  product. 

E.g.y  -^2  is  a  rationalizing  factor  for  ^4,  and  vice  versa. 

23.  A  rationalizing  factor  for  a  monomial  surd  number  is 
easily  determined  by  inspection. 

Ex.  1.  A  rationalizing  factor  for  -^cf  is  -^a'^'^j  and  vice  versa, 
Ex.  2    A  rationalizing  factor  for  y/{a^b)  is  -^(p^h^)^  and  vice 
versa, 

24.  A  rationalizing  factor  for  a  binomial  quadratic  surd  is 
its  conjugate  (Art.  14). 

Ex.  1.  (V2-V3)(V2-l-V3)=2-3=-l. 
Either  of  the  given  binomial  surds  is  a  rationalizing  factor 
for  the  other. 

25.  Rationalizing  factors  for  a  trinomial  quadratic  surd  can 
be  found  by  reference  to  the  following  identity : 

( Vfl + V* + V^)  ( Vfl + V*  -  V^)  ( V«  -  V* + vo 

(Vfl  -y6  -  V^)  =  fl«4-  6*+c"-2  a6  -2  flc  -  8  be 

The  rationalizing  factors  for  any  one  of  the  four  factors  on 
the  left  are  the  other  three. 
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E.g.,  y'3  —  ^^  +  ^1  has  the  rationalizing  factors 

In  rationalizing  numerical  examples,  the  work  is  simplified 
if,  after  multiplying  by  one  of  the  three  rationalizing  factors, 
the  product,  which  is  a  binomial,  be  multiplied  by  its  conjugate. 
Thus, 

(V3-VS+V7)(V3-V5-V^)  =  3  +  5-2V15-7 
*  =1-2V15. 

Therefore  the  second  rationalizing  factor  is  1  -f  2^15. 

EXBBCISBS  VII. 
Find  the  expressions  which  will  rationalize  the  following : 
1.    V3.  8.    |/4.  8.    ^.  4.    ^12.  5.    ^16. 

6.    y/a,         7.    </(a62).      g.    ^(^a^).      9.    \{/(a»62).      XO.    ^(a^ft*-*). 
11.    3  +  y/2,  18.   2  V14  -  y/Z.  18.    y/b  +  y/Z-  ^2. 

14.    v(a«-l)-V(a^  +  l).  15.    V(a^«  +  y2)-V(2«2^). 

Reduction  of  a  Fraction  with  an  Irrational  Denominator  to  an 
Equivalent  Fraction  with  a  Rational  Denominator. 

26.   Multiply  both  numerator  and  denominator  of  the  given 
fraction  by  the  rationalizing  factor  for  the  denominator. 

Ex.1.  :^=:s^x:^  =  :v^. 

V3     V3     V3       3 

Ex.2.       -1 :       1       x^-V^  =  ^-V^  =  -l+V2. 

1+V2     1+V2     1-V2       1-2  -^-^V^- 

Ex.  3. 

V(l+a;)  + V(l-a;)^  V(l+x)+ V(l-a;)     v(l+a;)  + V(l-a;) 

V(l+a!)-VCl-a')     V(l+a')-V(l-«)     V(l+a')  +  V(l-a') 

(l+a!)-(l-a!)  X 

Ex.  4. 

3V2-1        _       3V2-1  2V2-V3-V6 

2V2-V3+V6     2V2-V3+V6     2V2-V3-V6 
_^12  -2V6  -  5V3  -2V2     5  +  4V6 
6  -  4  V6  5  +  4  V6 

^  12  +  38  V6  -  41 V3  -  70  V2 
-71 
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BXBBOI8BS  VIII. 

Change  each  of  the  following  fractions  into  an  equivalent  fraction  with 
a  rational  denominator : 

1    J_.  «      12  .8  ^10  «       14 


V^2  by/S  3^4  3^26  2^16 

*  7.   _£,.  i.   _aL.  9.    -J-^.  10.        ^2 


y/x                 ^x«  .  •;j/a*  2  -y/B                  b-y/2l 

jj     V(2m)+3n  ^^  1+a/2  jj  3v/5  -  2v/2 

V(2'»)-3n  '  2~V2  *  2V6-V18 

j^    qy^fe  +  ftyq  jj  3q«-2qv/0i6)  ^^  1 

y/a  +  y/b   *  '  Sa-\-2^{ab)  '  '  VlO-V^^V^ 

17               ^2  jg  2-^  j3          3  +  V3      . 

V^-VlO  +  2  '  1+V2+V3  '  y/^  +  y/2-y/b 

-Q     (qa  +  6)+q^/(a«+6)  jl  (^  +  ^)  +  a/(^^  "  1) 

a  +  >/(a*^  +  &)  *  (n  +  l)-V(«^-l) 

22       a  +  V(a«  -  4 «)  23         Va-h^(a  +  x) 

a~2+v(a*-4a)'  *  >/«  +  >/«  +  >/(«  +  *)* 

PropertieB  of  Quadratic  Surds. 

27.  7%e  prodicct  and  the  quotient  of  two  like  quadratic  surds 
are  rational. 

For  m^xxn^x  =  mn^ar  =  mnx,  and  — ^-  =  — . 

^  ^  ^  '  n-y/a?      n 

E.g.,  3 V2  X  5 V2  =  15V4  =  30;  |^  =  2. 

28.  if  the  producty  or  the  quotient,  of  two  quadraiic  surds  be 
rational,  they  must  he  like  surds. 

Let  -y/a?  X  Vy  =  -B,  a  rational  number. 

Then  ^x  =  -^  =  ^^y. 

W    y 

Since  y/x  is  a  rational  multiple  of  -y/y,  therefore  -y/x  and  -y/y 
must  be  like  surds. 

In  like  manner  the  principle  can  be  proved  for  the  quotient. 

29.  The  product  and  th0  quotient   of  two   unlike  'quadratic 
turds  are  irrationai. 
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T'or,  by  Art.  28,  whenever  the  product  of  two  quadratic  surds 
s  rational,  they  must  be  like  surds. 


E.g.,  V2XV3  =  V6;  ^=^1 


V3 

30.    A.  quadrcUic  surd  cannot  be  equal  to  the  sum  of  a  rational 
ucmber  and  another  quadratic  surd  ;  or 

wherein  y^a  and  -y/c  are  surds,  and  h  is  rational. 
For  if  ^a=6  +  ^c,  then  a  =  6*  +  c  +  26yc. 
Solving  the  last  equation  for  ^c,  we  obtain 

a  —  W  —  c 


Vc  =  - 


26 


This  equation  asserts  that  -yjc,  an  irrational  number,  is  equal 
to  ?Lz_^_Zl^^  a  rational  number.  This  is  a  contradiction  of 
terms,  and  therefore  the  hypothesis  ^a  =  6  +  V<^  is  untenable. 

31.  //  a  +  V*  =  '+V/.  (1) 
•wherein  -y/b  and  -yjy  are  surds,  and  a  and  x  are  rational,  then 
a  =  x  and  6=/. 

Eor  if  a  =^  a,  let  a  =  a;  4-  m,  wherein  m^O. 
Then  (1)  becomes  x-\'m^-^b=x+^y,  or  m+^b=^y,    (2) 
But  by  the  preceding  article  (2)  is  untenable,  unless  m  =  0. 
Therefore  a  =  x,  and  hence  -y/b  =  -y/y,  or  b  =  y. 

32.  If  v(«  +  V*)  =  V'  +  V/»  then  v(fl  -  V*)  =  V'- V/- 
From  V(a  -|-  ^6)  =  ^x  +  Vy> 

we  obtain  a  +  y'6  =  a;  +  2/  +  2y/(xy). 

Whence,  by  Art.  31,  a  =  x-\-y,  (1) 

and  V^  =  2  V(a5y).  (2) 

Subtracting  (2)  from  (1), 

a-V&  =  «  +  y-  2  V(a5y).  (3) 

Therefore  y  (o  —  y  6) = ^aj  —  yy. 
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Evolution  of  Surd  Ezpressioxis.  I 

33.  A  root  of  a  monomial  surd  number  is  found  by  applying 
the  principle 

^^a  =%/a.    [Ch.  XVI.,  §  1,  Art.  13 (v.; 

Ex.1.  ^^6  =  >J/5. 

It  is  important  to  notice  that  -(/^a  =^^a. 

Ei  2.  ^</(8x»)=r^^(8ar«)=^(2a?). 

EXEBCISES  IX. 
Simplify  each  of  (he  following  expresBions : 
1.    </>8.  «.    ^^a2.  .         8.    ^^(-x«). 

4.    ^</(a»Jc«).  5.    </(2a^a«).  6.    </(aVa)- 

7.   VVa*  ••    Vv^CH  «*&•««).  9.    </CaV«)- 

Al  ^  \  ^a  My/a 


18.   2V{2V[2v/(2V2)]}.  M.   aVaV{«V[aV(«V'«)J>- 

16.   2!j/3;ya«  X  «^^a8  X  t^a»  X  <H;j/Va. 

Square  Roots  of  Simple  Binomial  Surds. 

34.  Ex.  X  Find  a  square  root  of  3  -f  2  V2. 

Let  V(3  -I-  2  V2) = V«  +  Vy-  0 ' 

Then,  by  Art.  32,  V(3  -  2  V2) = V^^  -  V^-  ("' 

Multiplying  (1)  by  (2),  y/{9^S)^x^y, 
or  a?  —  y  =  1.  (5' 

Squaring  (1),  3  +  2^2  =  a:  +  y  +  2 V(a?y) ; 
whence,  by  Art.  31,  a?  +  y  =  3.  (4' 

Solving  (3)  and  (4),  we  have  «  =  2,  y  =  l. 

Therefore  ^(3  +  2  v2)  =  V^  +  V^  ==  V^  + 1- 

This  example  could  have  been  solved  by  inspection.    We 
change  3  +  2-^/2  into  the  form 

m  +  2^(mn)  +  n  =  ( V^  +  V'O^- 
We  then  have 

V(3  +  2V2)  =  V(2+2V2  +  1)=V(V2  +  1)*  =  V2+1- 
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Ex.  2.    Solve,  by  inspection,  V(21  —  3 V24). 
y^G  have       V(21  -  3  V24)  =  V(21  -  2  V54) 

=  V(18~2V54  +  3) 

=  V18  -  v^  =  3V2  -  v^- 

In  solving  by  inspection,  first  write  the  surd  term  of  the  given 
binortiial  surd  in  the  form  2^(mn),  as  3-^24  =  2y54. 

Then  find  by  inspection  two  numbers  whose  sum  is  equal  to  the 
rational  term  of  the  given  binomial  surd,  and  whose  product  is 
equal  to  mn. 

EXBBCISES  X. 

Find  a  square  root  of  each  of  the  following  expressions : 


1. 

7+V48. 

2.   6-V24. 

8.   2+V3. 

4. 

li+V2. 

5.   S-y/b. 

8.      Q+y/ll. 

7. 

8-V28. 

8.   6  +  4V2. 

9.    7  +  2^10. 

10. 

11-6V2. 

11.   11+4V7. 

12.   30-10^5. 

18. 

f  +  W21. 

14.  A-AV2. 

w.  H-AV6. 

16. 

4a4-2V(4a2 

-62) 

17. 

„-2v(n-l). 

18. 

10  n2  +  1  -  6  n  V(«^ 

+  1). 

19. 

a-«-2V(a~aj-  1) 

Approximate  Values  of  Surd  Numbers. 

35.   An  approximate  value  of  a  surd  number  can  be  found  to 
any  degree  of  accuracy  by  the  methods  given  in  Ch.  XVI. 

Ex.  1.  Find  an  approximate  value  of  V2  correct  to  three 
decimal  places.     The  work  proceeds  as  follows: 


2.00'00'00'00 

1.4142 

1 

2 

100 

96 
4  00 

24 

2  81 

281 

119  00 

112  96 

2824 

604  00 

2828 
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The  work  is  simplified  by  neglecting  the  decimal  point, 
writing  it  only  in  the  result.  It  is  necessary  to  find  the  root 
to  four  decimal  places  in  order  to  determine  whether  to  take 
the  figure  found  in  the  third  place  or  the  next  greater  figure, 
according  to  the  well-known  principle  of  Arithmetic. 

Ex.  2.  Find  the  value  of  ^(1  —  a?)  to  three  terms. 

The  work  proceeds  as  follows : 
1-x 
1 ' 

—X 


I-^X-JX' 


3xl*=3 

3xl*-|-3xlx(-iaj)4-(-i»)*=3-a;+ia:* 


An  approximate  value  of  a  fractional  surd  is  obtained  most 
simply  by  rationalizing  its  denominator^  then  finding  the 
required  root  of  the  numerator  of  the  resulting  fraction,  and 
dividing  this  value  by  the  denominator. 

Ex.  a  Find  an  approximate  value  of  -y/^  correct  to  three 
decimal  places. 
We  have  Vi  =  iV^j  and  V^  =  14142  +  — • 
Therefore  ^^  =  .707,  correct  to  three  places  of  decimals. 

EXEBCISB8  XI. 

Find  by  inspection  the  square  root  of  each  of  the  following  expressions : 

1.   a2  +  2av'&  +  &-  «•   4a  +  9aj-12V(a«). 

8.   9  +  6^+^.  4.    ^5  +  2^  +  2^. 

Find  by  inspection  the  cube  root  of  each  of  the  following  expressions: 
6.   a5V»  +  3v«-3aj-l.  6.   4n  +  12 n^n^  +  12 n^»  +  4n«. 

Find  an  approximate  value  of  each  of  the  following  expressions,  correct 
to  four  figures : 

8.    V8-  «•    i>/2.6.  10.    V2.  11.   }Vl-2^ 

12.    V346.06.  18.    ^10862.321.  14.    V^.OOOl. 

16.   -?-.  16.   -?-.  17.   -i-.  18.  -47- 

V6  V8  2^4  V75 

19.   1±A^.  20    1±2^.  21  ^/^7 

1-V3  6-4V11  '    V2-6-fV^ 
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Find  an  approximate  value  of  each  of  the  following  expressions,  to 
ncliide  four  terms: 

EXEBOISBS  XII. 
MISCELLANEOUS    EXAMPLES. 


1.     Simplify  2  \3  +  ^6 -^13  +  4\/3. 


In  each  of  the  following  expressions  make  the  indicated  substitution 
and  simplify  the  result : 

2.    In- — li-^? + i-rJ! ,  leta  =  }v3. 


3.    In 


4.    In  2[a6  -  V(«^  -  !)>/(&*  -  !)]» let  2  a  =  x  +  i  and  2  6  =  y  +  i- 
6.    In  VX«Jl^_+V.(fl--^)  letx=  ^^^  . 

6.    In  as*  +  y2  +  xy,  let  x  =  J  [ y/(a  +  6)  +  V(«  -3  6)] 
and  y  -  i[\/(«  +  ft)-V(«  -  3  6)]. 

9.    In  X  V(l  -  x^),  let  X  =  ^  +  V(^^-  ^  «'). 

10.  Inx8  +  3ax  +  26,  let  x=^[-6+ V(a'  +  ft^)]+ v^[-&-V(«'+62)]. 

11.  Prove  the  following  identity : 

V[2  a2  -  63  +  2  aV(a^  -  ft^)]-  >/[«^  -  2  6V(«2  -  62)]=  a  +  6. 

12.  Simplify a_+>/5 

18.   Simplify  a«-3a+(a'-l)V(a'-4)-2. 

o»-3o+(a»-l)V(«*-4)  +  2 


CHAPTER  XX. 

ZMAOmART  AND  COBCPIiBZ  NUMBERS. 

1.  Since  even  powers  of  both  positive  and  negative  numbers 
are  positive^  even  roots  of  negative  numbers  cannot  be  expressed 
in  terms  of  numbers  as  yet  comprised  in  the  number  system. 

E.g,  since  (±  4)^  =  16,  the  ^—16  cannot  be  expressed  as  a 
positive  or  as  a  negative  number. 

It  is  therefore  necessary  either  to  exclude  such  roots  from 
our  consideration  or  again  to  enlarge  our  ideas  of  number. 
The  latter  alternative  is  in  accordance  with  the  generalizing 
spirit  of  Algebra. 

We  therefore  assume  that  -y/—  1,  and  in  general  ^—a^an 
numbers,  and  include  them  in  the  number  system, 

2.  These  new  numbers  are  defined  by  the  relations 

(y—  1)*  =  — 1>  and  in  general  (^—  a)*"  =  —  a. 

Imaginary  Numbers. 

3.  The  square  root  of  a  negative  number  is  called  an  Imagi- 
nary Number ;  as  -y/—  3,  V*"  ^• 

The  study  of  these  numbers  is  simplified  by  first  considering 
the  properties  of  ^—1,  which  is  taken  as  the  Imaginary  Unit.* 
This  new  unit  is  commonly  designated  by  the  letter  i,  and  its 
opposite  by  —  i. 

*  The  designation,  imaginary j  is  unfortunate,  since,  as  will  be  shown 
in  Part  II. ,  Text-Book  of  Algebra,  such  numbers  are  no  more  imaginary 
(in  the  ordinary  meaning  of  the  word)  than  common  fractions  or  negative 
numbers.  Dr.  George  Bruce  Halsted,  Professor  of  Mathematics  in  the 
University  of  Texas,  has  suggested  Neomon  for  the  imaginary  wnft,  and 
Neomonic  for  imaginary. 
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TVe  then  have  by  definition 

(±/7=-i. 

Por  the  sake  of  distinction  all  numbers,  rational  and  irra- 
tional, whioh  have  been  used  hitherto  in  this  book  are  called 
Real  Kumbers. 

4.    Multiples  and  Fractional  Parts  of  the  Imaginary  Unit. — 

Just  as  multiples  and  fractional  parts  of  the  real  units  1  and 
—  1  are  numbers,  so  we  assume  that  multiples  and  fractional 
parts  of  the  new  unit  i,  and  of  its  opposite  —  i,  are  numbers. 

E.g.,  just  as3=a.l  +  l  +  l,  — 3  =  -l-l-l, 
so       3 V-1  =  V-  1  +  V-  l+^/''%  01  Si  =:i  +  i-^i', 

and  2^_l=^  +  A^,or|.-  =  |  +  |. 

5.  Two  or  more  multiples  or  fractions  of  the  imaginary 
unit  can  be  united  by  addition  or  subtraction  into  a  single 
multiple  or  fraction  of  that  unit. 

aV- 1 4-  6 V- 1  =  (fl  +  *) V-  ^f  or  ^'  +  ^'  =  (fl  +  b)i. 

6.  Multiplication  by  /.  — We  define  multiplication,  when  the 
multiplier  is  the  imaginary  unit,  by  assuming  that  the  Com- 
mutative Law  holds,  that  is,  by  the  relation 

■yj—  1  X  a  =  aV—  1;  or  ia  =  ai. 
E.g.,  i2  =  2i=  i  +  i. 

That  is,  i  is  used  like  a  real  factor. 

7.  The  following  particular  cases  of  Art.  6  deserve  special 
mention : 

8.  It  follows  directly  from  Arts.  5  and  6  that  the  Distribu- 
tive and  Associative  Laws  hold  when  the  imaginary  unit  is  a 
factor  of  the  product. 

E.g.,        (a  ±  b)i=  ai  ±  bi\  aibi  =  abii  =  abP. 
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9.  Division  by  /.  —  It  follows  from  the  definition  of  diYision 

that  ^  is  a  number  which  multiplied  by  i  gives  ai. 
i 


But 

axi  =  (U. 

Therefore 

/ 

Observe  again 

that 

i  is  used  like 

a  real  factor. 

10.  We  now  have,  in  addition  to  the  double  series  of  real 
numbers,  the  double  series  of  imaginary  numbers : 

•  •  •  —  3 1,  —  2 1,  —  t,  0, «,  2 1,  3  i,  •  •  -. 

Between  any  two  consecutive  numbers  of  this  series  there  are 
fractional  and  irrational  multiples  of  t.  Thus,  between  i  and 
2  i  lie  f  iy  ^2 1,  etc. 

U.  Powers  of  /. — The  following  values  of  the  positive 
integral  powers  of  -y/—!,  or  i,  follow  directly  from  the  defini- 
tion of  i  and  Art.  8 : 

(V-l)'=-l,  *•*  =  -!, 

(v-i/=(v-mv-i)=-v-i.     i«=t^.t=-t, 
(v-i)^=(v-mv-i)'=+i.        i^=i^.  t^=+i, 

(V-i)*=(V-l)XV-i)  =+v-i.      t»  =  I* .  t  =4-  «•, 
(V-i)«=(V-l)XV-i)'=-i.  i«  =  i*.*-«  =  -l. 

The  preceding  results  give  the  following  properties  of 
powers  of  i: 

(i.)  AU  even  powers  of  i  are  real. 
(ii.)  All  odd  powers  of  i  are  imaginary. 

12.  Since 

(V-a)2  =  -a,  and  (V^x  V- 1)'  =  (V«)'(V- !)'  =  -«> 
we  have  (V—  «)*  =  (V<*  X  V—  ^Y- 

Whence  -y/—  a  =^a  X  V—  1- 
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X3.  Addition  of  Imaginary  Numbers. — Imaginary  numbers 
are  united  by  addition  and  subtraction  just  as  real  numbers  are 
united. 

Ex.  1.  V-  9  +  V-  16  =  V-  1  +  4 V- 1  =  '^V-  1  =  7  i. 

Ex.  2.  4 V-  5  -  lOV-  5  H-  3V-  5=  -3V-  5 

=  -3V5V-l- 
Ex.  3.  ii»  -f  i^^  =  i  +(-  i)=  0. 

14.  Multiplication  of  Imaginary  Numbers.  —  The  following 
principles  enable  us  to  simplify  a  product  of  imaginary 
factors : 

V-  a  X  V*  =  V(«*)  X  V- 1  =  V(-  fl*); 

V-ff  XV-*=-V(fl*)• 
and  V-fl  XV- &=>/«>/-  1  X  V^V-l  =  V^V^CV-^)^ 

=  -V(«6). 

Ex.  1.   V-  9  X  V16  =  ^V-  1x4  =  12V- 1  =  12*- 
Ex.2.  v-2xv-8  =  -Vl6  =  -4. 

Ex.3.  v~^xV-10xV-15=V5xvl0xVl5x(V-l)' 

=  -5V30V-l  =  -5V30..  i.   , 

15.  Division  of  Imaginary  Numbers.  —  The  following  princi- 
ples enable  us  to  simplify  quotients  which  involve  imaginary 
numbers : 

For  y^-^lSt  =  VV-l  =JB  X  -/-  1. 

V6  V*  >6 


and  Vj::!?  =:V«V-i  =:^  =  J2. 


Ex.2.       -1—=  V~^  =:^/zil  =  --/-i  =  . 
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BXBBCISBS  I. 
Simplify  each  of  the  following  expressions : 
1.   2V-9-3V-25.  8.   7V-81+6v/-144. 

8.   8V-76+V-1^7.  4.    -6V-8-3V-32. 

5.  2V-a*  +  6v'(-9a«)-3v'(-16a«). 

6.  2V(-a*6)- 4 V(- «*&*)+ 2y'-&«. 

7.  y/S  '  V-  3.  8.     y/S  '  y/-  12.  9.      y/ -  60  •  y/-2. 

10.  V-3.V-«'  11-    V-2  .  V-6  .  V-24. 

12.  ^-  6  .  V-  20  .  V8.  18.    V^  .  V-  12  .  V-  3. 

14.  ^-16.V10-V2.  15.     V~  «*•>/- ^• 

16.  V(3  «')  •  V  -  3.  17.    x/( -  0^6)  •  V( -  «^)  •  V(-  «^)- 

18.  V(-  »»*«*)  •  V(-  «»«')  •  >/(-  wW)  .  V(-  m^n). 

19.  (V-3  +  V-2)(V-3  +  V-6). 

90.    (3V~6  +  4V-6)(2V-6-3V-6). 

21.  (V-a+V-&)(V-«-\/-&)- 

22.  [V- («  +  &)+ V-&3CV- («  +  &)- >/-&]• 

23.  V-«*-  24.  (V-a;)a.  25.  V  «*•  26.  (V-«)- 
27.  V(l  -  «)  •  >/(»  -  1).  28.  y/{a  -  &)  .  V(&  -  o).  W-  »^- 
80.  i^\  81.  I'l*.  82.  <wi.  88.  iHi»*.  «4.  **-^^^ 
85.  (V-«)^-  M-  (-aV~«)*^-  S''-  V-27^V-3- 
88.  V--8-^V-2.  .  89.  6V-36-f-2V7.  40.  VS^iV'^' 
41.  y/-a-^y/-a^,                         42.    V(-«&)-^V-^- 

48.    (V-6+V-8)-^>/-2.  44.    (V- 12  -  V18)  + V'^. 

45.   1.  46.   i.  47.   i.  48.   ^^.  49.  -4l' 

Complex  NumberB. 

16.  A  Complex  Number  is  the  algebraic  sum  of  a  real  and  an 
imaginary  number ;  as,  3  ±  2 1. 

The  general  form  of  a  complex  number  is  evidently  a  +  &'j 
wherein  a  and  h  are  real  numbers. 
When  6  =  0,  we  have  any  real  number. 
When  a  =  0,  we  have  any  imaginary  number. 

17.  Two  complex  numbers  which  differ  only  in  the  sign  of 
their  imaginary  terms  are  called  Conjugate  Complex  Numbers; 
as,  2  —  3  i  and  2  +  3  ^. 
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X8.  Two  complex  numbers  are  said  to  he  equal  when  the  real 
term  of  one  is  equal  to  the  real  term  of  the  other,  and  the  imagi- 
ixcury  term  of  one  is  equal  to  the  imaginary  term  of  the  other; 
as,  2  -\-3i  =  2+3i. 

Tliat  is,  if  a  +  6/  =  c  +  rf/, 

then  a  =  c,  and  bi  =  di\  or  6  =  rf. 

Observe  that  the  preceding  statement  is  a  definition  of  the 
meaning  of  the  sign  of  equality  between  two  complex  numbers. 

X9.  From  the  preceding  article  it  follows  that,  if 
a  +  6i  =  0  =  0  H-  0 1,  then  a  =  0,  6  =  0. 

20.  Addition  and  Subtraction  of  Complex  Numbers. — The  fol- 
lowing definition  of  Addition  and  Subtraction  of  Complex 
Numbers  is  a  natural  extension  of  the  definition  of  these 
operations  for  real  numbers: 

Two  complex  numbers  are  added  or  subtracted  by  adding  or 
subtracting  the  real  paHs  by  themselves  and  the  imaginary  parts 
by  themselves. 

E.g.y    (24-3t)H-(-5+60=(2-5)H-(3i+6t)=-3+9i. 

In  general,  (a  -f  */)  ±  (c  +  di)  =  (a  ±  c)  +  (6  ±  (/)/. 

21.  The  Commutative  and  Associative  Laws  hold  for  alge- 
braic addition  of  complex  numbers. 

This  principle  follows  immediately  from  the  definition  of 
addition  and  subtraction. 

That  is,  (a  +  bi)  -f  (<?  +  di)  =  (c  -f  di)  +  (a  -f  bi) ; 

(a-|-6/)  +  (c-|-rf/)-|-(e-f^  =  (a  +  6/)-f[(e4-/r)H-(c?  +  rf/)]. 

22.  The  sum  or  difference  of  two  complex  numbers  is,  in 
general,  a  complex  number. 

E.g,y  (2-|-3t)H-(-4-f  2i)  =  (2-4)H-(3  +  2)t  =  -2-f5i. 

But  the  sum  of  two  conjugate  complex  numbers  is  real. 

E.g.,  (2  +  3t)  +  (2--30  =  4. 


300  ALGEBRA.  [Ch.  XX 

23.  Mttltiplicatioii  of  Complex  Numbers.  —  We  define  multi- 
plieatiou  by  a  complex  number  by  assuming  that  the  Distribu- 
tive Law  holds ;  that  is,  by  the  relation 

(a  H-  bi)  (c  +  di)  =  ac-\-  bci  +  adi  -f-  6di*, 
or  (a  -f  bi)  (c  +  di)  =  (ac  -  bd)  +  {be  -h  ad)  /. 

24.  The  Commutative,  Associative,  and  Distributive  Laws 
hold  for  multiplication  of  complex  numbers. 

This  principle  follows  from  the  definition  of  multiplication. 
That  is, .  (a  -|-  bi)  (c  +  di)  =  (c  +  di)  (a  +  bi) ; 

(a  +  bi)  (c-f  di)  (e  +  ff)  =  (a  +  bi)  [(e  +  ^)  (c  +  rf/)]  =  etc. 

25.  The  product  of  two  complex  numbers  is,  in  general,  a 
complex  number. 

E.g.,  (2  +  3  0(-4-f2i)  =  -8-12i  +  4t-6  =  -14-8i. 
But  the  product  of  two  conjugate  complex  numbers  is  red 
and  positive. 

E.g.,    (-2-f3  0(-2-3t)  =  (-2)«-(3iy  =  4-f 9  =  13. 
In  general,  (a  +  bi)  (a  -  bi)  =  a^-  {bif  =  a^  +  6*. 

26.  The  square  of  a  complex  number  is  a  complex  number. 
Kg.,        (2  4-  3  V- 1)*  =  4  + 12  V- 1  -h  (3  V- 1)* 

=  4-fl2V-l-9 
=  -  5  4- 1 2  V  - 1  =  -  5 -f  12 1. 
But  the  cube  of  a  complex  number  is  sometimes  real. 

E^g-.     (-i±iV-3)»  =  -i±|V-34-fTfV-3  =  l. 
From  these  results  we  see  that  -^1  has  three  values, 
1.  -i  +  iV"3,  -^-^V-3. 

27.  Diyision  of  Complex  Numbers.  —  The  quotient  of  one 
complex  number  by  another  is  in  general  a  complex  number. 

For      ^  +  ^^  —  (g  +  hi)  (c  —  df)  __  (ac  +  hd)  -f  {he  —  ad)^ 
c  +  d^  ~  (c  H-  di)  (c  —  di)  ~  c^  +  d^ 

__ac-f  ^<^  .  he  — ad    . 
c^  +  dP       c^  +  c?*  *  * 


IMAGIKARY  AND  COMPLEX  NUMBERS.  301 

It  follows  from  the  preceding  article  that  a  fraction 
'wtiose  denominator  is  a  complex  number  can  be  expressed  as 
a  complex  number  by  multiplying  both  numerator  and  denomi- 
nator by  the  conjugate  of  the  denominator. 

Ex  1  l+V-2^(l+V-2)(-V-3)_-V-3+V6 
■    ■    2V-3  (2V-3)(-V-3)'  6 

=  iV6-iV-3. 
Notice  that  it  was  necessary  to  multiply  numerator  and 
denominator  only  by  —^—3. 

Ex.  2. 

i =- ^w-^ ^=^-y-3=^-iv,3. 


2  H-V-3     (2-hV-3)(2-V-3) 

Complex  Factors. 

29.  A  quadratic  expression  which  is  the  product  of  two 
complex  factors  can  be  resolved  into  factors  by  the  method 
used  to  resolve  a  quadratic  expression  into  irrational  factors. 

Ex.    Factor  a^-2x-\-3. 

Completing  a^  —  2xto  the  square  of  a  binomial  in  x^  we  have 

or^  -  2aj -f  3  =  aj2  -  2aj+ 1  -  1  +  3 

=(x-iy-(^-2y 

=  (a;-l+V-2)(aj-l-V-2). 

Square  Root  of  a  Compleac  Number. 

30.  If  ^{a-\'bi)=-y/x-\-iy/yy 

then  •y/(a  —  bi)  =  ^x  —  i^y. 

For,  from         ^ (a  +  h%) = y/x  +  i^y, 
we  have  a  -f  6i  =  a  —  2^  4-  2y/(xy)  •  i. 

Therefore,  by  Art.  18,  a  =»  —  y,  and  b  =  2y/(xy). 

Consequently,       a  —  bi  =  X'-y  —  2^(xy)  •  i 

Whence  -^/(a  —  bi)  =  ~^x  —  i^'y. 
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3L  The  square  root  of  a  complex  number  can  be  expressed 
as  a  complex  number.  - 

Assuming      V(13  -  20 V-  3)= V»  -  WVj  0) 

we  have  ^{1^  +  20 V-  3) = V«  +  WV-  (2) 

Multiplying  (1)  by  (2), 

V(169  +  1200)=aj-|-y, 
or  a?  +  3^  =  37.  (3) 

Squaring  (1),  13  -  20V-  Z  =  x-y-  2^{xy)  •  i ; 

whence  a?  —  y  =  13.  (4) 

From  (3)  and  (4),         «  =  25,  y  =  12. 

Therefore         y/{l^  -  20V-  3)=  5  -  2 V3  •  ». 

In  general,  assuming  ^(a  +  hi)  =y/x-\-  iy/y,  (1) 

we  have  y/(a  -  bi)  =  y/x-  iy/y.  (2) 

Multiplying  (1)  by  (2),      ^(a*  +  6^)  =  x  +  y.  (3) 

Squaring  (1),  a-^bi  =  z--y-h 2^{xy)  •  i ; 

whence  a  =  x  —  y.  (4) 

From  (3)  and  (4),  x  =  VK  +  ft')+«.  y  =  V(a'  +  6')-a. 

2  2 

Therefore  v(a  +  &0  =  ^V(''*  +  ''')+''+  j^ V(°' +  »») - "■ 

Since  a  and  6  are  real,  therefore  V(^*  +^^)  ^'^  ^*^* 

32.   Assuming  a  =  0,  in  the  general  result  of  the  preceding  article,  we 
have 

^/m=^ll  +  i^ll  =  l>/(2  6)  •  (1  +  <). 

In  particular,  if  6  =  1, 

BXBBCISES  II. 

Simplify  each  of  the  following  expressions : 

1.  (H-v-9)  +  (4-v-4)-         2-  (6-v-i^)~(-^-V-8e). 

8.  (2  +  40+(-3  +  20.  4.    (7-5i)-(3~4i). 
6-   (Vi-iV-2)V-8.  6.   (v6-V-3)v-3. 

7.    (2+3V-l)(3-4V-l).  «.    (5  +  3V-l)(6-3V-l). 

9.  (5-2V-6)C3-4V-3).  10.    (7  +  V  6)(7  -  V""  6)- 
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11.  (Vl2-3i)(V3  +  50.  12.    (2  +  iV3)(2-iV3). 

13.  (2V3+5V-7)(2V3-5V-7).   14.    (^8  -  V- 12)(V2  +  V- 3). 

16-  (i —iV3- 0(3 +  3^3-0.         16.    (V5-2iVfi)(\/5  +  2iV6). 

17.  [a  —  6+V(-2a6)][a--6-V(-2a6)]. 

18.  [x  +  iV(a-x2)][a;-iV(o-«2)].      1».   V(l  + V-l)x  V(l- V-1)- 

20.  VC  V2  +  V3  •  0  X  ^(^2  -  V3  •  0- 

21.  (1  -h  V-  2)2.            88.    (V-  2  +  V3)^.  M.  (1 V2  ±  i  V-  3)». 
24.  (3-6V-2)».          26.    [iV3(3  - 1)]».  28.  (V-76-3)*. 
27.  (l+2a0*.                2«-    (CI  +  &0*-  »•  (V«+V&-0*- 

Reduce  eax;h  of  the  following  expressions  to  the  form  of  a  complex 
number : 

3Q     6V3~V~15  3.     8i+6v/2  «^  +  2 

_2V-3     *  '  4i  " 

82.    § 88.   — ^— ..  84.  14 


l+V-2  2-V-3  3  +  2V5-* 

35.    ^  +  V-1.  86.   ^  +  V-^  87    -i±-^. 

2-3V-1  4-3^-5  (1+0* 

88.    ? 89.  IQ+V-^ 

V2-V'-2-2V-  1  l_^_3+V-5 

Factor  each  of  the  following  expressions : 
40.    aj«-6x  +  29.  41.   a;a  +  4x  +  67.  42.   x2-14x  +  61. 

48.  6x2~6x  +  2.  44.   4x2+4xy  +  3y2.        45.    16x2  -  8xy  +  6y«. 

Find  the  square  root  of  each  of  the  following  expressions : 
46.    1+^-3.  47.    5-V-ll-  «•   3  +  4i. 

49.  -3  +  4i.  60.    -15  +  3V-11.       51.   2a  +  aV-6. 

Make  the  indicated  substitution  in  each  of  the  following  expressionSf 
and  simplify  the  results  : 

62.    Inx2-6x+14,  let  x  =  3  +  y'- 5. 

68.    In3x2-6x  +  7,  let  x  =  2 -3^-2. 

54.  In  6x8  +  2x2-3x-l,  letx  =  l-2i. 

Simplify  each  of  the  following  expressions : 

55.    ^ ? 66.       V^2     +    V^i    . 

4-^-14      2-V-14  6+V-6     3-V-J 

57.   -? 5_  +  _L..  58.   «jLy±«:i&!. 

1+i     4  _  2^1-1  a-bia-^bi 


CHAPTER  XXL 

QUADRATIC  EQUATIONS. 

1.  A  Quadratic  Equation  is  an  equation  of  the  seconpL  degree 
in  the  unknown  number  or  numbers. 

A  Complete  Quadratic  Equation,  in  one  unknown  number,  is 
one  which  contains  a  term  (or  terms)  in  a^,  a  term  (or  terms) 
in  Xf  and  a  term  (or  terms)  free  from  x,  as  a^—2(ix-\-b=cx—d. 

A  Pure  Quadratic  Equation  is  an  incomplete  quadratic  equa- 
tion which  has  no  term  in  «,  as  o^  --  9  =  0. 

In  this  chapter  we  shall  consider  quadratic  equations  in 
only  one  unknown  number. 

2.  The  following  example  illustrates  a  principle  of  the 
equivalence  of  a  quadratic  equation  to  two  derived  linear 
equations. 

The  equation  «*  +  6  a?  +  9  =  16,  or  (x-\-3y=  16,  (1) 

is  equivalent  to  the  two  equations 

a;  4-  3  =  4,  and  a;  H-  3  =  -  4,  (2) 

obtained  by  equating  the  positive  square  root  of  the  first  mem- 
ber in  turn  to  the  positive  and  to  the  negative  square  root  of 
the  second  member. 

For  (1)  is  equivalent  to  (x  +  3)*  - 16  =  0.  (3) 

This  equation  is  equivalent  to 

a;H-3-4  =  0  and  a;  +  3  +  4  =  0 

jointly.     But  the  latter  equations  are  equivalent  to 

a?  -f  3  =  4,  a;  4-  3  =  ~  4. 

Equations  (2)  are  usually  written  a?  +  3  =  ±  4. 
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In  general,  if  the  positive  square  root  of  the  first  member  of 
an  eqiicutimi  he  equated  in  turn  to  the  positive  and  to  the  negative 
square  root  of  the  second  member,  these  two  derived  equations  are 
jointly  equivalent  to  the  given  equation, 

For,  the  equation  M=  N 

is  equivalent  to  3f  —  iV  =  0  ; 

that  is,  to  {y/M-\-^N){y/M-'y/N)  =  0. 

The  last  equation  is  equivalent  to 

y/M-^N=Q  and  V-3''+V-2V=0 
jointly  ;  that  is,  to  ^M  =  ±  -y/N, 

Pure  Quadratic  Equations. 

3-    Any  pure  quadratic  equation  can  be  reduced  to  the  form 
a?  =  m.     From  this  equation  we  obtain  a?  =  ±  -y/m,  by  Art.  2. 
Ex.   Solve  the  equation  (2  a;  —  5)  (2  a?  +  5)  =  11. 
Simplifying,  «*  =  9 ;   whence  a?  =  ±  3. 

EXERCISES  I. 
Solve  each  of  the  following  equations : 
1.    a;2  =  289.  3.  a;2  =  2809.  8.   a;^  =  3.61. 

4.    a;2  =  53.29.  5.   |xa  =  1636.  6.   1x2=1479.2. 

7.    9x2-86  =  6x2.  8.   7x2-8  =  9x2-10. 

9.    (3x-4)(3x  +  4)=65.  10.    (7  +  x)2  +  (7  -  x)2  =  130. 

11.  (2x-3)(3x-4)-(x-13)(x-4)=40. 

12.  (6  X  -  7) (3  X  +  8)  - (X  -  10)(9  -  x)  =  1634. 

18.    (4  +  x)(3  -  x)(2  -  x)-(x  +  2)(x  +  3)(x  -  4)  =  30. 

14.    (6  -  x)(3  -  x)(l  +  x)  +  (5  +  x)(3  +  x)(l  -  x)=  16. 
15.   8(2  -  x)2  =  2(8  -  x)2.  16.    (3  -  x)2  =  3(1 -x)2. 

17.   0x2  + 6  =  6x2  + a.  18.   a(x2  +  6)=  &(x2  +  a). 

Solution  by  Factoring. 

4.  The  principle  on  which  the  solution  of  an  equation  by 
factoring  depends  was  proved  in  Ch.  VIII.,  §  4,  Art.  1.  The 
methods  given  in  Ch.  VIII.,  §  1,  Arts.  9-13;  Ch.  XIX., 
Art  20,  and  Ch.  XX.,  Art.  29,  enable  us  to  factor  any 
quadratic  expression.     The  roots  of  the  given  quadratic  equa- 
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tion  M»  the  fOOlK  (tf  th<i  equis^tidns  obtained  by  equat^gtoO 
each  of  its  ffeM^tcMH. 

Ex.  1  Solve  the  equatloh  4(a?  -  4)*  =  6  «  +  20. 
Beducing  the  first  member^ 

Transferring  and  uniting  terms, 

Factoring  first  mmnber^ 

Equating  each  factor  to  0,      «  —  f  +  f  V^  =  ^> 

Whence  a?  =  f  —  J  V^>  ^i^^  *  =  t  +  f  V^- 

Ex.  2.  Solte  the  equation  4  m'^  +  4  mS»  ^  1  =  4  hmx 
Transferring  termS)  4  tuV  -^  4  mo^  -f  1  *4-  4  rnh, »  0> 
or  (2  ma?  - 1)'  -  (2  my-  w)^  =  0. 

Equating  to  0  the  factors  of  the  first  member, 
2  ma?  -  1  -f  2  m^—  n  =  0, 
2  ma?  -^  1  —  2  m^—  n  =  0. 

Whence       «  =  ii V"*"^^  anda?  =  - hV""*** 

■XBBCI8BS  II. 
Solve  eaeh  of  the  fblliowlag  equnUotw  i 

x2  +  10  X  +  24  A  0. 
(X  +  10)2  =  28. 
7a^*-Sx  =  160. 

settja-sevd^  +  nso. 

16.    (x  +  r)(:e-7)i=2(x  +  B0). 
(x-l)(2fc  +  3)=4<fc*-2a 


t 

x«-7«  =  4x. 

•. 

s. 

aj8-6*-»-8  =  0. 

4. 

5. 

a.2_4<fc_71=.(K 

6. 

7. 

13X-6 -6x2  =  0. 

8. 

9. 

6x-x2=18. 

10. 

11. 

(2  it-  1)2  =  8. 

1*. 

11 

x2-.2v^x-l=0. 

14. 

11. 

(x4-e)(x  +  8)  =  x-e. 

16. 

17. 

(2*+l)(*  +  2)  =  e««-4. 

18. 

IB. 

«2-8=rt(*-S). 

M. 
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fcl.     7xCac -l)=7~4(x-l).  22.    (2»+ l)'=5x(»-f.  8). 

53.    xa  —  2  ax  +  a2  =  62.  84.   »«  -  2  iHiT  -  1  =  0. 

86.    x2  —  2 a«  +  a8  +  62  =  0.  26,  x^ -4b^  =  ai^x-^ a), 

27.    n^x^ +2wna;  +  2w2  =  0.  28.   a« -(a  +  6)x  + a&  =  0. 

29.     (a^  4-  62)2;  _  abx^  -ab  =  0.         10.   x2  +  2  wx  +  to2  =  h. 

31.     x2 -|-2a  +  l=2(x-a).  82.   a2a.a  ^  2 a«;  +  1  =  a*. 

33.     4x2-,12flw  +  0a«  =  46«.  84.    (x  +  d)*  =  6  ox  -  (x  ^  «)«. 

35.    x2 -4(a  +  &)+l=2x.  86.   x2  =  2(a  +  6)x +  2(a2  +  6^). 

37.  (^m^ -  l)x2  -  8(f^a  +  l)aj  + 1^« -  1  =  0. 

38.  wnx2  _  (m  +  n)  (mn  +  l)x  +  (m2  +  1)  (n2  +  1)  =  0. 

39.  C^  -  n)2(w»  +  n)x^  f  2  (w  -  «)(»  4-  n)«as  +  a  m«fl  +  8  fl»  h  0. 

Solntioii  by  Completing  the  Square. 

5.  The  following  examples  illustrate  the  solution  of  a  quad- 
ratic equation  by  the  method  eallnd  Qompleting  the  Sguam, 

Ex.  1.  Solve  the  eq^uatioo  »^  —  5a  +  6=5  0, 

Transferring  6,  a^  —  5  a?  =  —  6. 

To  complete  the  squftw  in  tba  first  member,  we  udd  (-'f)*, 

=  ^:^,  to  thig  m6mber,  and  therefore  *l80  to  the  eecond.    We 

then  have 

Equating  square  root*,  (p  —  f  »  ±  i,  by  Art.  ?• 
Whence  a?  =  |  ±  ^. 

Therefore  the  required  rooti  are  d  and  3. 
Ex.  2.  Solve  the  equation 

7a^  +  5a;  +  l  =  0. 
Transferring  1,        7a5*H-5«s*  —  1. 
Dividing  by  7,  aj*  +  f  «  m  -- 1- 

Adding  (^)«  =  ^,  a^  +  faj  +  ^^  =  ^-|  =  fA. 
Equating  square  roots,  a?  +3^  =  ±  ^^^. 
Whence  x  =  -^^±  ^. 

Therefore  the  required  roots  are 

-A  +  i^*V-3  and  -^-,^y-3. 
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Ex.  a  Solve  the  equation 

(a«-6V-2a«aj  +  a«  =  0. 
Transferring  a\        (a*  —  6*)aj*  —  2  a**  =  —  a\ 

Dividing  by  a*  —  6*,  t?  —  - 


V     d?^V 


Adding  (  —  -- — - ) ,  =  -— — — -,  to  both  members, 
\     a*  —  07         (or  —  ir)^ 

.       2a*x  ct*       ^         g'  ^*       =      ^'^* 

a«  -  y  ■*■  (a«  -  by         a^  -  6«  ■*■  (a«  -  6^*     (a*  -  Iff 

Equating  square  roots,  x  — ^—^  =  ±    ^^    » 

Whence  aj  =  ^^^- 

Therefore  the  required  roots  are  — ^  and     ^ 


a  — 6  a-f  6 

The  preceding  examples  illustrate  the  following  method 
of  procedure: 

Bring  the  terms  in  x  and  o^  to  the  first  member,  and  the  term 
free  from  x  to  the  second  member y  uniting  like  terms. 

If  the  resulting  coefficient  ofo^  be  not  -|-1,  divide  both  memhen 
by  this  coefficient. 

Complete  the  square  by  adding  to  both  members  the  square  of 
half  the  coefficient  ofx. 

Equate  the  positive  square  root  of  the  first  m,ember  to  the  jw«i- 
tive  and  negative  square  roots  of  the  second  member. 

Solve  the  resulting  equations. 

BXEBCISES  III. 
Solve  each  of  the  following  equations : 
1.  xa-4a;  +  3  =  0.  8.   a;2-6aj  =  -4. 

8.  aj2  +  2a;4-l  =  0.  4.   2a;2-7x  +  3  =  0. 
5.   3x2_53x  +  34  =  0.  6.    14x  -  49aj2  -  1  =0. 

7.   xa-4a;  +  7=0.  8.    (2x- l)(aj  -  2)  =  (x  +  l)«. 

9.  a;2_2x  +  6  =  0.  10.   x^- 1  +  a(x  -  l)  =  xa. 
11.   C3x-2)(x-l)=14.  12.    110aja-21x+l=0. 
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18.  C2x-3)2  =  8x.  14.    (6»-3)2-7  =  40«-47. 

16.  C2x+l)(a;  +  2)=3x2-4.  16,   (a  +  l)(2x  +  3)=4x2  -  22. 

17.  (X  -  7)(x  -  4)  +  (2  X  -  3)(x  -  6)=  103. 

18.  10(2  X  +  3)(x  -  3) +  (7  X  +  3)2  =  20 (x  +  3)(x  -  1). 

19.  (x-  l)(x-8)  +  (x-3)(x-6)=32. 

20.  (X  -  l)(x  -  2)  +  (x  -  3)(x  -  4)  =  (x  -  l)a  -  2. 

21.  Cw-w)x2-(w+»)x+2n=0.      32.   4x2-4(3a+2  6)x+24a6=0. 

28.  (a  +  6)2x2  +  2  a6x  =  -     ^^^^ 


(a  +  6)3 
24.    a;2  _  2(a  +  6)x  +  (a  +  6  +  c)(a  +  6  -  c)  =  0. 

26.  x2  -(a  -  l)x  -  a=  0.  88.   x^  -  2 ex  +  ac  +  6c  -  a6  =  0. 

27.  x2-4wnx=(w2-n2)2.  88.   d^x^  -  4  a6dx -f- 4  a262  -  9  c^  =  0. 
29.    (a2  -  62)a;2  _  2(a2  +  62)3.  +  ^2  _  52  =  0. 

80.    a6cx2  _  (a262  +  c2)x  +  abc  =  0.     81.   x2 ^6  -  (  ^2  +  V3)«  +  1=0. 

x2-2xV(a  +  6)+26  =  0.         88.     (x-4a)(x  +  26-2)  3 

(a  +  6  —  l)(a  —  6  +  1) 
x2  __  6  +  c-x  _      (6  +  c)x2 

a^-\-ab  +  ac     a  +  6  +  c     a«  +  a26  +  a^c 


32. 
34. 


Oeneral  Solution. 

6.  The  most  general  form  of  the  quadratic  equation  in  one 
unknown  number  is  evidently 

oic*  H-  6a?  +  c  =  0. 

The  coefficient  a  is  assumed  to  be  positive  and  not  0,  but  6 
and  c  may  either  or  both  be  positive  or  negative,  or  0. 

Dividing  by  a,  ic*  +  -  a?  +  -  =  0. 

a       a 

Transferring  -,  aj*  4-  -  a?  =  —  -• 

a  a  a 

Adding  (  —  ),  =-—^    iB8  +  _aj+— 2  =  — 5-- 
\2aJ        4tar  a       4  a*     4  a*     a 

_  6*  —  4  oc 
"      4a2 

Equating  square  roots,  x  +  -^  =  ±  V(^'-^^-^). 

2  a  2a 
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Whence  *  =  - A  + V(ft'-4ac) 

and  »,--^-V(>'-^^) 

7.  The  roots  of  any  quadratic  equation  can  be  obtained  by 
substituting  in  the  general  solution  the  particular  values  of  the 
coef&cients  a,  b,  and  c. 

Ex.   Solve  the  equation  3a;«  +  7J-10  =  0. 

We  have  a  ==  3,  6  «=  7,  cJ  *±  -*  10. 

Substituting  th^se  values  in  the  general  solution^  we  obtm 

/p--       7    1   vT46-4x8(~iO)J_  j^ 

and  rfc««J^-lii=i|ltilJ)3^_Y. 

BJtfeBCISBS  IV. 
Solve  each  of  the  f  oUowitig  equftUons : 
1.  2a^  =  3a;  +  2.  8.   5aj2  _6aj+ 1  =  0. 

8.  9a;(x  +  l)=28.  4.  x^  -  ft*  =  2aa;- a^. 
6.  x^-\-eax-\-l=0,                                6.  a;«  +  l=2Jx. 

1   (x_6)«  +  (x-10)»  =  87.  «.  2x(3)i-4x)=n* 

9.  n2(xa  +  l)=aa  +  2n2x.  10.  x^ -f  (x  4- a)*  =  a*. 

Fractional  Equations  which  laad  to  Quadratic  Equations. 

8.  The  principles  given  in  Ch.  X.  for  solving  fractional 
equations  which  lead  to  linear  equations  hold  also  for  frac- 
tional equations  which  lead  to  quadratic  equations. 

Ex.1.  Solve  the  equation        i-i- = -AE^  4- 2.  (1) 

X  —  1     ar  —  1 

Multiplying  by  ar*  _  i,        4  (a?  -f  1)  =  3  «  4-  2  (aj>  - 1).        (2) 
Transferring  and  uniting  terms,    2  «•  ^  a  =  6.  (3) 

Dividing  by  2,  a?-:^xz=z3.  (4) 

The  roots  of  equation  (4)  are  2,  —  f .  Since  neither  is  a 
root  of  the  L.  C*  D.  (equated  to  0)  of  the  fractions  in  the  given 
equation,  i.e.,  of  aj*  —  1  =  0,  they  are  the  roots  of  that  equation. 
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£x.  2.  Salva  the  equation 

_1. 1         a^^^n^-n^ 

n-^x     ««-«?'"       ^  —  v? 
XJniting  the  fractions  in  the  first  member, 


(1) 

(2) 


n*  —  a*  af  —  n* 

Clearing  of  fractions, 

2aj=«iB*-2n-n*.  (3) 

Transferring  and  imiting  ^xmh 

aj*~2aj=w»  +  2n.  (4) 

Completing  the  squ^^, 

a^-2aj  +  l  =  n*  +  2n  +  l.  (5) 

Equating  square  roots, 

x-l  =  ±(n  +  l). 
Therefore  the  roots  of  (5)  are 

1  +  (n  + 1)  =  2  +  »,  and  1  -  (n  +  1)  =  -  n. 
The  number  2  +  n  is  not  a  root  of  the  L.  C.  D.  equated  to  0, 
that  is,  of  iB*  —  n*  =  0. 

Therefore  2  +  n  is  a  root  of  the  given  equation. 
But  -^  w  ie  a,  root  of  aj*  —  n*  =  0,  or  of  (x  -^  «)  (»  4- »)  =  0, 
and  ia  therefoi»e  jiot  a  root  of  the  given  equation. 

This  root  was  introduced  by  multiplying  the  given  equation 
by  the  factor  x-\-n  which  lyas  not  neqessapy  tO  olep^r  it  of 
fractions. 
Fof,  t^Msfemng  and  witipg  the  fwctiomi  in  equation  (3), 

we  obtftm  w   ■ ^  =  0, 

Fjictoring  the  numerator, 

Eeducing  to  lowest  terms,  *""^"~        '^ 


x  —  n 


The  uumerator  equated  to  0  gives  oj  — n  — 2^=0,  whence 
aj  =  2  +  n,  as  above. 
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9.  The  work  of  solving  an  equation  can  sometimes  be  sin^ 
plified  by  a  simple  substitution. 

Ex.   Solve  the  equation  ^±|  -  ^i|  =  % 

If  we  let  ^  "^    =  y,  the  given  equation  becomes  y  — =-• 

The  roots  of  this  equation  are  2,  —  ^. 
We  now  have  to  solve  the  two  equations 

a?  4-5 


x  +  2 


=  2,  whence  as  =  1 ; 


and  ^     n  = "~  i>  whence  aj  =  —  4. 

a/  +  2 

This  method  can  be  used  when  the  fractional  equation  con- 
tains only  two  expressions  in  the  unknown  number,  one  of 
which  is  the  reciprocal  of  the  other. 

BXEBCISBS  V. 


1. 

7U1VC   COUU  UX    bUC  lUilUWlJ 

15x4- -  =  11.             8. 

X 

X 

uuuB  : 

-     1             J     x-6  _    3 

4 

X       _      14 

X 

x-6 

1  1        60         o        3,3     __o 

+  '  =  x  +  4-      ••   1  +  x  +  l-x-' 

x  +  120     Sx-lO     " 

7. 

^-1        3^=2.      8. 
X         x-1 

x  +  4 
x-4 

x-4     10     ^    x  +  l  1  x  +  3_n 
X4-4      3        ■   x-1      x-3     2 

10. 

2      1^  +    «    =0. 

X     x+2     x-8 

11           3                  1        _1 

""•   2(x2-l)      4(x  +  l)     8 

19 

9x  + 1    _       X          a 

B4-3 
21 X 

18.    -i_4--i--  +  -^  =  0. 
x-1     x-2     x-3 

9x-3xa     21-7X 

14. 

5x-l      7x2_i06_ 
x+3        8x2-72 

1 
"8* 

15    ^-2      x  +  2_2(x  +  3). 
'   X4-2     x-2        x-3 

16. 

x  +  24_x-7           1 

1-     4X  +  67              X        __2. 

5x2-6     x+1      2x- 

2 

'   40x2-36      30x2-27     3 

18. 

x»4-3xa  +  3x+l_9 

x84-2x2  +  2x+l      7 

13    3X-16     2x-12_5 
'    2X-12  '  3X-16     2 

SO. 

2x-2_x2-l        „. 
5x+5      x2+l 

^-t 

ax                      X  —  1 

S8. 

x-l^     b               ^^ 

X  —  a 

_6-x           2^       X            *-m. 

x+1  x  +  a     6  +  x  x-1     x  +  1 
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26.    —^ «5— =  2.  27.   x= ^— ?-. 

x-f4na;  —  4n  (a  —  b)^x     a  —  b 

28              I        ^       ix  23      gg  +  l            1      ^x 

C«^-x)2     4x8  + 6a8*  *   n2x-2n     2  -  nx     n 

80.       «-^^    =— ^ J-.  81.   1-J^  =  _«l±^i_. 

8a;2_26^     2x  +  6     2a  x-a     a24-x2-2ax 

82.    « 5Lz:J =1.  88.    »iL^  +  rL=l£-_«! 


nx-x     x2  -  2  nx*^  +  n2x2       *  *   n-x     »  +  x     n'^-x^ 

g^     X  —  o4-&__q  —  &  —  X  .     jj-       qx 1  —  a ^ 

'    x-{-  a  —  b     a  +  6  +  x  ox  +  l     a^x^  -  a  —  a^x  +  ox 

86.     (9dl^\\l.±±^  +  S  =  0.  87.   ll«-^=121a«.^x^ 

\a-xy      2    a-x  3a -x       Oa^-x^ 

38.    a^-H  ;  a-6_g-l  |  a  +  &  3^    __L_  _.  1  _|.  1 4. 1. 

X  — 1     a  +  6     x  +  1     a  — 6  a4-6  +  3c     a     6     x 


40. 

42. 
44. 


x-b     x-g^g     6  -.     (q  -  x)' 4- (a?  -  &)' _         »^ 

x-a     x-6     6     a'  *    (a  -  x)^  +  (x  -  6)2 

(a^xy-^Cx-by^a^-b^       ^    (a-xy  +  (x-by^  a«  ~  5« 
(a-x)2  +  (x-6)2     ga  +  fe^'  (a4.6_2x)2  (a  +  6)^' 

x^-2nx  +  2qx-na         x  +  2n      _     1 
x^  —  a^  x2  +  ax  +  g2     x  —  a 

Theory  of  Quadratic  Equations. 

10.   A  quadratic  equation  has  two,  and  only  two,  roots. 
For,  by  Art.  6,  the  equations 

^^  6    ,  V(62-4ac) 
2a  2a 

and  x=A--V(&^-4ac) 

2a  2a 

are  jointly  equivalent  to  the  equation  ax^  +  6x  +  c  =  0. 
Therefore  ax^  +  6x  +  c  has  two,  and  only  two,  roots. 

U.   Relations  between  the  roots  of  a  quadratic  equation  and  the 
coefficients  of  its  terms.  —  If  the  roots  of  the  quadratic  equation 

ax2  +  6x  +  c  =  0,  or  x2  +  -  X  +  -  =  0 
a        a 
be  designated  by  ri  and  r2,  we  have 

"^—2^-^  2a         ' 

2a  2a 
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The  sum  of  the  yootg  is  ri  +  r2  =  —  -•  (1) 

a 
The  product  of  the  rqots  19 

^'"L     2a  .    2a         J     L     ^a  2a         J 

L     2aJ      L         2a         J      4a2         4a-*         a'  ^  "^ 

The  relations  (1)  aud  (2)  may  be  expressed  Ihua  2 

(I,)  The  mm  of  tke  roots  of  a  quadratic  equation  is  equal  to  tke 
quotient  obtained  hp  dividing  the  coefficient  of  the  first  power  of  the  un- 
known number^  with  sign  reversed^  by  the.  coefficient  of  the  second  pomr 
of  the  unknou^n  number. 

In  particular,  if  the  coefficient  of  the  second  power  of  the  ^ukno%on 
number  be  1*  the  sun^  of  the  roots  is  eqxiql  to  the  co^eient  of  thi  first 
power  of  the  unknown  number,  with  sign  reversed. 

(ii.)  The  proiduet  of  the  roots  of  a  quadratic  equation  is  equal  to  the 
quotieiRit  obtained  by  dividing  the  term  free  from  the  unisnown  number  by 
the  coefficient  of  the  second  power  of  the  unknown  number* 

In  particular,  if  the  coefficient  of  the  second  power  of  the  uid^nown 
number  be  1,  the  product  of  the  roots  is  equal  to  the  term  free  from  the 
unknown  number. 

E.g.,  the  roots  of  the  equatjon  6»?  —  jc^a  =  0  are  |  and  —  \  ;  their 
sum  is  \  (the  coeflBcient  of  x,  with  sign  reversed,  divided  by  the  coefficient 
of  x^),  and  their  product  is  —  J  (the  term  free  from  a?  divided  hy  the 
coefficient  of  x^). 

The  roots  of  the  equation  »*  —  5a5-f6  =  0  fife  2  and  3 ;  their  sum  is  5, 
and  their  product  is  6. 

12.  Formation  of  an  Equfttion  from  Us  Roots. — The  relations  of 
the  last  article  enable  ua  to  fprm  an  equation  if  itq  r<?Qt»  be  giyeni  We 
may  always  assupie  that  tbe  coefiScient  of  the  gecontl  power  of  the 
unknown  number  is  1. 

Ex.  1.   Form  the  equation  whose  roots  are  —1,2. 
We  have  ri  +  r2=— 1  +  2  =  1,  the  coefficient  of  x,  with  sign  reversed ; 
and  rir2  =  —  1  x  8  =  —  3»  the  term  free  from  x. 
Therefore  the  required  equation  is  a^  —  a;  —  2  =  0. 

Ex.  2.   Form  the  equation  whose  roots  are  1  +  2v^3,  1  —  2^^. 
We  have  n  +  r2  =  (1  +  2^3)  -f  (1  -  2  ^3)  =  2  ; 

and  rir2=(l  +  2V3)(l  -2V3)  =  1  -12  =-11. 

Therefore  the  required  equation  isx^^2x  —  11=0. 
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Sk.  S.    Form  the  Equation  whose  roots  are  2  +  5^—  3,  2  —  6^—  8. 
We  liave    n  +  r2  =(2.+ 6V~8)  +  (a  -  5v/-3)=  4; 
and  n»*&  =(8  +  6^-  3) (2  -  6^-  »)=  4  +  76  =  79. 

Therefore  the  required  equation  is  au^  ^  4  »  -f  79  =  0. 

13-  iTie  l»oots  ot  a  quadl^tic  equation,  all  of  whose  tferms  aw  In  the 
first  member,  are  the  roots  of  the  two  linear  factors  into  which  this  mera- 
bet  can  be  resolved.  Coti&equently  a  quadratic  equation  whose  roots  ai^ 
given  can  be  formed  by  multiplying  together  the  two  linear  factors  which 
(equated  to  0)  have  as  roots  the  glveu  roow. 
Ex.  Form  the  equation  Whose  roots  are  •"  1,  2. 
Since  -  1  is  the  root  of  as  +  1  =  0, 

and  2  is  the  root  of  x  —  2  =  0, 

the  requited  quadratic  is  (a  +  1)  (a?  -  2)  =.  0,  or  a;*  -  «  -  2  =  0. 

When  the  roots  are  irrational  or  imaginary,  the  method  of  the  pre- 
ceding article  is  to  be  preferred. 

14.  One  Root  Known.  —  When  one  root  of  a  given  quadratic  equation 
is  known,  the  other  root  can  be  found  without  solving  the  equation. 

Ex.  1.  One  root  of  the  equation  x^  —  6x-\-Q=:0  is  3;  what  is  the 
other  root? 

Since  5  is  the  sum  of  the  roots,  the  required  root  Is  5  —  3,  =2. 

Or,  since  »*  ^Qx-^G  is  the  produet  of  two  linear  factors,  one  of  which 
is  as  —  3,  the  other  factor  is 

fc-3 
The  required  root  is  therefore  the  root  of  a;  —  2  s  0,  or  »  :=  24 

Ex.  %  One  root  of  tiie  equation  ^^  +  2  »  —  1  =  0,  is  —  1  +  V^  >  ^^^^ 
is  the  other  root  ? 

The  required  root  is-2-(-l+  a/2),  =  -  1  -  V2. 

15.  Expressions  Symmetrical  in  the  Roots.— The  value  of  an  ex- 
pression which  is  symmetrical  in  the  roots  of  a  given  quadratic  equation 
can  be  found  without  solving  the  equation. 

Ex.   If  n  and  r2  be  the  roots  of  «**  -|-  j)«  +  5  =  0,  find  the  value  of 

We  have  n"  +  n^  =  (ri  +  r2)«  -  2  nrj  =  (-i?)^  -2g=£|)«-2g. 

16.  We  can  sometimes  form  an  equation  whose  roots  have  definite 
relations  to  the  roots  of  a  given  quadratic  equation  without  solving  the 
latter. 
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Ex.  Form  an  equation  whose  roota  are  the  reciprocals  of  the  roots 
of  the  equation  x*  —  8x4-16  =  0. 

Let  ri  and  ra  be  the  roots  of  the  given  equation.  Then  —  and  —  are 
the  roots  of  the  required  equation.  ^^         ^^ 

We  have  —-\-  —  =  ^^  "^  *'^  =  — ,  the  coefficient  of  x  (with  sign  reversed) 
n     ra        1*1  ra        16 

in  the  required  equation ;  and  —  x  —  =  -^  =  — ,  the  term  free  from  x  in 
the  required  equation.  ^^     **«     ^^^^     ^^ 

Consequently  die  required  equation  is 

»*-Aa5  +  A  =  0,  or  16x^-8x+l=0. 

Nature  of  the  Roots  of  a  Quadratic  Equation. 

17.  In  many  applications  it  is  important  to  know,  without  having  to 
solve  an  equation,  the  nature  of  its  roots,  i.e.,  whether  they  are  both  real 
and  unequal,  whether  they  are  both  real  and  equal,  whether  they  are 
imaginary,  etc. 

In  the  general  solution 

2a  2a  '         2a  2a 

of  the  equation  ax^*  +  6x  +  c  =  0, 

a,  h,  and  c  are  limited  to  real,  rational  values. 

(i.)  77^6  two  roots  are  real  and  unequal  when  b^  —  4ae  is  positive,  i.e., 
when  6*  —  4  ac  >  0. 

E.g.,  in  x2  +  4x-12  =  0, 

a  =1,  6  =  4,  c  =  -  12  ;  and  since  6*  -  4  ac,  =  16  +  48, 
is  positive,  the  roots  of  this  equation  are  real  and  imequal. 

(ii. )  The  two  roots  are  real  and  equal  when  6*  —  4  ac  is  equal  to  0 ; 
i.e.,  when  6^  =  4  ac. 

Kg.,  in  x2-4x  +  4  =  0, 

a  =  l,  6=  —  4,  c  =  4;  and  since  6^  =  4  ^c, 
the  roots  of  this  equation  are  real  and  equal. 

(iii.)  The  two  roots  are  conjugate  complex  numbers  when  6*  —  4  ac  i« 
negative;  i.e.,  when  6*  —  4  ac < 0. 

E.g.,  in  x2-2x  +  3  =  0, 

a  =  l,  6=—  2,  c  =  3;  and  since  b^  —  iac,  =4  —  12,  =  -  8, 
is  negative,  the  roots  of  this  equation  are  complex  nimibers. 

(iv.)  The  two  roots  are  real  and  rational  when  b^  —  4ac  is  positive 
and  the  square  of  a  rational  number. 


QUADRATIC  EQUATIONS.  317 

J^.gr.,in  a:»-6a;  +  4  =  0, 

0  =  1,  6=—  6,  c  =  4;  and  since  6^  _  4  ac,  =  9, 
is  the  square  of  a  rational  number,  the  roots  of  this  equation  are  real  and 
rational. 

(v.)    The  two  roots  are  real,  httt  conjugate  irrationals,  w?ien  6*  —  4  oc 
is  positive  and  not  the  square  of  a  rational  number. 

-E.flT.,  in  x2-6x  +  2  =  0, 

a  =  l,  6=  —  6,  c  =  2;  and  since  62  _  4  ac,  =26  —  8,  =  17, 
is  positive  and  not  the  square  of  a  rational  number,  the  roots  of  this 
equation  are  conjugate  irrational  numbers. 

(vi. )    The  two  roots  are  equal  and  opposite  when  6  =  0. 

We  then  have  n  =  V(-^«^-),  and  ra  =  -  V(-^<^g) . 
2a  2a 

Notice  that  in  this  case  the  roots  are  real  or  imaginary  according  as  ac 
is  negative  or  positive. 

E.g.,  from  2  x^  ^  5  =  0  we  have  x  =  V—  4  =  ±  iV"  1^- 
(vii.)   One  root  is  zero  when  c  =  0. 

We  then  have  ri=-A4.:v^  =  -.A4.A  =  0; 
2a      2a         2a     2a 

^  ^ 6      V6g^       6 &_  =  _&. 

'         2  a      2  a         2a     2  a        a' 
E.g.,  from      2x2-3x  =  0,  we  have  x(2x-  3)  =  0; 
whence  x  =  0,  and  x  =  f . 

(viii.)  Both  roots  are  zero  when  6=0  and  c  =  0. 
We  then  have  ri  =  0  +  0,  r2  =  0  -  0. 

E.g.,  from  3  x^  =  0  we  obtam  x  =  0  and  x  =  0. 

18.  As  long  as  a  is  not  equal  to  0,  however  near  its  value  may  be  to 
0,  the  values  of  ri  and  r2  given  above  constitute  the  solution  of  the  equa- 
tion. If,  then,  we  assume  that  these  values  still  give  the  roots  when 
0  =r  0,  we  must  determine  the  nature  of  the  roots  under  this  assumption. 

(i.)    One  root  is  infinite  and  the  other  —  ^,  when  a  =  0,  6  ^^  0,  c  ^^  0. 

6 

For    ^^_-h-\-^ih^-^ac)^[-b+^ih'^--^ac)M-h-^{h^-\ac)-\ 
2  a  2a[-6-v(&^-4ac)] 

_         52  _  (fe2  ^  4  ac) 2c 

2a[-  6  -  V(^^  -  4  ac)^      -  6  -  V(*^  -  ^  ac) 

11  in =-^ we  let  a  =  0,  we  obtain  ri  = ^  =  -  -. 

-6-V(^^-4ac)  -6-6         6 
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Also,  ,5-v6^^-^^^ 

0  0 

In  tbia  oaae  we  are  apparently  dealing  with  tlie  linear  equation 
bx-\-  c  =  0, 
and  not  with  a  quadratic.    But  in  applications  of  Algebra  it  Uk  frequently 
necessary  to  consider  the  coefficient  of  x^  aa  growing  smaller  and  SQiaUer 
without  limit,  i.e.,  as  approaching  0, 

The  meaning  of  the  results  given  above  are  that  as  a  grows  smaller 
and  smaller  without  limit,  one  root  grows  larger  and  larger  without  limit, 
and  the  other  root  becomes  more  and  more  nearly  equal  to  —  -• 

E.g.,  the  equation  0  •  x^-\-^x-^Z  =  0  has  one  root  ao  and  one  rqot  —  |. 

(ii.)   Both  roQt$  are  infinite  when  a  =?  0,  &  =  0,  c  :^  0. 

2  c 
We  have  n  = ,  as  above. 

And  -6-V(6^-4ac)^ &^-(&^-4ge) 

If  we  now  let  a  =  0,  6  ?=  0,  c  ^  0,  we  obtain 

2c  J       •  2o 

n  =  y  =  «?i  ftod  ff  =  y  =  gp » 

Attention  is  called  to  the  remarHs  at  the  end  of  (i,). 

E.g.,  the  equation  0*x^-\-(i'X^%z^{i  has  two  infinite  roots. 

19.  If,  in  simplifying  a  quadratic  equation,  the  terms  of  the  seoond 
degree  in  the  unknown  number  be  eanoeled,  an  infinite  root  is  lost 

E.g.,  solve  the  equation       {I  ^%m){%^%z)mh-^^K 
Performing  indicated  operations,  2  +  j;  —  6  o?^  =  5  —  6  au^. 

Transferring  and  uniting  terms,  » =?  3. 

In  canceling  -f^x^wx  infinite  root  was  lost 

It  was  for  this  reason  that  in  the  principle  for  adding  or  subtracting 
the  same  number  or  expression  to  or  from  both  members  of  an  equation 
the  roots  were  limited  to  finite  values. 

Maactma  and  Minima. 

20.  Pr.  I.  What  is  the  least  value  of  a;"  +  d  «  +  11  f or  real  values 
of  a;  ?     What  is  the  value  of  x  which  gives  this  least  value  ? 

Let  x^  +  Qx-\-\\^y.  Then  we  are  to  fiud  tbe  least  value  of  y  for  all 
possible  real  values  of  x. 
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We  then  hate  x'^-^-Gx  +  Q  =  y -^2; 

or  x  +  3=v(y-2). 

Now  X  will  be  real  only  for  values  of  y  =  or  >  2.    That  is»  2  is  the 
least  value  of  y,  =x* -f  6x+  11,  for  real  values  of  x.     When  y  =  2, 

Pr.  2.    Between  what  bounds  do  the  values  of  the  fraction  ^^-^ — ~~~~ 
lie  for  real  values  of  x  ? 

Whence  x^  +  (4  -  y)«  +  (2  y  -  8)  =  0. 

Then,  by  Art.  17  (i.),  the  values  Of  x  will  be  real  wheh 
(4-y)2_4(2y-8)>0j 
that  is,  when    i^  -  16  y  +  48  >  0,  or  (y-4)(y  -  12)>0. 

This  expression  will  be  greater  than  0,  for  all  values  of  y  <  4,  and  for 
all  values  of  y  >  12. 

That  is,  the  given  fraction  can  have  M  Values  between  -  (fe  and  4,  and 
between  12  ftind  -^  ao. 

The  values  of  x  corresponding  to  the  bounds  of  the  fraction  are  found 
by  solving  the  equations  obtained  by  equating  the  giten  fraction  to  4  and 
12  respectively.     We  then  have : 

When  y  =  4)  x  =  0 ;  when  y  =  12,  x  =  4» 

Pr.  St     Under  what  condition  can 

ax2  +  2hxy-\-  by^  +  2|rx  +  2/y  4-  c 
be  c^dstolv^d  Into  lineif^  rationial  factors  ? 

Solving  the  given  expression  as  a  quadratic  in  «  we  Obtain 

CMC  +  *«f  +  f  =  ±  y/l(^^  -  «*)y"  +  2(/igr  -  af)y  4-  (g^  -  twj)].      (1) 
Equation  (1)  gives  two  linear  rational  foctort  Whfen  the  es^ttTeSSlOb 
under  the  raditial  is  a  perfect  square  ;  that  is>  when 

(^^  -  «y )'  -  {^\  -  Ctb)  (^»  -  «c)  =  0  J 
or  afte  +  2J\^h  -  a/2  -  bp^  -  tl^a  ^^  0. 

BXBRGISfiS  VI. 

Form  the  eq\iaito)l»  Whose  roots  ar&  : 


i. 

8,2. 

a.  -6,  -3> 

t. 

10,  10.                 4.   7,  -  1 

fi. 

4,  -  10. 

6.   ^,  IJ. 

7. 

_j,  _lj.           8.    -J,8. 

9. 

2,0. 

10.   a,b. 

11. 

-  a,  -  1.          li.   a*,  -  4  a^. 

ifi 

a    b 
V  a 

14.  «  +  *,   1. 
a  —  6 

15          "                6 

•   2a-2V  26-2a 
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16.    V2, -V2.  17.   5^7,  -6 V7.  18.    J^-3,  -JV-S. 

19.    14-V7,  1-V7.  to.   4-Jvil»4  +  Wll. 

81.   3-V-5,34-V-6.  82.   }  -  Jv- 1.  i  + iV-1- 

Find  the  second  root  of  each  of  the  following  equations,  without 
solving  the  equation: 

88.   a;2  -  905  +  20  =  0,  when  n  =  4. 

84.   6  ac^  -  X  -  1  =  0,  when  ri  =  -  J. 

86.  a*  -(a  +  6)*  =  0,  when  n  =  a  +  6. 

86.  ae2  -  (a^  -  62)x  =  0,  when  n  =  0. 

87.  62a;2  4.2a6x  +  a«  =  0,  whenri  =  -?. 

88.  (a2  -  6«)a;2  4-  4  a6x  -  a^  4-  6*^  =  0,  when  n  =  ^5^^. 

a  +  6 

89.  x2  -  2  05  -  1  =  0,  when  n  =  1  -  V2. 

80.  x2  4.  a.^6  +  1=0,  when  n  =  -  iCV^  +  !)• 

81.  a;2  _  e  X  +  13  =  0,  when  ri  =  3  +  2  V-  1. 

88.    (a  +  6)2x2  -  (a  +  6)cx  -  ac  =  0,  when  n  =  ^  ""  )f/^^"^t  ^^^- 

If  ri  and  r2  stand  for  the  roots  of  the  equation  x*  +  px  +  g  =  0,  express 
each  of  the  following  symmetrical  expressions  in  terms  of  p  and  q : 
88.  ri^+rjj^.  84.   ri»  4- ra«.  86.   n*  +  r2*. 

86.  1  +  1  87.   "-^  +  ^*.  88.   ri±ri  +  TL±I^, 

ri     rj  r2     n  ri  r2 

89-44.  Express  each  of  the  relations  given  in  Exx.  33-38  in  terms  of 
the  roots  of  the  equation  x^  +  x  —  6  =  0. 

Without  solving  the  equations  x^  +i)x  +  g  =  0  and  x*  —  10  x  +  40  =  0, 
form  the  equations  whose  roots  are 

46.   The  opposites  of  the  roots  of  the  given  equations. 

46.  The  reciprocals  of  the  roots  of  the  given  equations. 

47.  Twice  the  roots  of  the  given  equations. 

48.  The  roots  of  the  given  equations  increased  by  2. 

49.  The  roots  of  the  given  equations  diminished  by  5. 
60.  The  squares  of  the  roots  of  the  given  equations. 

Without  solving  the  following  equations,  determine  the  nature  of  the 
roots  of  each  one : 

61.   x2  +  17x+70  =  0.  62.   x2-6x=27. 

68.   x2+12x  =  -40.  64.   x2-6x  +  9  =  0. 

66.   x2  +  5x-14  =  0.  66.   x2  +  20x  =  -100. 
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67.  x2_a;=:i2.  58.  x2-83C  +  26  =  0. 

69.  a;2-13x  +  22  =  0.  60.  x2-8a;  =  16. 

61.  9x2-12x  +  4=0.  62.  8x2  _2x- 26=0. 

63.  16x2  +  8x4-49  =  0.  64.  10x2 -21x  -  10  =  0. 

65.  16x2 +  40x  + 26  =  0.  66.  26x2  + 4x  -  77  =  0. 

67.  20x2+19x  =  -3.  68.  4x2  +  52x  =  87. 

For  what  varlues  of  m  are  the  roots  of  each  of  the  following  equations 
equal  ?  For  what  values  of  m  are  the  roots  real  and  unequal  ?  And  for 
-what  values  of  m  are  the  roots  complex  numbers  ? 

69.   mx2  +  4x+l  =  0.  70.   2x2  +  mx  +  l  =  0. 

71.   3x2  +  6x  +  m  =  0.  72.   mx2  +  wx  +  l=0. 

Find  the  greatest,  or  the  least,  value  of  each  of  the  following  expres- 
sions for  real  values  of  x,  and  the  corresponding  value  of  x : 

73.   x2-6x  +  7.  74.   10  +  3x-x2. 

75.   2x2-6x  +  7.  76.   3  +  8x-5x2. 

Find  the  bounds  of  each  of  the  following  fractions  for  real  values 
of  X,  and  the  corresponding  values  of  x : 

^^    x2  +  3x-3  ^g    x2  +  X  +  2  ^g    4x2  +  24x  +  27 

x-l'  *x  +  2*  13 -8x* 

80.         8x  +  3  3j         24X  +  7  33         x -^  S 


4x2  +  8x  +  3  4x2  +  8x  +  2  x2  +  6x-3 

Which  of  the  following  expressions  can  be  separated  into  rational 
linear  factors? 

83.  3x2  +  13xy-10y2_  iix  +  13y-4. 

84.  6x2-14xy-3y2_8x  +  8y  +  3. 

85.  2x2-4xy-6y2_3a;  +  i7y_4. 

86.  4x2-7xy  +  3y2  +  9x-6y  +  3. 

87.  Divide  100  into  two  parts  so  that  their  product  shall  be  a  maximum. 

88.  Divide  20  into  two  parts  so  that  the  sum  of  their  squares  shall 
be  a  minimum. 

89.  Two  points,  A  and  B,  move  along  two  perpendicular  lines.  A  is 
13  feet  and  B  is  16  feet  from  the  point  of  intersection,  P.  A  moves  at 
the  rate  of  4  feet  a  second  toward  P,  and  B  at  the  rate  of  3  feet  a  second 
away  from  P.  After  how  many  seconds  will  A  and  B  be  the  least  dis- 
tance from  each  other  ? 
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Problems. 

2L  Pr.  1.  The  sum  of  two  numbers  is  15  and  tlieir  product 
is  56 ;  what  are  the  numbers  ? 

Let  X  stand  for  one  of  the  numbers ;  then,  by  the  first  con- 
dition, 16  —  «  stands  for  the  other  number.  By  the  second 
condition 

a;(15  —  x)  =  56 ;  whence  a?  =  7,  and  8. 

Therefore  a  =  7,  one  of  the  numbers,  and  15  —  a?  =  8,  the 
other  number.  Observe  that  if  we  take  x  =  8,  then  15  —  a?  =  7. 
That  is,  the  two  required  numbers  are  the  two  roots  of  the 
quadratic  equation. 

Pr.  2.  Divide  100  into  two  parts  whose  product  is  2600. 
.  Let  X  stand  for  the  less  part,  and  100  —  x  for  the  greater. 

By  the  second  condition,  a?  (100  —  a;)  =  2600.  The  roots  of 
this  equation  are  50  -f  10^—  1  and  50  — 10 V—  1- 

An  imaginary  result  always  indicates  inconsistent  conditions 
in  the  problem.  The  inconsistency  of  these  conditions  may  be 
shown  as  follows : 

Let  d  stand  for  the  difference  between  the  two  parts  of  100. 
Then  50  +  |d  stands  for  the  greater  part,  and  50  —  Jd  for  the 
less. 

The  product  of  the  two  parts  is 

(50  +  ^  d)(50  -  i  d),  =  2500  -(i  cf)'  =  2500  -  ^ (P. 
Since  d^  is  positive  for  all  real  values  of  d,  the  product  2500 
—  \d^  must  be  less  than  2500.     Consequently  100  cannot  be 
divided  into  two  parts  whose  product  is  greater  than  2500. 

22.  When  the  solution  of  a  problem  leads  to  a  quadratic 
equation,  it  is  necessary  to  determine  whether  either  or  both 
of  the  roots  of  the  equation  satisfy  the  conditions  expressed 
and  implied  in  the  problem. 

Positive  results,  in  general,  satisfy  all  the  conditions  of  the 
problem. 

A  negative  result,  as  a  rule,  satisfies  the  conditions  of  the 
problem,  when  they  refer  to  abstract  numbers.     When  the 
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required  numbers  refer  to  quantities  which  can  be  understood 
in  opposite  senses,  as  opposite  directions,  etc.,  an  intelligible 
meaning  can  usually  be  given  to  a  negative  result. 

An  imaginary  remit  always  implies  inconsistent  conditions. 

23.  The  interpretation  of  a  negative  result  is  often  facilitated  by  the 
following  principle : 

If  a  given  quadratic  equation  have  a  negative  root,  then  the  equation 
obtained  from  the  given  one  by  changing  the  sign  of  x  has  a  positive  root 
of  the  same  absolute  value. 

Let  -  r  be  a  root  of         ox^  -|-  6x  +  c  =  0.  (1) 

Then,  since  —  r  must  satisfy  the  equation,  we  have 

a(-r)2  +  6(-r)  +  c  =  0, 

or  ar2  -  6r  +  c  =  0.  (2) 

But  equation  (2)  shows  that  r  satisfies  the  equation 

w|;iich  is  obtained  from  (1)  by  changing  the  sign  of  x. 

Pr.  A  man  bought  muslin  for  $3.00.  If  he  had  bought  three  yards 
more  for  the  same  money,  each  yard  would  have  cost  him  6  cents  less. 
How  many  yards  did  he  buy  ? 

Let  X  stand  for  the  number  of  yards  the  man  bought.     Then  1  yard 

800 

cost  —  cents.     If  he  had  bought  x  +  3  yards  for  the  same  money,  each 

X  ^00 

yard  would  have  cost  cents. 

x  +  3 

Therefore    ?22  -  J2L  =  6 ;  whence  x  =  12  and  -  16. 
X       x  +  3 

The  root  12  satisfies  the  equation  and  also  the  conditions  of  the  prob- 
lem ;  the  root  —  15  has  no  meaning. 

But  if  X  be  replaced  by  —  x  in  the  equation,  we  obtain  a  new  equation 

300  300     ^  g    or'-?52--  — =  5  (2^ 

-X      -x  +  3        '        x-3       X         '  ^  ^ 

whose  roots  are  ->  12  and  +  15. 

Equation  (2)  evidently  corresponds  to  the  problem :  A  man  bought 
muslin  for  $3.00.  If  he  had  bought  3  yards  less  for  the  same  money, 
each  yard  would  have  cost  him  5  cents  more. 

Notice  that  the  intelligible  result,  12,  of  the  first  statement  has  become 
—  12  and  is  meaningless  in  the  second  statement. 

Attention  is  called  to  the  remarks  in  Ch.  XII.,  Art.  6. 
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EXERCISES  VII. 

1.  If  1  be  added  to  the  square  of  a  number,  the  sum  will  be  50. 
What  is  the  number? 

8.  If  6  be  subtracted  from  a  number,  and  1  be  added  to  the  square  of 
the  remamder,  the  sum  will  be  10.    What  is  the  number  ? 

8.  One  of  two  numbers  exceeds  60  by  as  much  as  the  other  is  less 
than  50,  and  their  product  is  2400.    What  are  the  numbers  ? 

4.  The  product  of  two  consecutive  integers  exceeds  the  smaller  by 
17,424.    What  are  the  numbers  ? 

6.  If  27  be  divided  by  a  certain  number,  and  the  same  number  be 
divided  by  3,  the  results  will  be  equal.    What  is  the  number  ? 

Q.   What  number,  added  to  its  reciprocal,  gives  2.9  ? 

7.  What  number,  subtracted  from  its  reciprocal,  gives  n?  Let 
n  =  6.09. 

8.  If  n  be  divided  by  a  certain  number,  the  result  will  be  the  same  as 
if  the  number  were  subtracted  from  n.    What  is  the  number  ?    Let  n=4. 

9.  If  the  product  of  two  numbera  be  176,  and  their  difference  be  5, 
what  are  the  numbers  ? 

10.  A  certain  number  was  to  be  added  to  J,  but  by  mistake  J  was 
divided  by  the  number.  Nevertheless  the  correct  result  was  obtained. 
What  was  the  number? 

11.  If  100  marbles  be  so  divided  among  a  certain  number  of  boys  that 
each  boy  shall  receive  four  times  as  many  marbles  as  there  are  boys,  how 
many  boys  are  there  ? 

12.  The  area  of  a  rectangle,  one  of  whose  sides  is  7  inches  longer  than 
the  other,  is  494  square  inches.     How  long  is  each  side  ? 

18.  The  difference  between  the  squares  of  two  consecutive  numbers 
is  equal  to  three  times  the  square  of  the  less  number.  What  are  the 
numbers  ? 

14.  A  merchant  received  $48  for  a  number  of  yards  of  cloth.  If  the 
number  of  dollars  a  yard  be  equal  to  three-sixteenths  of  the  number  of 
yards,  how  many  yards  did  he  sell  ? 

16.  In  a  company  of  14  persons,  men  and  women,  the  men  spent  624 
and  the  women  $24.  If  each  man  spent  $1  more  than  each  woman,  how 
many  men  and  how  many  women  were  in  the  company  ? 

16.  A  pupil  was  to  add  a  certain  number  to  4,  then  to  subtract  the 
same  number  from  9,  and  finally  to  multiply  the  results.  But  he  added 
the  number  to  9,  then  subtracted  4  from  the  number,  and  multiplied  these 
results.  Nevertheless  he  obtained  the  correct  product.  What  was  the 
number  ? 
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17.  A  man  paid  $  80  for  wine.  If  he  bad  received  4  gallons  less  for 
the  same  money,  he  would  have  paid  $1  more  a  gallon.  How  many 
gallons  did  he  bay  ? 

18.  A  man  left  $31,500  to  be  divided  equally  among  his  children. 
But  since  3  of  the  children  died,  each  remaining  child  received  $3376 
more.     How  many  children  survived  ? 

19.  Two  bodies  move  from  the  vertex  of  a  right  angle  along  its  sides 
at  the  rate  of  12  feet  and  16  feet  a  second  respectively.  After  how  many 
seconds  will  they  be  90  feet  apart  ? 

20.  A  tank  can  be  filled  by  two  pipes,  by  the  one  in  two  hours  less  time 
than  by  the  other.  If  both  pipes  be  open  1|  hours,  the  tank  will  be  filled. 
How  long  does  it  take  each  pipe  to  fill  the  tank  ? 

21.  From  a  thread,  whose  length  is  equal  to  the  perimeter  of  a  square, 
36  inches  are  cut  off,  and  the  remainder  is  equal  in  length  to  the  perime- 
ter of  another  square  whose  area  is  four-ninths  of  that  of  the  first.  What 
is  the  length  of  the  thread  ? 

22.  A  number  of  coins  can  be  arranged  in  a  square,  each  side  contain- 
ing 61  coins.  If  the  same  number  of  coins  be  arranged  in  two  squares, 
the  side  of  one  square  will  contain  21  more  coins  than  the  side  of  the 
other.  How  many  coins  does  the  side  of  each  of  the  latter  squares  con- 
tain? 

28.  A  farmer  wished  to  receive  $2.88  for  a  certain  number  of  eggs. 
But  he  broke  6  eggs,  and  in  order  to  receive  the  desired  amount  he 
increased  the  price  of  the  remaining  eggs  by  2}  cents  a  dozen.  How 
many  eggs  had  he  originally? 

24.  Two  bodies  move  toward  each  other  from  A  and  B  respectively, 
and  meet  after  35  seconds.  If  it  takes  the  one  24  seconds  longer  than 
the  other  to  move  from  A  to  B,  how  long  does  it  take  each  one  to  move 
that  distance  ? 

25.  It  take^  a  boat's  crew  4  hours  and  12  minutes  to  row  12  miles 
down  a  river  with  the  current,  and  back  again  against  the  current.  If 
the  speed  of  the  current  be  3  miles  an  hour,  at  what  rate  can  the  crew 
row  in  still  water  ? 

26.  A  man  paid  $  300  for  a  drove  of  sheep.  By  selling  all  but  10  of 
them  at  a  profit  of  $  2.50  each,  he  received  the  amount  he  paid  for  all  the 
sheep.     How  many  sheep  did  he  buy  ? 

27.  Two  men  start  at  the  same  time  to  go  from  A  to  B,  a  distance  of 
36  miles.  One  goes  3  miles  more  an  hour  than  the  other,  and  arrives  at 
B  1  hour  earlier.     At  what  rate  does  each  man  travel  ? 
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88.  It  took  a  number  of  men  as  many  days  to  dig  a  ditch  aa  there  were 
men.  If  there  had  been  6  more  men,  the  work  would  have  been  done  in 
8  days.     How  many  men  were  there  ? 

28.  The  front  wheel  of  a  carriage  makes  6  revolutions  more  than  the 
hind  wheel  in  running  36  yards  ;  if  the  circumference  of  each  wheel  were 

1  yard  longer,  the  front  wiieel  would  make  but  3  revolutions  more  than 
the  hind  wheel  in  running  the  same  distance.  What  is  the  circumfer- 
ence of  each  wheel  ? 

80.  Two  men  formed  a  partnership  with  a  joint  capital  of  $500.  The 
first  left  his  money  in  the  business  6  months,  and  the  second  his  money 

2  months.  Each  realized  $  450,  including  invested  capital.  How  much 
did  each  invest  ? 

81.  Two  trains  run  toward  each  other  from  A  and  B  respectively,  and 
meet  at  a  point  which  is  16  miles  further  from  A  than  it  is  from  B.  After 
the  trains  meet,  it  takes  the  first  train  2}  hours  to  run  to  B,  and  the  second 
train  3f  hours  to  run  to  A.     How  far  is  A  from  B  ? 

82.  The  perimeter  of  a  rectangular  lawn  having  around  it  a  path  of 
uniform  width  is  420  feet.  The  area  of  the  lawn  and  path  together  exceeds 
twice  the  difference  of  their  area^  by  1200  square  yards,  and  the  width 
of  the  path  is  one-sixth  of  the  shorter  side  of  the  lawn.  Find  the  dimen- 
sions of  lawn  and  path. 

33.  Water  enters  a  forty-gallon  cask  through  one  pipe  and  is  discharged 
through  another.  In  4  minutes  one  gallon  more  is  discharged  through 
the  second  pipe  than  enters  through  the  first.  The  first  pipe  can  fill  the 
cask  in  3  minutes  less  time  than  it  takes  the  second  to  discharge  6(3  gal- 
lons.   How  long  does  it  take  the  first  pipe  to  fill  the  cask  ? 

84.  In  a  rectangle,  whose  sides  are  a  and  b  inches  respectively,  a  second 
rectangle  is  constracted.  The  sides  of  the  inner  rectangle  are  equally 
distant  from  the  sides  of  the  outer,  and  the  area  of  the  inner  rectangle  is 
one-nth  of  the  remaining  part  of  the  outer.  What  are  the  lengths  of  the 
sides  of  the  inner  rectangle  ?    Let  a  =  10,  6  =  62  J,  n  =  1. 

35.  It  has  been  found  by  experiment  that  when  an  object  is  removed 
to  a  point  2,  3,  4,  •-.  times  its  original  distance  from  the  source  of  light, 
its  illumination  is  2^,  3^,  42,  ...  times  as  feeble.  A  lamp  and  a  candle  are 
4  feet  apart.  At  what  point  on  the  line  joining  them  will  the  Illumination 
from  the  candle  be  equal  to  that  from  the  lamp,  if  the  light  of  the  lamp 
be  9  times  as  intense  as  that  of  the  candle  ? 


CHAPTER  XXII. 

EQUATIONS  OF  HIGHER  DEGREE  THAN  THE  SECOND. 

We  shall  consider  in  this  chapter  a  few  higher  equations  which  can  be 
solved  by  means  of  quadratic  equations. 

X.  A  Binomial  Equation  is  an  equation  of  the  form  x«  =  a,  wherein 
n  is  a  positive  integer. 

Certain  binomial  equations  can  be  factored  into  linear  and  quadratic 
factors  or  factors  which  can  be  brought  to  quadratic  form  by  proper 
substitutions. 

Ex.  1.   Solve  the  equation        ic8  -  1  =  0,  (1) 

Factoring,  (x  -  l)(x^ +  x  +  l)  =  0.  (2) 

This  equation  is  equivalent  to  the  two  equations 
flc  —  1  =  0,  whence  sc  =  1 ; 
and  aj^  +  X  +  1  =  0,  whence  a;  =  -  i  ±  i  V-  ^' 

This  example  gives  the  three  cube  roots  of  1,  since  x^  —  1  =  0  is  equiva- 
lent to  a^  =  1,  or  a;  =  ^1. 

Therefore  the  three  cube  roots  of  1  are  1,  —  i  +  J V"~  3,  —  J  —  iV^  ^• 

In  general,  the  three  cube  roots  of  any  number  can  be  found  by  multi- 
plying the  principal  cube  root  of  the  number  in  turn  by  the  three  algebraic 
cube  roots  of  1. 

-F.^r.,  ^8  =  2^1  =  2,  -l±V-3; 

the  three  cube  roots  of  a  are  -{/a,  \/(i{—  i  ±iy/—^),  wherein  ^a  denotes 
the  principal  cube  root  of  a. 

Ex.  2.   Solve  the  equation  a:*  +  1  =  0. 

Factoring,  ^       (a;^  +  1  +  3Cy/2)  (x^  +  1  -  x^2)  =  0. 

This  equation  is  equivalent  to  the  two  equations 

x2  +  1  +  Xy/2  =  0,  whence  x  =  i V2(-  1  ±  V-  1); 
and  x2  +  1  -  xV2  =  0,  whence  x  =  i V2(l  ±  s/-  1). 

Since  the  given  equation  is  equivalent  to  x*  =  —  1,  or  x  =  ■{/—  1,  we 
conclude  that  the  four  fourth  roots  of  —  1  are 

iV2(-i±V-l),  iV2(i±V-l) 
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The  four  fourth  roots  of  any  negative  number  can  be  found  by  multi- 
plying the  principal  fourth  root  of  the  radicand  taken  positively  in  turn 
by  the  four  fourth  roots  of  —  1. 

E.g.,  ^-16  =  2</-1=V2(-1±V'-1)»  v^CliV-l)- 

2.   Ex.  1.   Solve  the  equation   x*-9  =  2x»-l. 

Since  x^  =  (x^)^,  we  may  take  x^  as  the  unknown  number  and  solve 
this  equation  as  a  quadratic  in  x^. 

We  then  have  (x^y  -  2  x^  -  8,  =0. 

Factoring,  (x^  -  4)  (x^  +  2)  =  0. 

Whence  x^  -  4  =  0,  or  x  =  ±  2 ;  and  x*  +  2  =  0,  or  x  =  ±  V-  2. 

In  general,  any  equation  containing  only  two  powers  of  the  unknown 
number,  one  of  which  is  the  square  of  the  other,  can  be  solved  as  a  quad- 
ratic equation. 

Ex.  2.   Solve  the  equation   x^  —  3  x»  =  40. 
Since  Tfi  =  (x^)*,  we  take  x*  as  the  unknown  number. 
We  then  have  (x»)2  -  3  x«  =  40. 

Solving  this  equation  for  x«,  we  obtain 

x8  =  8,  whence  x  =  ^ ;  and  x^  =  —  5,  whence  x  =  —  ^6. 
Therefore,  by  Art.  1,  Ex.  1,  the  six  roots  of  the  given  equation  are 
2,  -  1  ±  V-  3,  -  ^5,  i^6(l  T  V-  3), 
wherein  ^5  denotes  the  principal  cube  root  of  6. 

Ex.  8.   Solve  the  equation  (x«  -  8x  -f  1)«  =  6  -f  5(x^  -  3x  +  1). 

In  this  example  x^  —  3  x  +  1  is  regarded  as  the  unknown  number,  and 
may  temporarily  be  represented  by  the  letter  y.  The  equation  then 
becomes 

y2  r=  6  +  6  y ;   whence  y  =  6,  and  —  1. 

We  therefore  have  the  two  equations 

x2  -  3x  +  1  =  6,  whence  x  =  J  ±  i^9 ; 
x*  —  3x+l=—  1,  whence  x  =  2,  x  =  1. 
Therefore  the  roots  of  the  given  equation  are  }  ±  iv^O,  2,  1. 
Attention  is  called  to  the  fact  that,  in  each  example,  we  have  obtained 
as  many  roots  as  there  are  units  in  the  degree  of  the  equation. 

Frequently  equations  which  do  not  at  first  appear  to  come  under  this 
case  can,  by  a  proper  arrangement  of  terms,  be  made  to  do  so. 
Ex.  4.   Solve  the  equation  x*  +  2x8  —  7x2  —  8x+12  =  0. 
The  given  equation  can  be  written 

x*  +  2x8  +  x2-8x2-8x-fl2  =  0, 
or  (x2  +  x)2  -  8(x2  +  X)  +  12  =  0. 
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If  we  now  let  x^  '\-  x  =  y,y7e  have 

y2  _  8y  +  12  =  0 ;  whence  y  =  2,  and  6. 
We  then  have  to  solve  the  equations 

a;2  +  X  =  2  (1),  and  x2  +  a;  =  6  (2). 
The  roots  of  (1)  are  1,  -  2  ;  and  the  roots  of  (2)  are  2,  -  3. 

3.    Ex.     Solve  the  equation  a?^  +  a?  +  1     g^  -  x  +  2  ^  ^ , 

If  we  let  ^  "^  ^  "^     =  y,  the  given  equation  becomes  y  +  i  =  2 J. 

The  roots  of  this  equation  are  },  J. 

We  now  have  to  solve  the  two  equations 

^±.£jtl  =  ?  (1),  and  ^±^±1  =  2  (2). 
x^^x  +  2     2^^'  x^-x-^2     S^  ^ 

The  roots  of  (1)  are  found  to  be  4,  1 ;  and  the  roots  of  (2)  are  found 
to  be  -  J  ±  i^29. 

An  equation  can  be  solved  by  this  method  when  it  contains  only  two 
expressions  in  the  unknown  number,  one  of  which  is  the  reciprocal  of  the 
other,  and  when  the  numerators  and  denominators  of  these  expressions 
are  of  degree  not  higher  than  the  second. 

EXERCISES. 
Solve  each  of  the  following  equations : 
1.   xa  +  l=0.  2.    (X- 1)8  =  8.  8.    (a;  +  2)«  +  4  =  0. 

4.    (a;+l)8=(3-x)8.         6.   x8  =  (2a-x)8.  6.   x*-l=0. 

7.    (x  +  1)*  =  16.  8.   x*+625(«+l)*=0.       9.   aJ^  +  1  =  0. 

10.   x«-l=0.  11.   x*  +  9  =  10x^  12.  x*-6x2  =  -l. 

18.  (x2-9)(x2-16)=15x2.  14.    (x2-10)(x2-18)=13x3. 
16.   a«-65x«  =  -64.                          16.   x8  +  6x*  =  6. 

1.-    i«_±^}i±i«JZi^  =  2a  18    3^  +  6x2  +  1^3 

•    (a  +  x)8  +  (a-a;)8  '  *   x*-6x2  +  l     2 

19.  (x  -  2)6  -  19(x  -  2)8  =  216.       20.    (3x2-5x+l)2~9x2+16x=7. 
21.    15x2-36x-3(7x-3x2  +  8)2  +  310  =  0. 


22. 

(x2-x4-l)2  =  3x(x-l)  +  l. 

24. 

x2  -  a2     x2  +  a2  _  34 
x2  +  a2  '  x2  -  a2     16 

26. 

X8+X2~X-1=0. 

28. 

x*-2x8  +  2x2-2x+l=0. 

»8.    (.-,|J 


Vx  =  42-? 


X 

2g    x2-5x-|-3     x^  +  6x-3_8 
x2  +  5x-3     x2-5x  +  3     3* 
27.   3x8-13x2+13x-3  =  0. 
29.   2x*-6x8  +  4x2-6x  +  2  =  0. 


CHAPTER  XXIII. 

IRRATIONAL  BQUATIONS. 

1.  An  Irrational  Equation  is  an  equation  whose  members  are  irra- 
tional in  the  unknown  number  or  numbers ;  as,  V(*  +  1)  =  3. 

Notice  that  we  cannot  speak  of  the  degree  of  an  irrational  equation. 

2.  The  solution  of  an  irrational  equation  depends  upon  the  principle : 
If  both  members  of  an  eqtiation  be  raised  to  the  same  positive  integral 

power,  the  resulting  equation  will  have  as  roots  the  roots  of  the  given 
equation,  and,  in  general,  additional  roots. 

Let  3f  =  IT 

be  the  given  equation. 

Squaring  both  members,  Jtf*  =  iV^. 

Whence         M^-N^  =  0,  or  (M-  N)  (M+  iV)  =  0. 

This  equation  is  equivalent  to  the  two  equations 

M—  N  =  0,  or  Jf  =  JV,  the  given  equation ; 
and  M-\-  N=  0,  or  itf"  =  ~  JVi  an  additional  equation. 

That  is,  the  equation  obtained  by  squaring  both  members  of  the  given 
equation  is  equivalent  to  the  given  equation  and  an  additional  equation 
which  differs  from  the  given  one  in  the  sign  of  one  of  its  members. 

In  like  manner  the  principle  can  be  proved  for  any  positive  integral 
powers  of  the  members  of  the  given  equation. 

E.g.,  if  both  members  of  the  equation 
jr+l  =2 
be  squared,  we  have  (x  +  1)*  =  4  ;  whence  a;  =  1,  and  —  3. 

The  root  1  satisfies  the  given  equation ;  the  root  —  3  is  a  root  of  the 
equation 

a;4-l=-2, 

which  was  introduced  by  squaring,  and  does  not  satisfy  the  given  equation. 

3.  To  solve  an  irrational  equation,  we  must  first  derive  from  it  a 
rational,  integral  equation.  This  step,  which  is  usually  effected  by  rais- 
ing both  members  of  the  equation  to  the  same  positive  integral  power  one 
or  more  times,  is  called  rationalizing  the  equation. 

330 
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In  the  following  examples  the  roots  will  be  limited  to  principal  values  •. 

Ex.  1.    Solve  the  equation  x  +  y/(2b  —  x^)  =  7. 

Before  squaring,  it  is  better  to  have  the  radical  by  itself  in  one  member. 

Transferring »,  ^(26  -x'^)=l  -x.  (1) 

Squaring,  25  -  x^  _.  49  _  14  j.  +  x\  (2) 

The  roots,  of  this  equation  are  3,  4. 

Both  roots  of  (2)  satisfy  the  given  equation,  since  8  +  y/(2b  —  9)  =  7, 
and  4  +  v/(25  —  16)  =  7.  Therefore  no  root  was  introduced  by  squaring 
both  members  of  the  given  equation.  This  is  also  evident  fi*om  the 
following  considerations: 

Any  root  of  the  additional  equation, 

V(26-xa)  =  -(7-x),  or  -  V(25  -  aJ2)  =  7  -  x,  (3) 

obtained  by  changing  the  sign  of  one  of  the  members  of  the  given  equa- 
tion when  prepared  for  squaring,  must  be  a  root  of  the  rational  integral 
equation  (2).  But  both  roots  of  this  equation,  3  and  4,  make  the  first 
member  of  (3)  negative,  and  the  oecond  member  positive.  That  is,  equa- 
tion (3)  is  an  impossible  equation. 

Ex.  2.  Solve  the  equation  x  -  V(25  -  x^)  =  1. 

Transferring  x,  -  V(26  -  x^)  =  1  -  x.  (1) 

Squaring  26  -  x^  =  1  -  2  x  +  aJ«.  (2) 

The  roots  of  this  equation  are  4  and  —  3. 

The  number  4  is  a  root  of  the  given  equation,  since 

4-^(25- 16)=  1; 

but  the  number  —  3  is  not  a  root  of  the  given  equation,  since 

-  8  ~  V(26  -  9)  =  -  7,  not  1. 

Therefore,  the  root  —  3  is  a  root  of  the  additional  equation 
-V(26-x2)  =  -(l-x),  or  V(26-a;2)=l-«» 
introduced  by  squaring. 

That  —  3  is  not  a  root  of  the  given  equation  is  also  evident  from 
the  form  of  the  equation.  For  any  real  value  of  x  which  makes 
X  -  y^(25  -  x^)  equal  to  1  must  be  greater  than  1,  and  therefore  cannot 
be  equal  to  —  3. 

The  preceding  examples  illustrate  the  following  method  of  solving  irra- 
tional equations : 

Transform  the  given  equation  so  that  one  radiml  stands  by  itself  in  one 
member  of  the  equation. 

Equate  eqtial  powers  of  the  two  members  when  so  transformed, 

Bepeat  this  process  until  a  rational  equation  is  obtained. 
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4.  In  the  preceding  article  the  indicated  roots  in  the  equations  were 
limited  to  principal  values. 

At  the  same  time  an  irrational  equation,  if  written  arbitrarily,  may  be 
inconsistent  with  the  laws  govemmg  the  relations  between  numbers.  In 
such  a  case  the  equation  is  impossible^  that  is,  it  cannot  be  satisfied  by 
either  real  or  imaginary  values  of  the  unknown  numbers. 

^•Q'i       V(x  +  6)  -f  Y^(a  +  1)  =  1  is  an  impossible  equation. 

For  it  cannot  be  satisfied  by  any  complex  value  of  x,  since  by 
Ch.  XX.,  Arts.  31  and  22,  V(aj  +  6)  +  ^(z  +  1)  must  be  complex  if  x  be 
complex,  and  hence  cannot  be  equal  to  1. 

It  cannot  be  satisfied  by  any  real  positive  value  of  x,  since,  in  that  case, 
either  ^^(x  +  1)  or  ^(x  +  6)  is  greater  than  1. 

It  cannot  be  satisfied  by  any  real  negative  value  of  x,  since,  if  x  be 
negative  and  its  absolute  value  be  less  than  1,  ^/(x  +  6)  will  be  greater 
than  1,  and  if  x  be  negative  and  its  absolute  value  be  greater  than  1, 
Y^(x  +  1)  will  be  imaginary. 

5.  But  if  the  restriction  to  principal  roots  be  removed,  any  irrational 
equation  contains  in  itself  the  statements  of  two  or  more  equations. 

E.g,,  if  both  positive  and  negative  square  roots  be  admitted,  the  equa- 

is  equivalent  to  the  four  equations 

y/(x  +  6)  +  y/(x+l)=l     (1),  V(«  +  6)-V(a5  +  l)=l     (2), 

-V(«  +  6)  +  V(a;+l)=l     (3),  -V(a5  +  6)-V(x  +  l)=l     (4), 

in  which  the  roots  are  limited  to  principal  values. 

The  same  rational  integral  equation  will  Evidently  be  derived  by  ration- 
alizing any  one  of  these  equations.  Therefore  the  roots  of  this  rational 
equation  must  comprise  the  roots  of  these  four  irrational  equations.  Con- 
sequently, in  solving  an  irrational  equation,  we  must  expect  to  obtain 
not  only  its  roots,  but  also  the  roots  of  the  other  three  equations  obtained 
by  changing  the  signs  of  the  radicals  in  all  possible  ways.  Some  of  these 
equations  can  be  rejected  at  once  as  impossible.  The  roots  of  the  other 
irrational  equations  will  be  the  roots  of  the  rational  equation.  Thus,  of  the 
above  equations,  (1),  (3),  and  (4)  can  be  rejected  at  once  as  impossible. 

The  rational  equation  derived  from  any  one  of  the  four  equations  is 
X  +  1  =  4  ;  whence  x  =  3. 
The  number  3  is  a  root  of  the  one  equation  not  rejected,  since 
V(3  +  6)-V(3  +  l)=l. 

The  same  conclusions  could  have  been  reached  by  substituting  the 
roots  of  the  integral  equation  successively  in  the  irrational  equations, 
rejecting  those  which  are  not  satisfied  by  any  root. 
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Special  Devices. 
6.    Ex.  1.   Solve  the  equation 

V  (3  x2  -  2  a;  +  4 )  -  3  a;2  +  2  X  =  - 1 6. 
Since  -  3  a;^  +  2  x  =  -  (3  x^  -  2  aj  +  4)  +  4, 

we  may  take  v'(3  x^  —  2  x  +  4)  as  the  unknown  number,  replacing  it 
temporarily  by  y.    We  then  have 

y  -  y2  ^  4  _  _  16, 

The  roots  of  this  equation  are  6,  and  —  4. 
Equating  ^^(3  x*  —  2  x  +  4)  to  each  of  these  roots,  we  have 
V(3  x2  -  2  X  +  4)  =  6,  whence  x  =  3,  -  J. 
V(3x2-2x  +  4)  =  -4,  whence  x  =  J(l±V37). 
The  numbers  3,  —  }  satisfy  the  given  equation,  and  are  therefore  roots 
of  that  equation.    The  numbers  J  V(l  ±  V37)  do  not  satisfy  the  given 
equation. 

But  if  the  value  of  the  radical  be  not  restricted  to  the  principal  root, 
the  given  equation  comprises  the  two  equations 

V(3  x2  -  2  X  +  4)  -  3  x'^  +  2  X  =  -  16,  (1 ) 

-V(3«2-2x  +  4)-3x2  +  2x=-16.  (2) 

Then  J(l  ±  V37)  are  roots  of  (2). 

Ex.  2.   Solve  the  equation  ^(3  aJ^  +  13)  +  y/(S  x^  +  13)  =  6. 
Assuming  -^(3  x^  +  13)  as  the  unknown  number,  and  representing  it 
by  y,  we  have  y  +  yi  =  6. 

The  roots  of  this  equation  are  2  and  —  3. 
Equating  ^(3  x^  +  13)  to  each  of  these  roots,  we  have 
•(/(S  x2  +  13)  =  2,  whence  x  =  ±  1, 
.J/(3  x2  +  13)  =  -  3,  whence  x  =  ±  VV  =  ±  I V^l- 
The  numbers  ±  1  are  roots  of  the  given  equation,  since  'J/16+  y^l6=6. 
The  numbers  ±  J  V^l  are  evidently  not  roots  of  the  given  equation, 
but  are  found  to  be  roots  of  the  equation 

-  ^(3x2  +  13)  +  V(3  x^  +  13)=  6. 
The  preceding  examples  illustrate  the  following  principle  : 
If  a  radical  equation  contain  one  radical,  and  an  expression  which  is 
equal  to  the  radicand  or  which  can  be  made  to  differ  from  the  radicand 
(or  a  multiple  of  the  radicand)  by  a  constant  term,  it  can  be  solved  as  a 
quadratic  equation.  The  same  is  true  if  the  equation  contain  two  radi- 
cals, one  the  square  of  the  other,  and  in  addition  only  constant  terms. 
In  both  cases,  the  radicand  mv^t,  in  general^  be  a  linear  or  a  quadratic 
expression. 
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7.   Irrational  equations  containing  cube  and  higher  roots  in  general 
lead  to  rational,  integral  equations  of  a  higher  degree  than  the  second, 
and  therefore  cannot  be  solved  by  means  of  quadratic  equations.    But 
in  some  cases  their  solutions  can  be  effected  by  special  devices. 
Ex.   Solve  the  equation  ^(8  »  +  4)  -  ^(8  a;  -  4)  =  2. 
Cubing, 
8x  +  4  -  3[^(8a;  +  4)]»^(8x  -  4)+  3^(8aj  +  4)[^(8«  -4)P 

-8x  +  4  =  8.  (1) 

Transferring  and  uniting  terms,  and  dividing  by  —  3, 

[^(8x  +  4)]a^(8x  1  4)-^(8a;  +  4)[4/(8aj  -  4)]a  =  0.  (2) 
Factoring,  ^(8  x  +  4)  ^(8  »  -  4)  [  */(S  a  +  4)  -  ^(8  »  -  4)]  =  0.  (3) 
This  equation  is  equivalent  to  the  three  equations 

^(8«  +  4)=  0,  whence  x  =  - i;  (4) 

^(8x-4)=0,  whence  a;  =  i;  (6) 

and  ^(8x  +  4)-  ^(8x  -  4)  =  0, 

whence  8x  +  4  =  8x-4.  (6) 

Equation  (6)  is  not  satisfied  by  any  finite  value  of  x. 
The  numbers  —  }  and  J  are  found  to  satisfy  the  given  equation. 

EXER0ISB8. 

Solve  each  of  the  following  equations,  and  check  the  results.  If  a 
result  does  not  satisfy  an  equation  as  written,  determine  what  signs  the 
radical  terms  must  have  in  order  that  the  result  may  satisfy  the  equation. 

1.    V(3a;+4)-4  =  0.  2.    VO^ +x)  =  2v'(aJ  +  6). 

3.    V[5+V(«-4)]  =  3.  4.    ^(10x  +  36)-l=4. 

6.  V(«^-9)  =  4.  6.   4x  =  3v'(2a;a-4). 

7.  3-V(3«*-4x  +  0)=0.  8.  2-v/(8xa-llx)  =  0. 
9.   6x=r2v(3««-x+15).              10.    ^(IJx  +  8) -^4  =  0. 

11.    V(4a;  +  9)-2v''.r  =  l.  18.    V[(«-6)-7+ V(«-12)]=0. 

18  -£j=J_=4+VjizJ.  14    ^L±^/(2t±Jl  = L_. 

'    V^J  +  l  2  28  V(«2  +  7) 

15.   2x-|-V(4x«-l)^,^  ,3    A/f^  +  5UJfi-5U2. 

2x-v(4«"-i)  ^W     J    yW     I 

17.    V[4«^-v^(3x-5)]=2x.  18.    V[4»  -  VC^^c  +  3)]  =  3. 

19  Va;-2^  yx-f  1  ^    V(3x  +  1)  +  A/C3x)^g 
*    V»  +  3      V^c  +  21  '    V(3  »  +  1)  -  V(3  «) 

21.    v(2  +  a;)  +  V^=      .»^      .'        82-   ^-V(^  +  1)=A. 
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28.  3x-2Vx-l  =  0.  24.    y/(x  +  2)-y/(pi^ +  2x)=0. 

26.  7^x  =  Sy/(pfi  +  SZ'-69),  26.   a:  +  6  -  V(«  +  6)  =  6. 

27.  (5-V«)^  =  2(7  +  V*)-  28.   a;  -  7V(51  -  »)=  33. 

29.  4V(76-a;)=x-64.  80.    (^'a;  -  3)2 +  (^x  -  2)2  =  1. 

81.  V(a5-2)+2V(*  +  3)-2V(8a;-2)  =  0. 

82.  V(2a;  +  9)  +  V(3«-16)  =  V(7«  +  8). 
88.  a;2  +  V[4a^+V(16a^*+12x)]  =  (a;  +  l)*. 

/3x-4,     /x-6       6         •     o-       |3xH-6,     /7x--3      13 


34. 


63. 


/3x-4,     /x-6       6         •     -.       I3XH-6  ,     /? i 

Vt::t  ■^\3  i^ = 2'         '*•  Vt^^  "^  \3^ 


86. 


HSx  +  6      6 
1.1  4 


V(a;  +  2)      ^(Sx-2)      v(8a;*  +  4x-4) 


87.   i + 1 =1. 

x-v(2-x2)     x  +  VCZ-a!*) 

88.    3x-xV«  =  2v'aJ.  89.    y/x-}- ^a^  =  2^x. 

40.    x2-x+2V(x«~x-ll)  =  14.         41.   x«+24=2x+6V(2x^-4x+16) 

42.    V(2aJ*-3x  +  6)+2x«-3x  =  l. 

48.   2xV(4x2-27x)  =  -6x«  +  27x  +  9. 

44.    V(3«2  +  7x-l)-V(3a^-4x  +  6)=8. 

46.    V(2aJ*-7x  +  7)+V(2x2  +  9aJ-l)  =  e. 
46.    ^x  +  ^(28-x)=4.  47.    ^(1  +  Vx)  =  2 -^(1  - V«)- 

48.    ^(14  +  x)  +  ^(14-x)=4.         49.    ^(41  +  x)  +  ^(41  -  x)  =  4. 
60.    ^(a+x)  +  ^(a-x)  =  ^(2a).     61.    y/l^(cx  +  a^)- d]=c, 

62.   J'^^t^  =  9.  58.    V^  +  V^  =  g. 

\a«-x?     ft  -y/x-'y/h     h 

-  V(?+')-V(?-')=«  »•  B^^" 

66.    V(«  +  «)  +  '\/(«-»)=         ^ 


gg  X2 5f__=0 

69.    VO  ~a;  +  a^)  +  V0+a:  +  x2)  =  w. 
^    aV(x-6)  +  6V(a-x)_  « -fx -fVCo^ -x2)^6 

VC«-«)  +  V(x-*)         '  a  +  x-V(«^-x^)     X 

AQ  q  +  X q  -f  X        _  Q 


Vx  +  v(«  +  *)    v«  -  >/(«  +  *) 

3^(x-6)+6^(3-x)^  Va-V[a-V(a2-gx)]_ 

^(3-x)  +  ^(x-5)  •  V«+V[«-V(«*--<w;)]'~    ' 


CHAPTER  XXIV. 

SIBfXTLTANEOUS  QUADRATIC  AND  HIGHER 
EQUATIONS. 

To  obtain  a  definite  solution  of  a  system  of  two  or  more 
quadratic  or  higher  equations,  as  many  equations  must  be 
given  as  there  are  unknown  numbers.  As  in  linear  systems, 
the  given  equations  must  be  consistent  and  independent. 

The  solution  of  a  system  of  quadratic  or  higher  equations  in 
general  involves  the  solution  of  an  equation  of  higher  degree 
than  the  second,  and  therefore  cannot  be  effected  by  the 
methods  for  solving  quadratic  equations.  But  there  are  many 
special  systems  whose  solutions  can  be  made  to  depend  upon 
the  solutions  of  quadratic  equations. 

§1.     SIMULTANEOUS  QUADRATIC  EQUATIONS. 

1.  Elimination  by  Substitution.  —  When  one  equation  of  a 
system  of  two  equations  is  of  the  first  degree,  the  solution  can 
be  obtained  by  the  method  of  substitution. 

Ex.   Solve  the  system  2^  4-  2 «  =  5,     |  (1) 

a^^y^  =  ^S.\  (2) 

Solving  (1)  for  2^,  y  =  5-2x,  (3) 

Substituting  5  —  2  aj  for  y  in  (2), 

a:2__25  +  20aj-4a^  =  -8.  (4) 

From  this  equation  we  obtain         a?  =  1,  (5) 

x  =  5l  (6) 
Substituting  1  for  x  in  (3),              ^  =  3. 
Substituting  5 J  for  x  in  (3),            y  =  —  6^. 
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The  sj'-stem  (1),  (2)  is  equivalent  to  the  system  (3),  (4), 
^wliich  is  equivalent  to  the  two  systems  (3),  (5)  and  (3),  (6). 

Therefore  the  solutions  of  the  given  system  are  1,  3;  5f, 
—  6J,  the  first  number  of  each  pair  being  the  value  of  a?,  and 
the  second  the  corresponding  value  of  y. 

Had  we  substituted  1  for  x  in  (2),  we  should  have  obtained 
y  =  ±3. 

But  the  solution  1,-3  does  not  satisfy  equation  (1). 
By  the  principle  of  equivalent  equations,  proved  in  Ch.  XIII., 
§  2,  Art.  2  (iii.),  equation  (3),  obtained  from  (1)  by  solving  for 
y,  and  equation  (4),  obtained  by  substituting  this  value  for  y 
in  (2),  form  a  system  equivalent  to  the  given  system.  This 
principle  does  not,  however,  prove  that  (2)  and  (4)  are  neces- 
sarily equivalent  to  the  given  system.  In  this  example,  since 
(2)  and  (4)  give  more  solutions  than  (1)  and  (4),  the  system 
formed  by  (2)  and  (4)  cannot  be  equivalent  to  the  given  sys- 
tem. Therefore,  having  obtained  the  values  of  one  of  the  un- 
known numbers,  we  should  obtain  the  values  of  the  other  by 
substituting  in  the  equation  of  the  first  degree.  This  advice 
was  unnecessary  in  solving  systems  of  linear  simultaneous 
equations,  since  then  both  equations  were  of  the  first  degree. 

EXBBCISES  I. 
Solve  each  of  the  following  systems  : 
r  xy  =  64,  f  4  a;  -  3  y  =  24,  ^     f  2  x^  -  3  j/^  =  24, 


3x  =  2y.  lxj/  =  96.  l2x  =  3y. 


f  4x- 

lxj/  =  l 

r3x-2y  =  l,  r2x  +  3y  =  10,  r4xa-xj^  =  0, 

I  x2  +  j/2  =  74.  '  I  x(x  +  y)  =  25.  '  |  2x  -  3j/  =  6. 


'  X*  +  xy  +  j/2  =  343^ 
2x-y  =  21. 


3    r(x-7)(y  +  3)  =  48,  ^^    |(a5-3)(y- 

'  lx  +  J/  =  i8.  *.l4x  +  3y  = 
'2x-3y  =  ll, 

11.  ]  4     3         17  12. 


2x2~3xj/  +  y*=14, 
2  X  -  y  =  7. 
(x-3)(y-4)  =  -6, 
10. 

|'X  +  2y  =  1, 


S88  ALGEBUA.  [Ca.  XXIV 


18. 


15    P»2'  +  2ya  +  4a;  +  ia  =  Q,  fx^  +  a^ 


x±l_S 

a;  +  y^     16 
3. 


2.  Elimination  by  Addition  and  Subtraction.  —  When  both 
equations  of  a  system  of  two  quadratic  equations  contain  only 
the  squares  of  the  unknown  numbers,  the  solution  can  be 
obtained  by  the  method  of  addition  and  subtraction. 

Ex.1.  Solve  the  system    9a^-8/  =  28,  (1) 

7aJ^  +  33/*==31.  (2) 

We  will  first  eliminate  jf. 

Multiplying  (1)  by  3,     27  a^  -  24  y^  =  84.  (3) 

Multiplying  (2)  by  8,     66  ic*  +  24  y*  ^  248,  (4) 

Adding  (3)  and  (4),  83  aj^  «=  332.  (5) 

Whence  x=^2,  (6) 

and  x=o-^2.  (7) 

Substituting  2  for  x  in  (1),  3/  =  ±  1.  (8) 

Substituting  —  2  for  «  in  (1),  3/  =  ±  1.  (9) 

The  given  system  is  equivalent  to  the  system  (3),  (4),  which 
is  equivalent  to  the  system  (5),  (1) ;  this  last  system  is  equiva- 
lent to  the  two  systems  (6),  (1)  and  (7),  (1). 
The  solutions  of  the  system  (6),  (1)  are  2, 1 ;  2,  —  1. 
The  solutions  of  the  system  (7),  (1)  are  —  2, 1 ;   —  2,  —  1. 
Therefore,  the  given  system  has  the  four  solutions ; 

2,1;  2,  -J;   -2,1;   -2,-1. 
Many  other  examples  are  most  easily  solved  by  this  method. 
Ex.  2.  Solve  the  system       aj^  -f  3  y  =  18,  (1) 

2a^-5y  =  3.  (2) 

We  will  first  eliminate  y. 

Multiplying  (1)  by  5,        5x'-^15y  =  90.  (3) 

Multiplying  (2)  by  3,        6  a:^  -  15  2^  =  9.  (4) 

Adding  (3)  and  (4),  11  ar^  =  99. 
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Whence,  a?  =  3,  and  a?  =  —  3. 

Substituting  3  for  x  in  (1),  ^  =  3. 

Substituting  —  3  f  or  ic  in  (1),  y=^S. 

The  given  system  has  the  two  sokitions  3,  3;  —3,  3. 
Notice  that  this  example  could  also  have  been  solved  by  the 
method  of  substitution* 


EXERCISES  II. 
Solve  ^ach  of  the  following  ByBtems  • 


'•{: 


(7x  +  xy  =  20 

I  2  xy  +  5  a;  =  1 


7. 


9 


X2  +  y2  =  13, 
X2  -  y2  =  5. 

20, 
22.        *• 

a;2  4-  4  aj  +  6  =  v^  +  8  y. 
r  4  X  =  X2f  -f  6, 

X  -f  y  i=  7  xy, 
X  —  y  =  3  xy. 

6^iJ^_7x  =  -8}. 
x-y 


x2  4-  y*  =  a, 


{ 


6. 


"1 


13. 


ajfi  -  ya  =a  6. 

5xy+3x2=132, 

5xy-3x2=78. 

raJ«  +  6a5y  +  y*  =  43, 
1  x2  +  5  a;y  -  y*  =  26. 
'  3  X  =t  «*  +  y»  -^  1, 
'  3y=:ra«  +  y2-7. 
8*y  =  5x-7y-l, 
2xy  =  3x  +  5y-9. 

3x+^  =  80, 


2  x^  -  3  y  =  20, 
X'  4-  6  y  s  36. 


r9x2  +  6y2  =  29, 
|6x2-3y2=-7. 


10. 


12. 


14. 


5x 


-2J?  = 


39. 


3.  Method  of  Factoring.  —  The  method  of  this  article  de- 
pends upon  the  following  principle : 
A  system  of  two  integral  equations 

whose  first  members  (when  all  terms  are  brought  to  these  members) 
can  be  resoli)ed  into  factors,  is  equivalent  to  the  four  systems, 


5  =  0, 


Q>), 


(0), 


Q  =  0, 


S  =  0, 


(d), 


-B  =  0,, 

obtained  by  taking  each  factor  of  one  equation  with  each  factor 
of  the  other. 
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For,  every  solution  of  the  given  system  must  reduce  either  P  or  Q,  or 
both  P  and  Q,  to  0,  and  at  the  same  time  must  reduce  either  B  or  S,  or 
both  B  and  &\  to  0. 

Now  any  solution  of  (I.)  which  reduces  P  to  0  and  i?  to  0,  is  a  solution 
of  (a);  any  solution  which  reduces  P  to  0  and  StoO,  is  a  solution  of  (6); 
and  so  on.  Therefore,  every  solution  of  the  given  system  is  a  solution  of 
at  least  one  of  the  derived  systems. 

And  any  solution  of  (a)  reduces  P  to  0  and  -B  to  0,  and  therefore 
reduces  P  x  Q  to  0  and  -B  x  <S^  to  0.  Therefore,  every  solution  of  (a)  is  a 
solution  of  (I.). 

In  like  manner  it  can  be  shown  that  every  solution  of  the  three  other 
derived  systems  is  a  solution  of  the  given  system. 

Ex.  1.  Solve  the  system     (x  —  2 y) (x  —  3 y)=  0, 
(x  +  y-^)(x-y-\-2)=0. 
The  given  system  is  equivalent  to  the  four  systems 

The  solution  of  (a)  is  |,  |;  the  solution  of  (6)  is  —4,  —2; 
the  solution  of  (c)  is  3,  1 ;  the  solution  of  (d)  is  —  3,  —  1. 
These  are  therefore  the  solutions  of  the  given  equations. 

Ex.  2.  Solve  the  system    2  o^  —  7  ajy  4-  6  y*  =  0,  (1) 

aj«4-2^=13.  (2) 

The  first  member  of  (1)  is  (x  —  2y)(2x  —  3  y),  and  the  first 
member  of  (2),  when  13  is  transferred  to  that  member,  cannot 
be  resolved  into  rational  factors.  The  given  system  is  there- 
fore equivalent  to  the  two  systems 

x^2y  =  0,    I  •2a:-32^  =  0,    | 

a^4-/  =  13,r^)^  a^^f  =  13M'^' 

The  solutions  of  (a)  and  (b),  and  therefore  of '  the  given 
system,  are  respectively 

2V¥,  V¥;  -2V¥,  -VY;  3,2;  -3,-2. 
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4.  When  all  the  terms  which  contain  the  unknown  numbers 
in  both  equations  of  the  system  are  of  the  second  degree,  a 
system  can  always  be  derived  whose  solution  is  obtained  by 
the  method  of  the  preceding  article. 

Ex.   Solve  the  system  a?  +  xy -^2f=7^,  (1) 

2a^-\-2xy-\-y  =  73.  (2) 

Multiplying  (1)  by  73,    73  a^  +  73  a^  +  146  y*  =  74  x  73.    (3) 
Multiplying  (2)  by  74, 148  a^  +  148  icy  -f  74  y^  =  74  x  73.    (4) 
Subtracting  (3)  from  (4),  75  a:^  +  75  ay  -  72  y^  =  0, 
or  25a:*  +  25a:y-24y  =  0, 

or  (5aj-32/)(5aj-f  8y)  =  0. 

Therefore  the  given  system  is  equivalent  to 

6a;-3y  =  0,    1  5x-\-Sy  =  0,    | 

a?^xy  +  2f=.74.J^  ^'         x^ +  xy +  2f  =  7A,]^  ^' 

The  solutions  of  these  systems,  and  hence  of  the  given 
system,  are  respectively  3,  5 ;  —  3,  —  6 ;  8,  —  6 ;  —  8,  5. 

In  applying  this  method  to  such  systems,  we  must  first 
derive  from  the  given  equations  a  homogeneous  equation  in 
which  there  is  no  term  free  from  the  unknown  numbers. 

5.   Such  examples  can  also  be  solved  by  a  special  device. 

Ex.  Solve  the  system         a;^  +  4  y^  =  13,  (1) 

xy  +  2  y2  =  6.  (2) 

In  both  equations,  let  y  =  tx.  (3) 

Then  from  (1),    a;^  +  4  xH^  =  13,  whence  x^  =      ^^      ;  (4) 

and  from  (2),  "xH  +  2  xH^  =  5,  whence  x^  =  — ^.  (6) 

Equating  values  of  x^,  l\     =    J     -  (6) 

1  +  4  f  2      t  -\-2  t^ 

Whence  <  =  J»  and  «  =  —  f . 

When  t  =  h  X*  =  — — —  =  0»  whence  x  =  ±  3. 

When  t  =  —  i,  x2  =  J,  whence  x  =  ±  Vi* 
Whenx  =  ±3,  y  =  tx  =  i(±S)  =  ±  1. 
Whenx  =  i:Vi,  y  =  -K±Vi)  =  TiVi' 
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After  asgoming  y  =  (as,  we  have  a  ayBtem  of  three  equatioiui  in  x,  y, 
aud  t.  Then  the  system  (I),  (2),  (3)  is  equivalent  to  (3),  (4),  (5),  which 
is  in  turn  equivalent  to  (3),  (4),  and  (6).  From  (6)  we  obtain  the  values 
of  t,  from  (4)  the  corresponding  values  of  x,  and  from  (3)  the  correspond- 
ing values  of  y. 

The  solutions  of  the  given  system  therefore  are 

8,1;  -3,-1;  vii-Wi;  -Vi»Wi- 

BXEBCISBS  III. 
Solve  each  of  the  following  systems : 


1. 


6)  =  0,  ^      f  («-5)(y-3)=0, 

(x-4)(y-7)=0. 


11. 


lx  +  y  =  13.  '1 
r  x2  +  xy  =  78,  r  a2  +  4  y2  =  13, 

\y^-xy  =  7.  '     I  a;y  +  2  y«  =  5. 
ra52  +  xy  +  y«  =  52,  J  xS-ary  +  y*  =  21, 

1  xy  -  x2  =  8.  '     I  ya  -  2  xy  +  16  =  0. 
r*«+«y  +  4y«  =  6,  r«2-2xy  +  8y«=.9, 

I3x2  +  8y2=:  14.  '     lx8-4xy  +  5y«  =  6. 
rx2  +  xy  +  y*  =  13x,  rx2  +  y"  =  61-3xy, 

1  x2  -  xy  +  y*  =  7  X.  '    I  x2  -  y2  =  31  -  2  xy. 

r 


y/X-2y/y=-l. 


(«-8)(y-2)  =  0, 
18.     ]7^3^2  18. 

x     y 


y2       x^         ' 

.  x2  +  2  xy  =  12. 


6.  ijf  i^e  members  of  one  eqyxition  of  a  system  of  two  equations 
PR=QS,    (1)        P=Q,    (2)  (I.) 

contain  as  factors  the  corresponding  members  qf  the  second  equa- 
tion,  then  the  system  is  equivalent  to  the  following  two  systems : 
B  =  S,  P=Q,  (a),  and  P  =  0,  Q  =  0,  (6). 
The  first  equation  of  the  system  (a)  is  obtained  by  dividing 
the  members  of  equation  (1)  of  the  given  system  by  the  cor- 
responding members  of  equation  (2),  and  the  second  equation 
is  equation  (2)  of  the  given  system. 
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The  system  (6)  is  obtained  by  equating  to  0  the  two  members 
of  equation  (2)  of  the  given  system. 

Tbe  given  system  is  equivalent  to  the  system 

FB-QS  =  0,  P-C  =  0,  (II.) 

or,  replacing  §  by  P,  to  the  system 

P^B  -  S)=0,  P-Q  =  0.  (in.) 

The  system  (III.)  is,  by  Art.  3,  equivalent  to  the  two  systems 

i?-5=0,  P-Q  =  o,  and  P«=0,  P-^C  =  0. 
That  is,  to  the  systems  (d)  and  (6). 

Ex.  1.  Solve  the  system  (a?  —  1)  (a;  —  y  +  2)  :=  (y  -h  1)  (aj  -h  y), 

«-y-h2=aj4-y. 
The  given  system  is  equivalent  to  the  following  two  systems  : 


x-l=y  +  l, 


(a),        aad     *-^  +  '  =  M(6). 

The  solution  of  (a)  is  3, 1 ;  the  solution  of  (b)  is  -'  1, 1. 
Ex.  i.  Solve  the  system       a!*  —  j/*  =  8, 

X  +y  =3. 
The  given  system  is  equivalent  to  the  two  systems 

"-^  =  M(a),       and    "-"r'^lW- 

The  solution  of  system  (a)  is  y^,  ^.     Since  the  equation  3=0 
is  impossible  for  finite  values  of  x,  the  system  (b)  is  impossible. 

BxfiRcisfia  IV. 
Solve  each  of  the  following  systems : 


'   tx-2y  =  3. 

fa;!_yii+(a;+j,)»  =  24, 

I  *  +  y  =  4. 

1  5  aj  -  y  =  3. 

f(x»-l)(3/»-l)=2800, 
■   l(x-l)(j^-l)=40. 

s 

(3*- 

1)« 

-(4y  +  2)«  =  e0, 

o. 

3z  +  4j/  = 

5. 

7.  S3rmmetrical  Equations.  —  A  Symmetrical  Equation  is  one 

which  remains  the  same  when  the  unknown  numbers   are 
interchanged. 
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A  system  of  two  symmetrical  equatiotis  can  he  solved  by  Jirsi 
finding  the  values  ofx  +  y  and  x  —  y, 

Ex.  1.  Solve  the  system  oi^  +  f  =  13,  (1) 

xy  =  6.  (2) 

Multiplying  (2)  by  2,  2xy  =  12.  (3) 

Adding  (3)  to  (1),  a^ -h  2  xy -\- f  =  25,  (4) 

Subtracting  (3)  from  (1),  a^-2xy  +  f  =  l.  (5) 

Equating  square  roots  of  (4),         « -f  3/  =  ±  5.  (6) 

Equating  square  roots  of  (5),        x  —  y  =  ±l,  (7) 

The  given  system  is  equivalent  to  the  system  (4),  (5),  which 

is  equivalent  to  the  systems  (6),  (7). 
The  latter  systems  are 

«+y=5, 1  x+y=5,  \       x-hy=  -5, 1       x-hy=  -5,  | 

The  solutions  of  these  four  systems  are  respectively  3,  2; 

The  solutions  of  (6)  and  (7)  should  be  obtained  mentally, 

without  writing  the  equivalent  systems  (a),  (b),  (c),  (rf).    Each 

sign  of  the  second  member  of  (6)  should  be  taken  in  turn  with 

each  sign  of  the  second  member  of  (7). 
Notice  that  these  solutions  differ  only  in  having  the  values 

or  X  and  y  interchanged.      This  we  should  expect  from  the 

definition  of  symmetrical  equations. 
When  the  equations  are  symmetrical,  except  for  sign,  the 

solution  can  be  obtained  by  a  similar  method. 
Ex.  2.   Solve  the  system  a?  —  y  =  1,  (1) 

xy  =  2.  (2) 

Squaring  (1),  a^ -2xy -}- f  =  1.  (3) 

Adding  four  times  (2)  to  (3),  x^ -\-2xy -\- f  =  9.  (4) 

Equating  square  roots  of  (4),  x-\-y  =  ±3.  (5) 

The  solutions  of  (5)  and  (1)  are  2, 1,  and  —  1,  —  2. 
Notice  that  the  solutions  in  this  case  differ  not  only  in 

having  the  values  of  x  and  y  interchanged,  but  also  in  sign. 
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}  the  given  system,  and  \ 

)  [xy  =  2. 


Observe  that  the  system  (2),  (3),  and  therefore  the  equivalent  system 
(^)»   C**)*  is  equivalent  to  the  two  systems: 
aj  -  y  =  1, 
a;y  =  2,  J 

Consequently,  if  in  the  system  (3),  (4),  equation  (3)  be  replaced  by 
( 1 ) ,  the  resulting  system 

x-y  =  h  (1) 

«a  +  2xy  +  ya  =  9,  (4) 

is  equivalent  to  the  given  system. 

8.  Many  systems  which  are  not  symmetrical  can  be  solved 
by  the  method  of  the  preceding  article. 

Ex.  1.  Solve  the  system  2x  +  3y  =  8y  (1) 

xy  =  2.  (2) 

We  should  first  obtain  the  value  of  2  a?  —  3  2/. 

Squaring  (1),      4:0^ +  12xy +  9f  =  64:.  (3) 

Subtracting  24  times  (2)  from  (3),  4a*-12a^-|-92^=16.    (4) 

Equating  square  roots  of  (4),  2  a:  —  3  y  =  ±  4.  (6) 

The  solutions  of  (1)  and  (5)  are  3,  |;  1,  2. 

EXERCISES  V. 
Solve  each  of  the  following  systems : 

'x  +  y  =  12,  2     rx  +  y  =  a,  ri«  +  6y  =  37, 

a;y  =  32.  '   \xy  =  b.  '   j  xy  =  28. 

6x-7y  =  68, 
3xy=-60. 
)x2+9y2=i48, 

:8. 


^     (x  +  y  =  a,  8    l^*"^ 

\xy  =  b.  '   \xy  =  i 

[  xy  =  —  16.  [xy  =  n.                          [  i 

rx2  +  y*  =  40,  rx2  +  ya=181,                 r25x2+^ 

'    [  xy  =  12.  '   1  xy  =  -  90.                  '   |  5xy  =  J 

r9x2  +  y2  =  37a2,  r5x2  +  2y2: 

[xy=-2a2.  '   \xy  =  2ab. 

jg     rx»  +  y2  =  137,  ^^     rx2  +  !/2  =  61,           ^^     r5x  +  3y  =  ll, 

'    lx  +  y  =  15.  *   |x  +  j/  =  ll.                 'I 

1».   |*'-^'  =  ^«'  16.1^-''^  =  -^'       17.   ( 

lxy  =  48.  [xy  =  -l.  [ 


26xa  +  9y2  =  7a 
x2  +  y2  =  53^ 

X  —  y  =  5. 
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«e»  +  »«  =  74, 


18.   [*•*»•  =  ' 


19. 


tl. 


S4. 


27. 


X     y 


—  =  2. 

y     x     15 
I  X  -  y  =  2. 


90. 


1  jry  =  36. 

^   rx  +  xy  +  y  =  20, 
1  x«  +  xy  +  y*  =  61. 
rx*  +  y«-(«-y)=20, 
I  xy  +  05  -  y  =  1 
r  x«  +  y«  +  se  -  y  «=  a, 
I  xy  +  X  —  y  =  6. 
r  X  +  y  =  9, 
1  x2  +  y2  -  xy  =  21 

^^     r4xy  =  96-x2y2, 
|x  +  y  =  6. 


82 


84. 


86. 
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9a*  +  !(«i«82,        ^ 
8x-y  =  10. 

l6xH49y»=113, 
4x+7y=l. 

SBT-W. 

x  +  y  =  16, 

1_1«1.               «•• 
*     V     6 

1  +  1  =  1. 
.X     y     3 

fi.i-.. 

x2  +  y«  =  2ixy, 

Ix     y       ^ 

X  +  y  =  37. 

'xHx+y=18-y», 
xy  =  6. 

l«W  =  2( 

«  +  y). 

.20.           33    !««  +  »» 

-x-y=^2, 

l«  +  y  +  «if  =  -i. 

tt.  /*  +  "  = 

=  2, 

+  xy  =  3. 

fx2  +  x»  +  y»  =  2m, 

•  1. 

x2  -  xy 

+  y2  =  2n. 

89. 


40. 


|V[(2  +  x)(l  +  y)]=2, 

rx  +  Vfl5  +  y-fVy=18, 
l(x  +  V«)Cy+V2/)=72. 


Simultaneoua  Qttadtatlc  EquatlonB  in  ^hfee  Unknown  Nnmbert. 

Q.    No  definite  methods  can  be  given  for  solving  simiiltaneous  quad- 
ratic equations  in  three  unknown  numbers. 
Ex.  1.   Solve  the  system 

xy  =  2,     (1)        xa  =  3,     (2)         ya  =  6.     (3) 
Multiplying  corresponding  members  of  (1),  (2),  and  (8), 

xSya^fS  =  36. 
Equating  square  roots  of  (4),  xyz  =  ±  6. 
Dividing  (6)  in  turn  by  (1),  (2),  and  (3), 

e  =  ±S,    y  =  rb2,    x  =  dbl. 
The  requited  solutions  are  therefore,  1,  2,  3,  and  —  1,  —  2,  -  8. 


(4) 
(6) 
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£x.  2.   Solve  the  system 

x(y  +  ;»)  =  6,     (1)         y(x-\-z)  =  9,     (2)        0(x  +  y)=0.     (3) 
Adding  oorrespondmg  membeni  of  (1),  (9)i  and  (3)i  ftnd  dividing  by  2, 
ajy  +  Jw  +  yjfsU.  (4) 

Subtracting  in  turn  (1),  (2),  and  (3)  from  (4)t 

y«  =  6,     (6)         »5==:3,     (6)         ay  =  2.     (7) 
The  solutions  of  equations  (5),  (6),  and  (7)  are  I,  2,  3,  and  -r-  1,  -.-2, 
—  8. 

BXERCISJIS  VI. 
Solve  each  of  the  following  systQme : 


1. 


11. 


13. 


16. 


17. 


f  xy  =  30, 

yz  =  -  60, 
lxz='-60. 

x^-\-yz  =  6, 

y^fxe  =  5, 
.z^-\-xy  =  b. 

x^-\-xy  +  y^  =  61, 

x^  +  xz-\-  z^^  21, 

y^+yz  +  z^^  IS. 

x  +  y 
xyz  _S 

x-\-  z^2 

xyz  _6 

y^zb 

3  X  =  5  y, 

x(«  +  2)  =  y£f  +  32, 
x(is-l)  =  (y+l>-l. 

X  +  y  +  a  =  19, 

x*  +  y*  +  «*  =  133. 
'  x«  =  360, 

y(2;^10)  =  40, 
.x(£f  +  8)  =  400  +  y(«-2). 

x2  +  y2  _|.  5j2  =  29, 

xy  -\- xz -\- yz  =  —  10, 
lx-fy-«=  —  6. 


f  ajvy  =  «i 
xV«  =  &» 
y^z  ^  c, 
x2  +  y2  =  ^a^ 

y2  +  ,2  ^  52, 
«2  +  «a  ^  <^, 


8. 


xa  +  y^J  =»  13, 

jp2  +  4f2  =;  34^ 

I  y2  +  «2  =  29. 

y(x  +  «)=8, 
2(a  +  y)«9. 


10. 


12. 


14. 


16. 


18. 


»(x  +  y  +  «)  =  6, 

y(»-f  y'l-«)=Fl2, 

lif(x  +  y  +  «)=i8. 

x  +  g__ 


xyz 


=  -'ia-cy, 


xy« 

X  +  y  +  «?  =  a, 
x(x  +  y)=6^ 
l«(2  +  y)=c2. 

X  +  y  +  «  =  19, 
x(y  +  «)  =  48. 

y  =  i(«  +  «). 
X^  +  y«  =;  45a, 

y2  ^-  ;52  :=,  730. 

(y  +  «)(a5  +  y  +  «)  =  6, 
(x  +  y)(x  +  y  +  «)  =  -a. 
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§2.   SIMULTANEOUS  HIGHER  EQUATIONS. 

1.   The  solutions  of  certain  equations  of  higher  degree  than  the  second 
can  be  made  to  depend  upon  the  solutions  of  quadratic  equations. 

Ex.  1.   Solve  the  system  a:*  +  y«  =  0,  (1) 

«  +  y  =  3.  (2) 

Dividing  (1)  by  (2),  x^  -  xy -i- y^  =  S.  (3) 
Subtracting  (3)  from  the  square  of  (2), 

3  ay  =  6,  or  ay  =  2.  (4) 
The  solutions  of  (2)  and  (4),  and  therefore  of  the  given  system,  are  I, 
2,  and  2,  1. 

Ex.  2.   Solve  the  system  «*  +  y*  =  17,  (1) 

x  +  y  =  S.  (2) 

We  first  find  the  value  of  xy. 

Let                                                xy  =  z,  (3) 

Squaring  (2) ,         aj2  ^  2  xy  +  y^  _  9^  (4) 

or                                            x2  +  y2  =  9-2«.  (5) 

Squaring  (5),       x* +  2xay2  +  »*  =  81  -  36£f +  4^^,  (6) 

or                                           «*  +  y*  =  81-36«  +  2«a.  (7) 

Since  x*  +  y*  =  17,  we  have  from  (7), 

2is2«36£f  +  81  =  17.  (8) 

Whence                                      z  =  16,  and  2.  (9) 

Therefore,  from  (3)  and  (9),    xy  =  16,  (10) 

and                                                xy  =  2.  (11) 

The  solutions  of  (2)  and  (10)  and  of  (2)  and  (11)  are  readily  found, 
and  should  be  checked  by  substitution. 

Ex.  3.   Solve  the  system 

(x2  +  y2)(x»  +  y8)=45,  (1) 

X  +  y  =  3.  (2) 

From  (2)  x^  +  y^  =  9  -  2  xy,  '  (3) 

and  x8  +  y«  =  27  —  3  xy(x  +  y) 

=  27  —  9  xy,  since  x  4-  y  =  3.  (4) 

Substituting  in  (1)  for  x^+y^  and  x^+y*  their  values  from  (3)  and  (4), 
(9-2xy)(27-9xy)  =  46, 
or  2  x2y2  -  16  xy  =  -  22.  (5) 

Equation  (6)  can  be  solved  as  a  quadratic  in  xy,  and  the  results  com- 
bined with  equation  (2).     The  results  should  be  checked  by  substitution. 
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5. 


EXERCISES  VII, 
Solve  each  of  the  following  systems : 

\a;8  +  y8  =  35. 
r2(x  +  y)=5, 
|32(a;8  +  y^)=2285. 


|(x-7)8+(6-y)«: 
I  X  —  y  =  6. 


^  X*  +  2/^  =  ^ 
[  xy  =  3. 


rx*  +  y*  =  267, 
I  X  -  y  =  3. 


11. 


13. 


15. 


17. 


(x2-y2)(a;  +  y)=9, 


y)=12, 


r  X  -  y  =  342, 
I  ^x-^2/  =  6. 

I  x8  +  y*  =  189. 
r^(90-x)-^(9-j/)=2, 
i  X  +  y  =  17. 


6. 


10. 


12. 


14. 


16. 


18. 


rx-y=:l, 

Ix8-y8  =  7. 

r(x-l)»  +  (y-2)8  =  28, 

\x  +  y  =  7. 

J  X*  -  y*  =  564, 

I  x2  +  y2  =  34. 

rx*  +  y*  =  97, 

I X  +  y  =  5. 

f  («-7)*  +  (y-3)*=257, 

I  X  -  y  +  1  =  0. 

r(x  +  y)(x2  +  y2)=176, 

|(a;-y)(x2-y2)=,7. 

r  X  +  y  =  30, 

l^(aJ  +  7)+^(y-9)  =  4. 

r^(x+7)  +  ^(y-6)=3, 

I  X  +  y  =  16. 

J  X*  +  y^  =  4097, 

tx  +  y  +  v'(a5  +  y)=i2. 


EXERCISES  VIII. 
MISCELLANEOUS   EXAMPLES. 

Solve  each  of  the  following  systems  by  the  methods  given  in  this  chap- 


ter, or  by  special  devices : 
'x-2y  =  2,  ^ 

xy  =  12. 

^x2-y2  =  8(x-y), 
x2  +  y2  =  60. 

x-y     x+y 
.  2  x2  -  3  y2  =  24. 

;-3)(3y  +  2)=0, 
5)(2y-3)=0. 


I  3  y  —  X  =  y' 


4. 


6. 


r(6x-; 

t(4x+i 


'x(7x-8y)=159, 
6x  +  2y  =  7. 

x2-y2  =  2(x  +  y), 
x2  +  y2  =  100. 

x2-2xyH-3y2_l^ 
3  x2  -  2  xy  +  y2     3* 
a;2_3y  =  l. 
(2x+3y-7)(x-4yH-2)=0, 


9. 


r  (2x+3y-7)(x-4yH-2) 
|x2  +  y2  +  2x-7y  =  2. 
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10. 


12. 


14. 


16. 


18. 


20. 


24. 


26. 


28. 


80. 


32. 


84. 


86. 


88. 


x-y  =  5(a;»-y«), 


12x2  + 

|3x2  +  6y2  4.2x-4y=r  14. 

r  a;2  +  y2  +  X  -  y  =  62, 

1  ix''  +  y^)(x^y)  =  6l. 

(  v/(3«+8y-5)+16~6y=6x, 

I  2  x2y8  +  2  =  5  xy. 

i('-a*-('-j)'=i- 

r  x«  -  y»  =«  26, 

|x-|f  =  2. 
r  X  +  y  «  19, 


11. 


r  «y 

» 

Ix2+y2 

6». 

r  x»  +  jr  ^ 

«l", 

-y2=i84, 
19. 


|2x(x2-y2)  =  48y. 
rx*  +  xV  +  y*  =  i33, 

I  x2  -  xy  +  y2  =  7. 

I  »»  +  xy  4  y9  = 
rx»  +  y8  +  xy(x  +  y): 
|xV(«^  +  y")=468. 

I  a;2  +  y2  +  a-y  =  84. 

I  X  +  y  +  «  =  28, 
I  «ye  £=  612. 


65, 


18. 


15. 


17. 


19. 


21. 


20. 


27. 


81. 


38. 


86. 


87. 


89. 


x*  +  y*4-6x-9y  =  84, 
x2-y2_|.5a.^.9y_84. 
x2  +  y2  =  485, 
«2y2  =  57834-5xy. 
3(x  +  y)2  =  f(x  +  y)  +  ^Mp, 
4«*y^-Axy  =  43. 
2x  +  3y  +  6xy  =  ll, 
4x2  +  9y«  +  12x|/  =  xV-ll. 
40 


x2  +  y2  = 


«  +  y 


xy  =  ^ 


12 


x  +  y 
ac8ya  _  xV  =  1162, 
x'^y  -  xy2  =  48. 

x-y-V(x-y)  =  2, 

x«  -  y»  =  2044. 

xy     X      3 

jc*  +  y*«:i4««y«, 

x-^y  =  a. 

(x2  +  y2)(x»+y8)  =  455, 

X  +  y  =  5. 

X*  +  x2y2  +  y*  =  84  x2, 

x2  +  xy  +  y2  =  14x. 

X2  _  a.2ya  +  y2  _|.  83  3  0, 

ft;-xy  +  y  +  l=0. 

(x  +  y)(xy4-l)=18«y, 

(x2+y2)  (x«y2+l)  =320  xY- 

x-\-y-y/(xy)=7y 

x2  +  y2  +  xy  =  138. 

x  +  y  +  «±=5, 
x2  +  y2  =  e«, 
«•  +  y*  +  «•  a  S. 
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40. 


y  +  B^U, 

a:^  +  y^  +  «2  +  m9  =  340. 


9iu  =?  ya, 

as  4- 14  =  7, 
y  +  ev6, 
.iB*  +  y*  +  «*  +  M*«  1894. 


§3.   PROBLEMS. 

X.  Pr.  The  front  wheel  of  a  carriage  makes  6  more  revolu^ 
tions  than  the  hind  wheel  in  traveling  360  feet.  But  if  the 
oircumference  of  each  wheel  were  3  feet  greater,  the  front 
wheel  would  make  only  4  revolutions  more  than  the  hind 
wlieel  in  traveling  the  same  distance  as  before.  What  are  the 
circumferences  of  the  two  wheels  ? 

Ijet  X  stand  for  the  number  of  feet  in  the  circumference  of 
front  wheel,  and  y  for  the  number  of  feet  in  the  circumference  of 
hind  wheel.     Then  in  traveling  360  feet  the  front  wheel  makes 

revolutions,  and  the  hind  wheel  makes revolutions. 

By  the  first  condition,  ■= 1-  6.  (1) 

X        y 

If  3  feet  were  added  to  the  circumference  of  each  wheel,  the 

oaf) 

front  wheel  would  make revolutions,  and  the  hind  wheel 

360  *'*'^ 

revolutions. 

y+3 

By  the  second  condition,  -i^  « -^  +  4.  (2) 

aj-f  3     ^  +  3  ^ 

Whence  x  =  12,  the  circumference  of  the  front  wheel,  and 
y  =55 15,  the  circumference  of  the  hind  wheel. 

EXERCISES    12,, 

1.  The  square  of  one  number  increased  by  ten  times  a  second  num- 
ber is  84,  and  is  equal  to  the  square  ol  the  second  number  increased  by 
ten  times  the  first. 

8.  The  sum  of  two  numbers  is  20,  and  the  sum  of  the  square  of  the 
one  diminished  by  13  and  the  square  of  the  other  increased  by  13  is  S72. 
What  are  the  numbers  ? 

3.  Find  two  numbers  such  that  their  difference  added  to  the  differ* 
ence  of  their  squares  shall  be  150,  and  their  sum  added  to  the  sum  of  their 
squares  shall  be  330. 
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4.  Find  two  numbers  whose  sum  is  equal  to  their  product  and  also  to 
the  difference  of  their  squares. 

6.  The  sum  of  the  fourth  powers  of  two  numbers  is  1921,  and  the 
sum  of  their  squares  is  61.    What  are  the  numbers  ? 

6.  If  a  number  of  two  digits  be  multiplied  by  its  tens'  digit,  the  prod- 
uct will  be  390.  If  the  digits  be  interchanged  and  the  resulting  number 
be  multiplied  by  its  tens'  digit,  the  product  will  be  280.  What  is  the 
number  ? 

7.  If  a  number  of  two  digits  be  divided  by  the  product  of  its  digits, 
the  quotient  will  be  2.  If  27  be  added  to  the  number,  the  sum  will  be 
equal  to  the  number  obtained  by  interchanging  the  digits.  .  What  is  the 
number  ? 

8.  The  product  of  the  two  digits  of  a  number  is  equal  to  one-half  of 
the  number.  If  the  number  be  subtracted  from  the  number  obtained  by 
interchanging  the  digits,  the  remainder  will  be  equal  to  three-halves  of 
the  product  of  the  digits  of  the  number.     What  is  the  number  ? 

9.  If  the  difference  of  the  squares  of  two  numbers  be  divided  by  the 
first  number,  the  quotient  and  the  remainder  will  each  be  5.  If  the  differ- 
ence of  the  squares  be  divided  by  the  second  number,  the  quotient  will  be 
13  and  the  remainder  1.    What  are  the  numbers  ? 

10.  The  sum  of  the  three  digits  of  a  number  is  0.  If  the  digits  be 
written  in  reverse  order,  the  resulting  number  will  exceed  the  original 
number  by  396.  The  square  of  the  middle  digit  exceeds  the  product  of 
the  first  and  the  third  digit  by  4.     What  is  the  number  ? 

11.  A  rectangular  field  is  119  yards  long  and  19  yards  wide.  How 
many  yards  must  be  added  to  its  width  and  how  many  yards  must  be 
taken  from  its  length,  in  order  that  its  area  may  remain  the  same  while 
its  perimeter  is  increased  by  24  yards  ? 

12.  The  floor  of  a  room  contains  30J  square  yards,  one  wall  contains 
21  square  yards,  and  an  adjacent  wall  contains  13  square  yards.  What 
are  the  dimensions  of  the  room  ? 

IS.  A  merchant  bought  a  number  of  pieces  of  cloth  of  two  different 
kinds.  He  bought  of  each  kind  as  many  pieces  and  paid  for  each  yard 
half  as  many  dollars  as  that  kind  contained  yards.  He  bought  altogether 
19  pieces  and  paid  for  them  $  921.50.  How  many  pieces  of  each  kind  did 
he  buy  ? 

14.  The  diagonal  of  a  rectangle  is  20|  feet.  If  the  length  of  one  side 
be  increased  by  14  feet  and  the  length  of  the  other  side  be  diminished  by 
2)  feet,  the  diagonal  will  be  increased  by  12}  feet.  What  are  the  lengths 
of  the  aides  of  the  rectangle  ? 
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15.  A  certain  number  of  coins  can  be  arranged  in  the  form  of  one 
square,  and  also  in  the  form  of  two  squares.  In  the  first  arrangement 
each  side  of  the  square  contains  29  coins,  and  in  the  second  arrangement 
one  square  contains  41  more  coins  than  the  other.  How  many  coins  are 
there  in  a  side  of  each  square  of  the  second  arrangement  ? 

16.  A  piece  of  cloth  after  being  wet  shrinks  in  length  by  one-eighth  and 
in  breadth  by  one-sixteenth.  The  piece  contains  after  shrinking  3.68 
fewer  square  yards  than  before  shrinking,  and  the  length  and  breadth 
together  shrink  1.7  yards.    What  was  the  length  and  breadth  of  the  piece  ? 

17.  A  merchant  paid  $  125  for  two  kinds  of  goods.  He  sold  the  one 
kind  for  $91  and  the  other  for  $  36.  He  thereby  gained  as  much  per  cent 
on  the  first  kind  as  he  lost  on  the  second.  How  much  did  he  pay  for  each 
kind? 

18.  Two  workmen  can  do  a  piece  of  work  in  6  days.  '  How  long  will  it 
take  each  of  them  to  do  the  work,  if  it  takes  one  6  days  longer  than  the 
other  ? 

19.  Two  men,  A  and  B,  receive  different  wages.  A  earns  $  42,  and  B 
$  40.  If  A  had  received  B's  wages  a  day,  and  B  had  received  A's  wages, 
they  would  have  earned  together  !J4  more.  How  many  days  does  each 
work,  if  A  works  8  days  more  than  B,  and  what  wages  does  each  receive  ? 

80.  In  8  hours  workmen  remove  a  pile  of  stones  from  one  place  to 
another.  Had  there  been  8  more  workmen,  and  had  each  one  carried 
5  pounds  less  at  each  trip,  they  would  have  completed  the  work  in  7  hours. 
Had  there  been  8  fewer  workmen  and  had  each  one  carried  11  pounds 
more  at  each  trip,  they  would  have  completed  the  work  in  9  hours.  How 
many  workmen  were  there  and  how  many  pounds  did  each  one  carry  at 
every  trip  ? 

21.  A  man  has  two  square  fields  in  which  he  wishes  to  plant  trees,  the 
outct  rows  to  be  distant  from  the  edges  by  half  the  distance  between  the 
rows.  If  he  plants  the  trees  in  the  first  field  2 J  yards  apart,  and  in  the 
second  field  2 J  yards  apart,  he  will  need  11,412  trees.  But  if  he  plants 
the  trees  in  the  first  field  2|  yards  apart,  and  in  the  second  field  3  yards 
apart,  he  will  need  only  569  trees.     How  long  is  a  side  of  each  of  the  fields  ? 

22.  A  tank  can  be  filled  by  one  pipe  and  emptied  by  another.  If, 
when  the  tank  is  half  full  of  water,  both  pipes  be  left  open  12  hours,  the 
tank  will  be  emptied.  If  the  pipes  be  made  smaller,  so  that  it  will  take 
the  one  pipe  one  hour  longer  to  fill  the  tank  and  the  other  one  hour  longer 
to  empty  it,  the  tank,  when  half  full  of  water,  will  then  be  emptied  in 
15}  hours.  In  what  time  will  the  empty  tank  be  filled  by  the  one  pipe, 
and  the  full  tank  be  emptied  by  the  other  ? 


CHAPTER  XXV. 

RATIO,   PROPORTION,   AND  VARIATION. 

§1.     RATIO. 

1.  The  Ratio  of  one  number  to  another  is  the  relation  be- 
tween the  numbers  which  is  expressed  by  the  quotient  of  the 
first  divided  by  the  second. 

E.g.f  the  ratio  of  6  to  4  is  expressed  by  f ,  =  f . 

The  ratio  of  one  number  to  another  is  frequently  expressed 
by  placing  a  colon  between  them ;  as  5  :  7. 

The  first  number  in  a  ratio  is  called  the  First  Term,  or  the 
Antecedent  of  the  ratio,  and  the  second  number  the  Second 
Term,  or  the  Consequent  of  the  ratio. 

Thus,  in  the  ratio  a\b,  a  is  the  first  term,  and  h  the  second. 

2.  Since,  by  definition,  a  ratio  is  a  fraction,  all  the  proper- 
ties of  fractions  are  true  of  ratios  \  as  a :  6  =  ma :  mb, 

3.  The  definition  given  in  Art.  1  has  reference  to  the  ratio 
of  one  nuniber  to  another.  But  it  is  frequently  necessary  to 
compare  concrete  quantities,  as  the  length  of  on&  line  with  the 
length  of  another  line,  etc. 

If  two  concrete  quantities  of  the  same  kind  can  he  expressed  by 
two  rational  numbers  in  terms  of  the  same  unity  then  the  ratio  of 
the  one  quantity  to  the  other  is  defined  as  the  ratio  of  the  one 
number  to  the  other. 

E.g.,  the  ratio  of  2\  yards  to  li  yards  is  24: 1|,  =s?i  =  |^- 

1^      16 

Observe  that  by  this  definition  the  ratio  of  two  concrete 

quantities  is  a  number.     Also  that  the  quantities  to  be  eom- 

pared  must  be  of  the  same  kind.     Dollars  cannot  be  compared 

with  pounds,  etc. 

354 


§  1]  RATIO.  856 

4.  If  two  concrete  quantities  cannot  be  expressed  by  two 
rational  numbers  in  terms  of  the  same  unit,  they  are  said  to 
be  Incommensurable  one  to  the  other. 

Thus,  if  the  lengths  of  the  two  sides  of  a  right  triangle  be 
equal,  the  length  of  the  hypothenuse  cannot  be  expressed  by  a 
rational  number  in  terms  of  a  side  as  a  unit,  or  any  fraction  of 
a  side  as  a  unit. 

If  a  side  be  taken  as  the  unit,  the  hypothenuse  is  expressed 
by  ■yj2y  an  irrational  number.  And  the  ratio  of  the  hypothe- 
nuse to  a  side  is  -yji :  1,  =  ^2,  a  number  comprised  in  the 
number  system.  In  the  following  article  we  will  prove  that  the 
ratio  of  any  two  incommensurable  quantities  can  be  expressed 
as  a  number  comprised  in  the  number  system. 

5.  Let  P  and  §  Ije  two  incommensurable  quantities.  We  assume  that 
the  ratio  P :  ^  is  greater  than  the  ratio  P' :  C  wherein  P'  is  less  than  P 
and  is  commensurable  with  Q,  and  that  tiie  ratio  P :  §  is  less  than  the 
ratio  P"  ;  §,  wherein  P"  is  greater  than  P  and  is  commensurable  with  Q. 

Let  us  take  -Q  as  the  unit.    Then  we  can  find  two  consecutive 
n        . 
integral  multiples  of  -  Q,  which  are  therefore  commensurable  with  Q, 

between  which  P  lies.    Let  —  O  and  ^t  ^  q  be  these  multiples.    The 

ratios  of  these  multiples  to  ^  are  respectively  —  and  ^-Xi.    Then  by 
the  hjrpothesis  **  ^ 

2?^<P:0<^?ii. 
n  n 

The  two  rational  numbers  —  and  -^  "*"    ,  between  which  the  ratio  P ;  O 
n  n 

lies,  have  the  properties  (i.)  and  (ii.),  Art.  6,  Ch.  XVIIL    They  therefore 
define  an  irrational  number. 

EXERCISES  I. 
What  is  the  ratio  of 

1.  6ato96?  2.   |a26to^a62?  3.   9i  x'y  to  7f  xy*  ? 

4.   itol?  6.   ^to-?  6.       ^     *-        ^       * 


ah  h      d  x-3       (a;-3)2 

7.  Which  is  the  greater  ratio,  a  +  2&:a  +  6ora  +  36:a  +  26? 

8.  If  ^^  +  ^y  =  10,  what  is  the  value  of  the  ratio  x  : y  ? 

Zx  —  y 
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§2.    PROPORTION. 

1.  A  Proportion  is  an  equation  whose  members  are  two 
equal  ratios. 

E,g,y  4:3  =  8:6,  read  the  ratio  of  A  to  3  is  equal  to  the  raJtio 
o/  8  ^o  6,  or  4  is  to  3  03  8  ta  to  6. 

Instead  of  the  equality  sign  a  double  colon  is  frequently 
used;  as  4:3::  8:  6. 

2.  Four  numbers  are  said  to  be  in  proportionj  or  to  be  pro- 
portionoUf  when  the  first  is  to  the  second  as  the  third  is  to  the 
fourth. 

E.g.,  the  numbers  4, 3,  8,  6  are  proportional,  since  4:3=8:6. 

The  individual  numbers  are  called  the  Proportionals,  or 
Terms  of  the  proportion. 

The  Extremes  of  a  proportion  are  its  first  and  last  terms ;  as 
4  and  6  above. 

The  Means  of  a  proportion  are  its  second  and  third  terms ; 
as  3  and  8  above. 

The  Antecedents  and  Consequents  of  a  proportion  are  the 
antecedents  and  consequents  of  its  two  ratios. 

E,g.,  4  and  8  are  the  antecedents,  and  3  and  6  the  conse- 
quents of  the  proportion  4:3  =  8:6. 

Principles  of  Proportions. 

3.  In  any  proportion  the  product  of  the  extremes  is  eqwd  to 
the  product  of  the  means. 

If  a :  6  =  c :  d,  we  are  to  prove  od  =  6c. 
By§l,Art.l,  |  =  |. 

Clearing  of  fractions,       ad  =  he. 

4.  If  the  product  of  two  numbers  be  equal  to  the  product  of 
two  other  numbers,  the  four  numbers  are  in  proportion. 

Let  ad  =  be 
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Dividing  by  bd, 

a     c 

-  =  -,  or  a:  b  =  c:d', 

0     a 

(1) 

bycd, 

a     b                  -,     , 
-=-,  or  a:c=:b:d'y 
c      d 

(2) 

by  dby 

d     c         11 

-  =  -,  or  d;6  =  c:a; 

b     a 

(3) 

by  ac, 

-  =  ^,ord:c  =  6:a. 
c      a 

W 

Interchanging  the  ratios  in  (1),  (2),  (3),  (4), 

c:d  =  a:b'j 

(5) 

b:d  =  a:  c; 

(6) 

c:a  =  d:  6; 

(7) 

b:a  =  d:c. 

(8) 

Notice  that  the  two  numbers  of  either  product  may  be  taken 
as  the  extremes,  the  other  two  as  the  means.  In  (1)  to  (4),  a  and 
d  are  the  extremes,  c  and  b  the  means ;  in  (5)  to  (8),  d  and 
a  are  the  means,  c  and  b  the  extremes. 

5.  In  Art.  4,  we  may  regard  the  proportions  (2)  to  (8)  as 
being  derived  from  (1),  and  thus  obtain  the  following  proper- 
ties of  a  proportion : 

(i.)    The  means  may  be  interchxmged ;  as  in  (2). 

(ii.)    The  extremes  may  be  interchanged;  as  in  (3). 

(iii.)  The  m^ans  may  be  interchanged^  and  at  the  same  time 
the  extremes;  as  in  (4). 

(iv.)  The  means  may  be  taken  cw  the  extremes,  and  the  ex- 
tremes as  the  means;  as  (8)  from  (1),  (7)  from  (2),  etc. 

6.  If  any  three  terms  of  a  proportion  be  given,  the  remaining 
term  can  be  found, 

Ex.  What  is  the  second  term  of  a  proportion,  whose  first, 
third,  and  fourth  terms  are  10,  16,  and  8  respectively  ? 
Letting  x  stand  for  the  second  term,  we  have 

10 ;  a?  =  16  :  8,  or  16  a;  =  80 ;  whence  a;  =  5. 
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7.  The  products,  or  the  ^quotients,  of  the  corresponding  terms 
of  two  proportions  form  again  a  proportion. 

If  aib^cid,  or?  =  ^,  (1) 

b     d 

and  » :  y  =  «  :  u,  or  -  =  ?^  (2) 

y     u 

we  have,  multiplying  corresponding  members  of  (1)  and  (2), 

—  =  — ;  whence  ax;by  =  cz:  du. 
by     du 

Dividing  the  members  of  (1)  by  the  corresponding  members 

of  (2),  we  have 

a     c 

X     z        ,  abed 

-  =  - ;   whence  -;-  =  -:-. 
b     d  X   y     z   u 

y     u 

8.  In  any  proposition,  the  sum  of  the  first  two  terms  is  to  the 
first  (or  the  second)  term  as  the  sum  of  the  last  two  terms  is  to 
the  third  (or  tfie  fourth)  term. 

Let  a:b^c:d. 

Then  2  =  ^. 

b     d 

Adding  1  to  both  members,  -  + 1  =  -  + 1, 

b  d 

or  g-f  6^c  +  d 

b  d 

Whence  a-\-b:b  =:c-\-d:d. 

In  like  manner  it  can  be  proved  that 

a-\-b:  a  =  c-\-d:c. 
These  two  proportions  are  said  to  be  derived  from  the  given 
proportion  by  Composition. 

9.  In  any  proportion,  the  difference  of  the  first  two  terms  is  to 
the  first  (or  the  second.)  term  as  the  difference  of  the  last  two  terms 
is  to  the  third  (or  the  fourth)  term. 
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If  a :  &  :s  c :  d, 

tlien        a  —  bia^Bzc-^dic,  and  a^bibzsc-^did. 

The  proof  is  similar  to  that  of  Axi:.  8. 

These  two  proportions  are  said  to  be  derived  from  the  given 
proportion  by  Division. 

10.  In  any  proportion^  the  sum  of  the  first  two  terms  is  to  their 
difference  as  the  sum  of  the  last  two  terms  is  to  tJieir  difference. 

Let  a :  6  ==:  c :  d. 

By  Art.  8,  a-{-b;b=^c  +  d:d\ 

and  by  Art.  9,  a-^bib  =  c  —  d:d. 

Then  by  Art.  7,      ?L±| :  i  =  £±^ :  1, 
a  —  6  c  —  d 

or  a-^-b^c  +  d 

a  —  b     c  —  d 

Whence  a4-6:a  —  6  =  c-|-(l:c  —  d. 

This  proportion  is  said  to  be  derived  from  the  given  one  by 
Composition  and  Division.    . 

11.  A  Continued  Proportion  is  one  in  which  the  consequent 
of  each  ratio  is  the  antecedent  of  the  following  ratio ;  as^ 

a:b  =  b:  c  =  c:d  =  etc. 

12.  In  the  continued  proportion 

a:b  =  b:  c, 
b  is  called  a  Mean  Proportional  between  a  and  c,  and  c  is  called 
the  Third  Proportional  to  a  and  &. 

13.  The  mean  proportional  between  any  two  numbers  is  equal 
to  the  square  root  of  their  prodiuit. 

From  a:b  =  b\Cy 

we  have,  by  Art.  3,  b^  =zac\  whence  b  =  ■y/(ac). 

14.  The  following  examples  are  applications  of  the  preced- 
ing theory : 

Ex.  1.  Find  a  mean  proportional  between  5  and  20. 
Let  X  stand  for  the  required  proportional. 
Then,  by  Art.  13,     x  =  ^{5  x  20)  =  10. 
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Ex.  2. 
then 

If 

ab  +  cd 

a:b  =  c:dy 
:db'-cd  =  b^  +  cP:b*-(P. 

Let 
Then 

b      d 
a  =  bx  and  c  =  dx. 

Therefore 
and 
We  then  have 

a6  +  cd  =  6*a;  4-  d*a;, 
a6  —  cd  =  &*aj  —  cPx. 

oft  -h  cd_  &*«  +  d«a;_  6»  -f  cP 

ab  —  cd     Vx  —  (Pa?     &*  —  d* 
Whence      a&4-cd:a6  —  cd  =  y  +  cP:y  —  (P. 

Ex.  a   Solve  the  equation 

V(2  +  a;)  +  V(2-a;)_         2 
V(2  +  a!)-V(2-x)~^'~l 
By  composition  and  division, 

V(2  +  iB)_3 

V(2-a;)-l' 

Squaring  and  clearing  of  fractions, 

2+aj  =  18  — 9aj;  whence  a  =  f. 

EXERCISES  n. 
Verify  each  of  the  following  proportions : 
1.    21:lJ=lJ:f  2.    14}  :  4}  =  200 :  60. 

3       4a&     .a«  +  6«^    2a6    .        1 
a2~6a"  a- 6       a*-6**2a-2&' 
Form  proportions  from  each  of  the  following  products,  in  eight  different 
ways : 
4.   2x  =  3y.  6.   w«  =  n«.  6.   a*-6«  =  x«-y«. 

Find  a  fourth  proportional  to 
7.    1,2,  and  8.  8.   f,  f,  and  f  9.   a&,  ac,  and  6. 

Find  a  third  proportional  to 
10.   2  and  6.  11.   }  and  J.  12.   a  and  6. 

Find  a  mean  proportional  between 
13.   2  and  18.  14.   }  and  }.  16.   a^b  and  a^^. 

16.   ^-±\  and  «^^  17.   ^  +  1  and  Ka*  -  !)• 
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Pind  a  value  of  x  to  satisfy  each  of  the  following  proportions  : 
18.    X  : 2  =  12  : 3.  19,  i +^a:  ^  -  a  =  x:  ^/a  -  2 a, 

a  —  b       2ab 
If  a  :h  =  c:d,  prove  that 
ai.   a  +  c:h  +  d  =  a^d:b^c.  22.   a^  +  6^ :  ^2  _  52  =  c«  +  d^ :  c2  -  (P. 

23.    (o  ±  6)2 :  a6  =  (c  ±  d)2  :  cd. 
34.    2a  +  36:4a  +  56  =  2c  +  3d:4c  +  5d. 

26.  a  +  6:c  +  d  =  V(a^4-62):  v(c24-(22). 

28.  V(«^  +  2>^)  :  V(c^  +  <^0  =  \^(«^  +  &')  J  \/(<^  +  (2«)  =  a  :  c. 
If  6  be  a  mean  proportional  between  a  and  c,  prove  that 

27.  a2±62.52_i.c2  =  a:c.  28.   ^25202/ 1  +  1  ^.  1  \  =  ct^  +  68  +  <?». 

If  a:6  =  6:c  =  c:/i,  prove  that 

29.  (6  +  c)(6  +  d)  =  (a  +  c)(c  +  d). 

30.  (a2  +  62  4.  c2)  (62  +  c2  +  d2)  =  (a6  +  6c  +  c<^)2. 
If  a  :  6  =  c  :  d  =  6  :/,  prove  that 

31.  a2:62  =  ce:d/.  32.   c^  +  d^  :e^ +p  =  cd:ef. 

33.  a2  +  c2  4-  62  :  62  +  d2  +/2  =  c2 :  (P. 

34.  uMsiM  =  ^^^£l  =  ^l^:M,ti,enx:a  =  y:b  =  z:c. 

c  b  a 

Solve  each  of  the  following  equations : 

35.  Va+a;)  +  A/(l-a;)^3  3^    V(g  +  g)  -  V(a  -  a;)  ^   1  ^ 

37.  Find  two  numbers  whose  ratio  is  7  :  6,  and  the  difference  of  whose 
squares  is  96. 

38.  A  works  6  days  with  2  horses,  and  B  works  5  days  with  3  horses. 
What  is  the  ratio  of  A's  work  to  B's  work  ? 

39.  The  ratio  of  a  father^s  age  to  his  son^s  age  is  9  :  5.  If  the  father  is 
28  years  older  than  the  son,  how  old  is  each  ? 

40.  Find  three  numbers  in  a  continued  proportion  whose  sum  is  39, 
and  whose  product  is  721. 

41.  Find  two  numbers  such  that  if  1  be  added  to  the  first  and  8  to  the 
second,  the  sums  will  be  in  the  ratio  1 : 2,  and  if  1  be  subtracted  from 
each  number,  the  remainders  will  be  in  the  ratio  2  : 3. 

42.  What  is  the  ratio  of  the  numerator  of  a  fraction  to  its  denominator, 
if  the  fraction  be  unchanged  when  a  is  added  to  its  numerator  and  6  to  its 
denominator  ? 

43.  The  sum  of  the  means  of  a  proportion  is  7,  the  sum  of  the  extremes 
is  8,  and  the  sum  of  the  squares  of  all  the  terms  is  65.  What  is  the 
proportion  ? 
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§  3.    VARIATION. 

1.  Frequently  two  numbers  or  quantities  are  so  related  to 
each  other  that  a  change  in  the  value  of  one  produces  a  corre- 
sponding change  in  the  value  of  the  other. 

Thus,  the  distance  a  train  runs  in  one  hour  depends  upon  its 
speed,  and  increases  or  decreases  when  its  speed  increases  or 
decreases. 

The  illumination  made  by  a  light  depends  upon  the  intensity 
of  the  light,  and  varies  when  the  intensity  varies. 

The  value  of  y  given  by  the  equation  y  =  2  a;  —  3  depends 
upon  the  value  of  x  and  varies  when  the  value  of  x  varies. 

Thus,  if  a;  =  1,  y  =  —  1;   if  a;  =  2,  y  =  1,  etc. 

We  shall  in  this  chapter  consider  only  the  simplest  kinds  of 
variation. 

2.  Direct  Variation.  — Two  quantities  are  said  to  vary  directly, 
one  as  the  other,  when  their  ratio  is  constant. 

X 

Thus,  if  X  varies  directly  as  y,  then  -  =  A;,  a  constant. 

For  example,  if  a  train  runs  at  a  uniform  speed,  the  number 
of  miles  it  runs  varies  directly  as  the  number  of  hours.  If  it 
runs  at  the  rate  of  30  miles  an  hour,  in  1  hour  it  will  run  30 
miles,  in  2  hours  60  miles,  in  3  hours  90  miles,  and  bo  on ;  and 
the  ratios  1 :  30,  2  :  60,  3  :  90,  etc.,  are  equal. 

The  symbol  of  direct  variation,  oc,  is  read  varies  directly  as. 

The  word  directly  is  frequently  omitted. 

If  y  =  Sx,  then  yccx  (read  y  varies  as  05),  since  ^  =  3,  a 
constant. 

3.  Inverse  Variation.  —  One  quantity  is  said  to  vary  inversely 
as  another  when  the  first  varies  as  the  reciprocal  of  the  second. 

Thus,  if  X  varies  inversely  as  y,  then  a  oc  — 
Therefore,  j  =  k,  s,  constant ;  whence  xy=^k. 
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That  is,  if  one  quantity  varies  inversely  as  another^  the 
product  of  the  quantities  is  constant. 

If  6  men  can  do  a  piece  of  work  in  12  hours,  3  men  can  do 
the  same  work  in  24  hours,  and  1  man  in  72  hours,  and  the 
products  6  X  12,  3  X  24,  1  X  72  are  equal.  That  is,  the  num- 
ber of  hours  varies  inversely  as  the  number  of  men  working. 

If  y  =  -,  y  varies  inversely  as  x,  since  xy  =  3. 

4.  Joint  Variation.  —  One  quantity  is  said  to  vary  as  two 
others  jointly,  when  it  varies  as  the  product  of  the  others. 

X 

Thus,  if  X  varies  as  y  and  z  jointly,  then  —  =  Zc,  a  constant. 

yz 

For  example,  the  number  of  miles  a  train  runs  varies  as 

the  number  of  hours  and  the  number  of  miles  it  runs  an  hour 

jointly.     It  will  run  40  miles  in  2  hours  at  a  rate  of  20  miles 

an  hour,  90  miles  in  3  hours  at  the  rate  of  30  miles  an  hour, 

40  90  120 


and 


2  X  20     3  X  30     6  X  24 


&  One  quantity  is  said  to  vary  directly  as  a  second  and  in- 
versely as  a  third,  when  it  varies  as  the  second  and  the  recip- 
rocal of  the  third  jointly. 

Thus,  if  X  varies  directly  as  y  and  inversely  as  z,  then 

— T  =  A:,  a  constant ;  or  —  =  A:. 
1  y 

^    z 

6.  In  all  the  preceding  cases  of  variation,  the  constant  can 
be  determined  when  any  set  of  corresponding  values  of  the 
quantities  is  known. 

Ex.  1.  If  xccy,  and  a?  =  3  when  y  =  5,  what  is  the  value  of 
the  constant  ? 

We  have  -  =  A:,  or  a?  =  ky, 

y      '  ^ 

Therefore,  when  a?  =  3  and  y  =  5, 

3  =  5  Zc,  whence  A:  =  |. 

Consequently  x  =  ^y. 
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Ex.  2.  If  X  varies  inversely  as  y,  and  if  y  =  4  when  a;  =  7, 
find  the  value  of  x  when  y  =  12. 
From  Qpy=^k,we  obtain  A;  =  28. 
Therefore  xy  =  28. 

Consequently,  when      y  =  12, 12  «  =  28 ;  whence  x  =  2J. 

Ex.  3.  The  volume  of  a  gas  varies  inversely  as  the  pressure 
when  the  temperature  is  constant.  When  the  pressure  is  15, 
the  volume  is  20 ;  what  is  the  volume  when  the  pressure  is  20  ? 

Let  V  stand  for  the  volume  and  p  for  the  pressure. 

Then  from  pv  =  k  we  obtain  k  =  300. 

Therefore  pv  =  300. 

Consequently,  when  p=:20,20v  =  300 ;  whence  v  =  15. 

BXBBCI8E8  III. 
Ji  xccy^  what  is  the  expression  for  x  in  terms  of  y, 
I,  If  a;  =  10  when  y  =  j?  2.  Ifx  =  a  when  y  =  2 a? 

8.   If  X  X  y%  and  x  =  6  when  y  =  7,  what  is  the  expression  for  z  in 
terms  of  y? 

4.  If  X  «  y/y,  and  x  =  S(a^  +  6*)  when  y  =  26(a2  +  2  a6  +  6«),  what 
is  the  expression  for  y  in  terms  of  x  ? 

If  X  «  -,  what  is  the  expression  for  x  in  terms  of  y, 

6.  If  X  =  10  when  y  =  t?  6.   Ifx  =  3J  when  y  =  if? 

7.  If  X  X  — ,  and  x  =  4J  when  y  =  J,  what  is  the  expression  for  y  in 
terms  of  x  ?    ^ 

8.  If  XX  —,  and  x  =  4  when  y  =  26,  what  is  the  expression  for  x  in 
terms  of  y  ?    ^^ 

9.  If  XX  y,  and  x  =  10  when  y  =  5,  what  is  the  value  of  x  when 
y  =  12i? 

10.  If  X  X  y,  and  x  =  a  when  y  =  J  a^,  what  is  the  value  of  y  when 
x  =  a26? 

11.  If  X  X  y2,  and  x  =  5  when  y  =  —  3,  what  is  the  value  of  x  when 
y  =  16? 

13.  If  X  X  Vy,  and  :c  =  a  +  wi  when  y  =  (a  —  m)*,  what  is  the  value  of 
X  when  y  =  (a  4-  m)*  ? 

18.   If  X  X  - ,  and  x  =  3  when  y  =  |,  what  is  the  value  of  x  when  y  =  4j? 
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14.  The  circumference  of  a  circle  whose  radius  is  6  feet  is  37.7  feet, 
l^hat  is  the  circumference  of  a  circle  whose  radius  is  9.6  feet,  if  it  be 
Icnown  that  the  circumference  varies  as  the  radius  ? 

16.  An  ox  is  tied  by  a  rope  20  yards  long  in  the  center  of  a  field,  and 
eats  all  the  grass  within  his  reach  in  2^  days.  How  many  days  would  it 
liave  taken  the  ox  to  eat  all  the  grass  within  his  reach  if  the  rope  had 
been  10  yards  longer  ? 

18.  The  volume  of  a  sphere  whose  radius  is  7  inches  is  1437.3  cubic 
inches.  What  is  the  volume  of  a  sphere  whose  radius  is  10  inches,  if  it 
be  known  that  the  volume  varies  as  the  cube  of  the  radius  ? 

It  has  been  found  by  experiment  that  the  distance  a  body  falls  from 
iBst  varies  as  the  square  of  the  time. 

17.  If  a  body  falls  266  feet  in  4  seconds,  how  far  will  it  fall  in  10 
seconds  ? 

18.  From  what  height  must  a  body  fall  to  reach  the  earth  after  16 
seconds  ? 

It  has  been  found  by  experiment  that  the  velocity  acquired  by  a  body 
falling  from  rest  varies  as  the  time. 

19.  If  the  velocity  of  a  falling  body  is  160  feet  after  6  seconds,  what 
will  be  the  velocity  after  8  seconds  ? 

20.  How  long  must  a  body  have  been  falling  to  have  acquired  a 
velocity  of  256  feet? 

21.  The  surface  of  a  cube  whose  edge  is  6  inches  is  160  square  inches. 
What  is  the  surface  of  a  cube  whose  edge  is  9  inches,  if  it  be  known  that 
the  surface  varies  as  the  square  of  its  edge  ? 

22.  It  has  been  found  by  experiment  that  the  weight  of  a  body  varies 
inversely  as  the  square  of  its  distance  from  tiie  center  of  the  earth.  If  a 
body  weighs  30  pounds  on  the  surface  of  the  earth  (approximately  4000 
miles  from  the  center),  what  would  be  its  weight  at  a  distance  of  24,000 
miles  from  the  surface  of  the  earth  ? 

It  has  been  found  by  experiment  that  the  illumination  of  an  object 
varies  inversely  as  the  square  of  its  distance  from  the  source  of  light. 

23.  If  the  illumination  of  an  object  at  a  distance  of  10  feet  from  a 
source  of  light  is  2,  what  is  the  illumination  at  a  distance  of  40  feet  ? 

24.  To  what  distance  must  an  object  which  is  now  10  feet  from  a 
source  of  light  bj  removed  in  order  that  it  shall  receive  only  one-half  as 
much  light  ? 

26.  At  what  distance  will  a  light  of  intensity  10  give  the  same  illumi- 
nation as  a  light  of  intensity  8  gives  at  a  distance  of  60  feet  ? 


CHAPTER  XXVL 

DOGTRINB    OF   SZP0NENT8. 

1.  We  have  already  abbreviated  such  products  as 

aaj  aaa,  aaaa,  •••,  aaa^'^n  factors, 

by  a*,  a^  a*,  ••-,  a",  respectively,  and  called  them  the  second, 
third,  fourth,  •••,  nth,  powers  of  a.  This  definition  oi  the  sym- 
bol a"  requires  the  exponent  n  to  be  a  positive  hUeger, 

Thus  2^  means  the  product  of  6  factors,  each  equal  to  2. 
But  2^  has,  as  yet,  no  meaning,  since  2  cannot  be  taken  0  times 
as  a  factor.  For  a  similar  reason,  2~*,  2*,  2v^,  and  2^'*,  are,  as 
yet,  meaningless. 

2.  Nevertheless,  having  introduced  into  Algebra  the  symbol 
a",  it  is  natural  to  inquire  what  it  may  mean  when  n  is  0,  a 
rational  negative  or  fractional  number ^  an  irrational  number,  etc. 

We  shall  find  that,  by  enlarging  our  conception  of  powers, 
quite  clear  and  definite  meanings  can  be  given  to  such  CKpres- 
sions  as  2",  3'',  4*,  5^,  6>^'\ 

3.  The  discussion  of  powers,  in  general,  therefore  naturally 
divides  itself  into  six  cases. 

(1)  Powers  with  positive  integral  exponents. 

(2)  Powers  with  zero  eocponents, 

(3)  Powers  with  negative  integral  exponents, 

(4)  Powers  with  fractional  (positive  or  negative)  exponents. 

(5)  Powers  with  irrational  exponents, 

(6)  Powers  with  imaginary  exponents. 

The  consideration  of  powers  with  imaginary  exponents  will 
be  given  in  Part  II.,  Text-Book  of  Algebra. 

366 
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Positive  Integral  Powers. 

4.  The  principles  upon  which  operations  with  positive  inte- 
gral powers  depend  have  been  proved  in  the  preceding  chapters. 

For  the  sake  of  emphasis,  and  for  convenience  of  reference 
in  enlarging  our  conceptions  of  powers,  we  restate  them  here  : 

(ii.)         —  =  a*"-",  when  m  >  w ;   —  =1,  when  m  =  n: 
a"  a" 

a'"        1         1 

—  = ,  when  m<n. 


(iii.)   (a'")"  =  a"'".  (iv.)   (ab)"*  =  a'"b'". 

Zeroth  Powers. 


(V.) 


8.  The  meaning  of  a  symbol  may  be  defined  by  assuming 
that  it  stands  for  the  result  of  a  definite  operation,  as  was  done 
in  letting 

a'^^^a  '  a*  a-  •••  w  factors ; 

or  by  enlarging  the  meaning  of  some  operation  or  law  which 
was  previously  restricted  in  its  application. 

In  the  latter  way,  negative  numbers  were  introduced  by 
extending  the  meaning  of  subtraction. 

6.  We  now  enlarge  the  meaning  of  powers  by  assuming  that 
the  principle 

a" 
holds  also  when  m  =  n. 

We  then  have  —  =  a"^"  =  a\ 

or 

But  since  —  =  1, 

a"* 

it  follows  that  a*  =  1- 

That  is,  the  zeroth  power  of  any  hoMy  except  0,  is  equal  to  1. 
E.g,,    1^=1,  5^=rl,  9y=:l,  (a-h6/  =  l,  etc. 


868  ALGEBRA.  [Ch.  XXVI 

7.  Thus,  by  the  assumption  that  the  stated  law  holds  when 
m  =  w,  a  definite  value  of  the  zeroth  power  of  a  number  is 
obtained.  Nevertheless,  it  will  doubtless  seem  strange  to  the 
student  that  all  numbers  to  the  zeroth  power  have  one  and  the 
same  value,  namely  1.     But  it  should  be  distinctly  noted  that 

a"  is  by  definition  a  symbol  for  — ;  i.e.j  for  the  quotient  of  two 

a"* 

like  powers  of  the  same  base.    Thus, 

2«  =  ?-'  =  ?*  =  ?^  =  l 
28     2*     2* 

Negative  Integral  Powers. 

8.  We  now  still  further  enlarge  the  meaning  of  powers  by 
assuming  that  the  principle 

a* 
holds  not  only  when  m>n  and  m  =  n,  but  also  when  m<ii. 
In  this  case,  m  —  n  is  a  negative  number. 
Since  m  <  w,  we  may  assume  n  =  m-{'k. 

Then  —  =  -^  =  a— <"^*>  =  a"*. 


But 


a' 


m+t-m 


Therefore  a-*  =  ^- 

a* 

That  is,  a  power  with  a  negative  eocponent  is  equal  to  1  divided 
by  a  power  of  the  same  base  with  a  positive  exponent  of  the  same 
absolute  value  as  the  given  exponent. 

Observe  that  the  words  negative  integral  refer  only  to  the 
exponent,  and  not  to  the  value  of  the  power. 

We  are  thus  led  to  a  quite  definite  and  intelligible  meaning 
of  negative  powers  by  extending  still  further  the  application 
of  the  stated  law  to  the  case  in  which  m<n^ 
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9.  From  the  result  of  the  preceding  article  we  derive  the 
following:  • 

1        1       &* 


That  is,  a  negative  integral  power  of  any  hose  is  equal  to  a 
positive  power  of  the  reciprocal  of  the  base^  the  exponents  of  the 
powers  having  the  same  absolute  value;  and  vice  versa. 

This  reciprocal  relation  between  positive  and  negative  powers 
is  useful  in  reductions  which  involve  negative  powers. 

E.g.,  (!)-»=  (|)>  =  |. 

10.  We  also  have         — r  =  -r-  =  a*, 
a-*      1^ 

a* 

This  relation  and  the  relation  which  defined  a  negative 
integral  power  may  be  stated  thus: 

Any  power  of  a  number  may  be  transferred  from  the  denomi- 
nator to  the  numerator,  or  from  the  nuraerator  to  the  denominator, 
of  a  fraction,  if  the  sign  of  its  exponent  be  reversed. 

E.g.,        ^  =  a'.a'  =  a':  in^ll*  = —1— =  i. 

U.   A  negative  integral  power  of  zero  is  equal  to  an  infinite. 

For  0-»  =  — =  1  =  00. 

0«     0 

EXERCISES  I. 
Find  the  value  of  each  of  the  following  expressions : 
1.   2-8.  3.   3-2.  8.    (i)-K  4.    (3i)-8. 

Change  each  of  the  following  expressions  into  an  equivalent  expression 
in  which  all  the  exponents  are  positive : 

9.   3c8y-*.  10.   2c-*d.  11.   3-ia2n-8.  12.    6x-2y-*. 

18.   ^^"'  14.     3&2  jg     badr^  ^^    Sa-^rT^ 


a-162  4o-«c  7-16-8C  86"* 

17.  7  X  8-2a6-*c8(r«.  18.   0  x  10-2(1)  "•«»■*. 
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In  each  of  the  following  expressiona  transfer  the  factors  froni  the 
denominator  to  the  numerator : 

19.  ^  90.   1^.  2X.  ^  22.   ^. 

98         g  94    ^(g  +  y)'  95      2«(g'+l)    . 

'   (a  +  &)  '    C«  -  y)^  '  '3  a-Hx^  -  1)* 

26-82.  In  the  examples  10-25  transfer  the  factors  from  the  numerators 
to  the  4enominator8. 

Fraottonal  (Positivo  or  Nogative)  Powers. 

12.  The  meaning  of  a  fractional  .power  in  which  the  ex- 
ponent is  the  reciprocal  of  a  positive  integer  will  be  determined 
first,  then  that  of  any  fractional  power.  The  word  fractional 
refers  to  the  exponent  of  the  power  and  not  to  its  value. 

1 

13.  We  will  define,  i.e.,  fix  the  meaning  of,  the  power  a^,  in 

which  9  is  a  positive  integer,  by  assuming  that  it  must  obey 
the  first  law  of  exponents,  namely, 

1 
In  other  words,  whatever  meaning  a^  may  have  must  be 
derived  by  an  application  of  this  law. 

By  this  law,         c^  •  a^  =.  a^"*"*  =  cl}:=a. 

But,  since  a^'a^={a^yj  by  definition  of  positive  integral 
power  of  any  base,  we  have 

{a^y  =  a. 

That  is,  ai  is  a  number  whose  square  is  a,  or  a^  =  y^a. 
In  general, 

a^  -a^  *  a»  •••  q  factors  =  a*  *  «  =  a   *  =  a. 

Ill  1 

But,  since   a' •  a' •  a'-^-g  factor8=(a')*,  by  definition  of 

positive  integral  power,  we  have  (a^)«  =  a. 

That  is,  a^  is  a  number  whose  qth  power  is  a, 

1 
or  a!^^ya. 
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We  are  thus  led,  by  the  definition  of  the  fractional  power, 

a?y  to  the  operation  that  is  inverse  to  that  of  raising  a  number 
to  a  positive  integral  power,  t.e.,  to  the  operation  of  finding  a 
root. 

Thus,  9*  and  V^,  (-243)*  and  ^-243,  a»  and  ^'a,  are 
only  different  ways  of  representing  the  same  numbers. 

Notice  that  the  index  of  the  root  is  the  denominator  of  the 
exponent  of  the  fractional  power,  and  the  radicand  is  the  6a.se. 

14.  From  the  definition  of  a  fractional  power  we  have 

(9i)2  =  ( V9)2  =  9,    [(-  25)*]8  =  (^-  25)»  =  -  25. 
1 
In  general,  (a«)«  =  (^a)«  =  a.  (1) 

Also,  from  Ch.  XVI.,  §  1,  Art.  10,  (a«)«  =^a«  =  a, 

if  only  principal  roots  be  considered. 

1  1 

Therefore  (ay=^(ay, 

f  ot  the  principal  root. 

15.  Meaning  of  a?,  wherein  -  is  a  positive  or  a  negative 

fraction.    We  may  always  assume  q  to  be  positive  arid  p  to 

have  the  sign  of  the  fraction. 
p 
Whatever  meaning  a»  may  have  mdst  be  derived  by  an 

application  of  the  law 

By  this  law,         5*  •  5*  •  5*  =  S*-*"*^*  =  5*. 
But,  since  5*  •  5*  •  5*  =(5*)*,  we  have  (5*)«  =  5\ 

That  is,  5*  is  a  number  whose  cube  is  5* ;  or  5^  =  -{/5". 
In  general, 

J.  a' .  a'" ...  q  factors  =  af+M+-"**™'  =  a'»,  =  oF, 
p     p     p  p  p 

But,  since  a'  •  a' .  a^  •••  g  factors  =(a')*,  we  have  (a')«  =  o^. 

p 
That  is,  a'  is  a  number  whose  qth  power  is  a" ; 

or  a'^^-^a". 
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Notice  that  a  fractional  power  is  a  root  of  an  integral  power. 
The  denominator  of  the  fractional  exponent  is  the  index  of  the 
root,  and  the  numerator  is  the  exponent  of  the  power. 

E.g.y  23*  =^23^  (-19)*  =  ^(-19/;  2'i  =  ^2-^=^\. 

16.  Since  fractional  powers  simply  afford  another  way  of 
indicating  roots,  all  the  principles  relating  to  roots  which  were 
proved  in  Chapters  XVI.  and  XIX.-XX.  hold  for  such  powers. 

EXERCISES  II. 

Write  each  of  the  following  expressions  as  an  equivalent  expression 
with  radical  signs : 

1.   ai.  2.   6"*.  8.  a;*.  4.   3yi 

6.   4a;"V.  6-   2a6"^c.  7.   ^^x^y^.  8.   2a»6"». 

M 

aft"" 


ll\i.  10.   f2xW.  11.   li»!.  12. 


xy  « 


3n* 
Find  the  value  of  each  of  the  following  expressions : 

18.  4*.  14.  169*.  16.  16"i  16.  144"*. 

17.  27*.  18.  27"*  19.  16*.  20.  81"*. 

21.  49*.  22.  612*  28.  216"*.  24.  32"*. 

26.  64*.  26.  64*.  27.  .09*.  28.  (3|)"^. 

Write  each  of  the  foHowing  expressions  as  an  equivalent  expression 
with  fractional  exponents: 

29.    V«-  80.    V«'-  81-    V(«'*&^)-  82.    ^{2xy^). 

88.    ^a3.  84.    ^(2a;-iy2).        86.    ^(,bx-^).        86.    </(3  a-^i*). 

87.    ^(3a2).      88.    ^(3a-»).  89.    ^i{a  +  h)\x  -  y)-p^. 

Simplify  each  of  the  following  expressions : 

40.   36*  +  8*  -  625-7«.  41.    .16-« -(lf|^J)*  +  64"*. 

42.   2  a"*  -  .4  a*  +  2.5  a  7«  -  6  a-^, 

17.  The  consideration  of  Irrational  Powers  is  reserved  for  a 
subsequent  chapter. 

18.  Having  thus  determined  definite  meanings  for  zeroth, 
negative,  and  fractional  powers,  it  remains  to  prove  that  they 
obey  all  the  principles  of  positive  integral  powers. 
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Products  of  Pow^ers. 

(I.)  a'^a"  =  0'"+", 

for  all  rational  values  of  m  and  n. 

Ex.  1.  ar^x-'  =  0^+^  -^>  =  0^-^  =  X-'  =  i. 

x" 

Ex,  2.  aift-l  X  a-%*  =  aH"*^  =  a-^d"^  =  ^. 

(i.)  m  positive  and  n  negative,  and  the  absolute  value  of  m  leas  than 
the  absolute  value  of  n. 

Let  n  =  —  ni,  so  that  ni  is  positive.     Then 

a^a*  =  a"»a-*»i  =  —  =  — - —  = =  a^+(-^  =  a**+*. 

In  a  similar  way  the  principle  can  be  proved  for  other  cases  in  which 
the  exponents  are  0  or  negative. 

That  the  principle  holds  when  the  exponents,  either  or  both,  are  frac- 
tions, follows  from  the  definition  of  a  fractional  power. 

EXERCISES  in. 

Simplify  each  of  the  following  expressions : 

1.   xhfi.  2.  x-hfi,  8.   a-^a^.  4.   m'^m'^, 

5.   a^a^.  6.   aM.  7.   6"^6i  8.   c"V*. 

9.   5  a-8  X  3  a6.  10.    -  f  6-«  x  1 J  6-«.        11.  3}  x*  x  2|  x'K 

12.  a«6-2xaM.  18.  3  a;"*y*  x  2  x-6y"i.     14.  2a~h-^c^x6(fic~i. 

16.   a"»6-»>  X  a-Ph^.  16.  a;?/'  x  ^V  '•  !''•   «"*""&'  x  a"»+*»6  '. 

18    12a-»^^   gg  7c-«^36a;:^^  2^j    ^-m^-n  g-i 

21.   (a^  +  a;-2)(a*-x-2).  22.   (a*  +  a"*)(ai  -  a"*). 

28.    (a*-a*6i  +  6*)(a*  +  6i).  24.    (a;V*  +  a;y~*  +  l)(«y'^  -  1). 

26.   (a*+aM+&*)(ai-aV+6i).    26.    (a*+6*+a"*6)(a6"*-a*+6b' 

27.  (a-7  +  a-5  -  a-*)  (a'  +  a^  +  a^). 

28.  (a^  -  a;-8  -  2  x-«  +  6) (10  x'^  +  x'l  -  6  x"*). 

29.  (i  a-8x-»  +  }  X  -3«  -  a-8x-2«) (|  a^jc;^  _  4  a-*xp+^  +  a-ixi»+*). 

80.    (x^  -  xyi  +  x^y  -  y^)  (x  +  x^yi  +  y). 
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SI.   (a*  +  a~i-J^ a"i) (a*  +  a~*  +  1). 

S8.    (x*  +  2x^  +  3a;*  +  2x*+l)(xi-2x*  +  1). 
88.    (a-i-«  +  6-i-«  -  a- W6-.8)  (a-"  +  6-8). 

84.    (li  a V*  +  2  o*  +  I  x»-«  +  6  ox*)  (a*  -  3  x*  +  |  x^ V^). 
Quotients  oi  Powers. 

(11.)  $=«"-> 

for  all  rational  values  of  m  and  n. 

Ex.1.  -^  =  aj»-(-»)  =  aj»-^  =  a3i^. 

Ex.  2.  «;i^  =  a+i6W  =  a-^6V  =  &^. 

aV*  a* 

We  have  —  =  a'^a-^  =  a^+i-^)  =  a"^*. 

BXBBCISBS  IV. 
Simplify  each  of  the  following  expressions : 


1. 

a»                                    x^ 

7. 

a-*          .    a« 

9.    *". 

X-" 

la  *"-".    u.  *-\.     i».  ^7 

x-»            x"-»              x-» 

18. 

(li6-«)  +  (3  6«). 

14.   1  + 

(Jo6-i).         16.   (3ia»6-*)  +  Ga"6-« 

16. 

12a-i6-ix-*:^«'^"*. 

X  » 

„    2x«j/-*     6o-»6* 

18. 

(ai_6i)  +  (oi  + 

6*). 

19.   (x-»)  +  (x*-y*). 

20. 

(x-»+ir»)-(*"* 

+  V~*). 

81.  (X-*  -  r*)  ->■  («■*  +  r')- 

22.   (x+xV+y)-(xi+xV+y*)-       28.   (a»-a  2)-^(a«--a  «). 
24.   [(a-l)-2_i]^[(a-l)-i-l]. 
26.    (3a-w  +  a«-4a-«)-^(2a-2  +  a3  +  3a-«). 

26.  (2x-8-3x-2-2x-i  +  2-x)-5-(x-i+l). 

27.  (x-i  -  3  x"i  +  3  -  3  xi  +  2  x)  H-  (x"*  -  2  x-i  +  x"*  -  2). 
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28.  (2  a^  -  3  a*  -  23 a-i  +  15  a-6  +  9a-^>)^(a*  +  2  -  3  a"*). 

29.  (6x*  +  9a;~i  -  2a;-i  -  13)-f-(3a;i  +  2a;"i  -  6). 

80.  (x*  -  xy*  +  x^y  -  y*)  -^  (a;*  -  y*). 

81.  («*  +  aW  +  ei*)  -f-  (aj*  +  a^x^  +  ei'). 

82.  (a^  -  a26*  -  a^ft^  +  &!)  ^^  («*  _  ab^  +  a*6  -  6*). 

88.    (6x4-7a;-19x*  +  2xi  +  8xi)^(2x*-3x*-4xb. 

Powers  of  Powers. 

(III.)  (a'")"  =  tt**, 

for  all  rational  values  of  m  and  n. 

Ex.1.  (a^-8  =  iB2<-8)  =  aj-«  =  4- 

Ex.2.  (1024i)"*  =  1024~A  =  - 


(1^1024)»     8 

Ex.a  (l+x-V  =  l  +  2aJ-i  +  (a?-i)«  =  l+4;  +  ^- 
(i)  m  and  n  both  negative  integers. 
Let  7n  =  —  mi  and  n  =  —  ni,  so  that  t»i  and  m  ate  pcNsitive. 
We  have 
(a'")»»=  (a-"h)-"i  =( -;;r )  *^  =  (a*"i)"i  =  a"*i"i  =  a<-V(-"i)  =  a**. 

In  a  similar  manner  the  principle  can  be  proved  for  other  cases  in 
which  the  exponents  are  0  or  negative  integers. 


(ii.)  m  a  fraction,  and  n  a  positive  or  a  negative  integer,  or  0. 
Let  m  =  -,  wherein  g  is  a  positive  integer  and  p  is  a  positive  or  a 
negative  integer. 

p  1  1  pn         p 

We  then  have  («"»)»»=  (««)♦»= [(a«)P]*»=  (a^)p»=  a^-a'  =  a*»*. 

In  a  similar  manner  the  principle  can  be  proved  when  m  is  an  integer 
and  n  is  a  fraction. 


(iii.)  m  and  n  both  fractions. 

Let  m  =  -  and  n  =  -,  wherei 
q  s' 

r  are  positive  or  negative  integers. 


Let  m  =  -  and  n  =  -,  wherein  q  and  s  are  positive  integers,  andp  and 
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K  (a«  )•  be  raised  to  the  g«th,  =  »gth  power,  we  have 

Consequently  (a«)*  is  the  qs  root  of  a^^;  or,  by  definition  of  a  frac- 
tional power, 

P  r  pr  pr 

EXERCISES  V. 
Simplify  each  of  the  following  expressions  : 

1.    (x3)-a.               2.    (a«)*                 8.    [(-x)*]^  4.  (x-«)*. 

5.    («"*)!».              6.    (a-8)*                7.    (6«)"^.  8.  (x-2)-6. 

9.   (»"*)"*.           10.   (a")-».             11.    (a-"»)-«.  12.  (a"«)"". 

18.    (^a-2)*.          14.    (V«)"*-           15-    (\/a;*)"*-  16.  (^a— )-». 

17.    (a*-a~*)«.                    18.    (l-x~*)«  19.  (a*  +  a"V- 

Powers  of  ProductB. 

(IV.)      (a6)'"  =  a'"6'",  for  all  rational  values  of  m. 
Ex.1.   (2a;)-»  =  2-»aj-»  =  ^. 

Ex.  2.  (3aj-i2/«)-*  =  3-Vr'  =  3^- 

(i.)  ma  negative  integer.    Let  wi  =  —  mi,  so  that  mi  is  positive. 
Then    (a6)"»  =  (ah)-"^  =  — = —  =  — - —  =  a-^b-^  =  a^ft". 

» 
(ii.)  m  a  fraction.    Let  «»  =  -^ ,  where  p  is  a  positive  or  negative  inte- 
ger, and  g  is  a  positive  integer. 
p 
K  (a6)«  be  raised  to  the  gth  power,  we  have 

p 
[(a6)«]«  =(a6)'',  since  q  is  an  integer, 

=  a^hP,  by  (i.). 

p  p  p       p 

But  (a«6«)«  =  (a»)«(6«)«  =  a^ft^*. 

p  p  p  p       p  p 

Therefore         [(a6)«]«  =  (a»6^)« ;  whence  (a6)«  =  a«&«. 
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Powers  of  Quotients. 


(V.)  ( 7 )  ==  r"'  ^^^  ^^^  rational  values  of  m. 

Ex.  1.  (^Y^±l  =  ^.  Ex.  2.  (±lX^^-^  =  ^. 

We  have  (  ") "  =  C^^"^)**  =  «'"^""'  =  ^• 

EXERCISES  VI. 
Simplify  each  of  the  following  expressions  : 

1.    (aix-i)-a.  2.    (ia)"*.  8.    (8a-«)* 

4.    (a-i6-«)-*.  6.    (2a*x)i  6.    (xV*)-" 

10.    (5a;-«^a2)-«.  11.    (3VaJ^/«-^)"•.  12-    [3y(a-"»6i')]— i». 

'^(;i^)"'-  "(s^)"*-    '^i^)-*- 

10.    fLdftiV.  80.    (iJL^Y.  81.    /j^\-. 

"iit^r-  -[(:i^)"*]'  "[(i^)"*]- 

28.    (a*6-2-l)3.  29.    (a"Vi  +  a6*)3.        80.    (a-afe*  -  c""*)*. 

EXERCISES  VII. 
MISCELLANEOUS   EXAMPLES. 

Simplify  each  of  the  following  expressions : 

2 
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• 

2x2       J         1      ■ 

1        «'*      ,       -* 

(1  -  X2)*        (1  -  «2)* 

-  ,lU^i     «lt^,i 

6. 

a      a  — I        a  +  « 

7. 

a*xi  +  aM       a  -  X 

a*  +  xi        a*  +  x^ 

,       sc*+l     .       1 

«  +  x»  +  l     ''"-I 

9. 

1           ,           1 

2«i 

a*  +  a*  +  l     a^-o*  +  l     a*-a*+l 

Find  the  square  root  of  each  of  the  following  expressions : 

10.  xi  +  x"*  +  9.  U.  a-*x  +  2  a"'x"i  +  oar*. 

12.  4x-*-12x-8+13x-«-6x-i+l.        18.  9x2+10x-2-4«-*+x-«-12. 

14.  a«-fa*-iai  +  fja  +  l. 

16.   f««-6xV  +  J#x«y-}xM  +  A«y*- 
Find  the  cube  root  of  each  of  the  following  expressions : 
16.  x-«-6x-fl  +  12x-*-8x-».  17.   8x-36x*- 27x*-f  64xt 

18.  8x-8  +  12X-2  -  30X-1  -  35  +  45  X  +  27x2  -  27  x*. 

19.  X*  -  3  X*  +  3  x^  +  2  X  +  3  x^  -  3  X*  -  6  x^  +  3  x^  +  «i 
80.   8  xV*  +  13  X*  +  y*  +  12  x^i^-i  +  18  xV^  +  9  xy*  +  3  xV 

Solve  each  of  the  following  equations : 

21.   2x-2-»-i-l  =  0.  89.  x-2  +  5x-i-V  =  0. 

28.   3x-«-2x-8-l  =  0.  84.  5x-2x*-16  =  0. 

26.   3x^-2xi-4  =  0.  88.  5x"i  -  2x"i  -  3  =  0. 

87.   x*  +  3x*-10  =  0.  88.  7x"*  -  3x"*  -  4  =0. 

89.   6x*-3x*-14  =  0.  80.  2x"*  + 5x"*- 7  =0. 


CHAPTER  XXVII. 

PROaRE08IONS, 

§1. 

1.  A  Series  is  a  succession  of  numbers,  each  formed  accord- 
ing to  some  definite  law.  The  single  numbers  are  called  the 
Terms  of  the  series. 

The  law  may  specify  that  each  term  shall  be  formed  from 
the  immediately  preceding  term  in  a  prescribed  way. 
JS.g,,  in  the  series 

1  +  3  +  5  +  7  +  9-h'-  (1) 

each  term  after  the  first  is  formed  by  adding  2  to  the  preced- 
ing term. 

In  the  series  1  +  2  +  4  +  8  +  —  (2) 

each  term  after  the  first  is  formed  by  multiplying  the  preced- 
ing term  by  2. 

Or  the  law  may  state  a  definite  relation  between  each  term 
and  the  number  of  its  place  in  the  series. 

^.^r.,  in  the  series     i  +  i+|  +  J+...  (3) 

each  term  is  the  reciprocal  of  its  number. 

2.  The  number  of  terms  in  a  series  may  be  either  limited  or 
unlimited, 

A  Finite  series  is  one  of  a  limited  number  of  terms. 

An  Infinite  series  is  one  of  an  unlimited  number  of  terms. 

In  this  chapter  a  few  simple  and  yet  very  important  series 
will  be  discussed. 

§2.     ARITHMETICAL  PROGRESSION. 

1.  An  Arithmetical  Series,  or  as  it  is  more  commonly  called 
an  Arithmetical  Progression  (A.  P.)^  is  a  series  in  which  each 
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term,  after  the  first,  is  formed  by  adding  a  constant  number  to 
the  preceding  term.     See  §  1,  Art.  1,  (1). 

Evidently  this  definition  is  equivalent  to  the  statement,  that 
the  difference  between  any  two  consecutive  terms  is  constant 

E.g.y  in  the  series 

l-f3-h5H-7H 

we  have  3-1  =  5-3  =  7-5  =  -.. 

For  this  reason  the  constant  number  of  the  first  definition  is 
called  the  Common  Difference  of  the  series. 

2.  Let      ai  stand  for  the  first  term  of  the  series, 

o^  for  the  nth  (any)  term  of  the  series, 

d  for  the  common  difference, 
and  S^  for  the  sum  of  n  terms  of  the  series. 

The  five  numbers  Oj,  a^  d,  n,  S^  are  called  the  Elements  of 
the  progression. 

3.  The  common  difference  may  be  either  positive  or  negative. 
If  d  be  positive^  each  term  is  greater  than  the  preceding,  and 

the  series  is  called  a  rising^  or  an  increasing  progression. 

E.g,,  1-1-2  +  3-1-4  +  ...,  wherein  d  =  1. 

If  d  be  negative,  each  term  is  less  than  the  preceding,  and 
the  series  is  called  Q,foUlingy  or  a  decreasing  progression. 
E.g.y  1  —  1—3  —  5  —  •••,  wherein  d  =  —  2. 

4.  In  an  arithmetical  progression  any  term  is  equal  to  the  first 
term  plus  the  product  of  the  common  difference  and  a  number  one 
less  than  the  number  of  the  required  temiy  i.e., 

a„  =  ai-h(/i-l)(/.  (I.) 

By  the  definition  of  an  arithmetical  progression 

tti  =  tti,   a2  =  tti  -h  c?,    tts  =  a2  -h  d  =  Oi  -h  2  d,  etc. 

The  law  expressed  by  the  formulae  for  these  first  three  terms 
is  evidently  general,  and  since  the  coefficient  of  d  in  each  is 
one  less  than  the  number  of  the  corresponding  term,  we  have 

a»  =  «!  +  (^  —  l)d- 
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Ex.  1.   Find  the  15th  term  of  the  progression 
1  +  3  +  5  +  7  +  ... 
we  have  ai  =  1,  d  =  2,  w  =  15 ; 

therefore  o^  =  1  +  (15  - 1)  2  =  1  +  28  =  29. 

This  formula  may  be  used  not  only  to  find  a„,  when  ai,  d, 
and  n  are  given,  but  also  to  find  any  one  of  the  four  numbers 
involved  when  the  other  three  are  given. 

Ex.  2.  If  ttfi  =  3  (n  =  5),  and  Oi  =  1,  we  have  3  =  1  +  4  d ; 
whence  d  =  \, 

5.  In  any  arithmetical  progression,  the  sum  of  n  terms  is  equal 
to  one-half  the  product  of  the  number  of  terms  and  the  sum  of  the 
first  and  the  nth  term,  i.e., 

S„  =  l(a^  +  an).  (II.) 

Since  the  successive  terms  in  an  arithmetical  progression, 
from  the  first  to  the  nth  inclusive,  may  be  obtained  either  by 
repeated  additions  of  the  common  difference  beginning  with 
the  first  term,  or  by  repeated  subtractions  of  the  common  dif- 
ference beginning  with  the  nth  term,  we  may  express  the  sum 
of  n  terms  in  two  equivalent  ways : 

>S'n=ai+(ai+d)  +  (ai+2d)+...+(ai+^^^.d)+(ai+ir=T.d), 

^n=«»+(an-<^)  +  (a»-2d)  +  ...+(a„-^^=^.d)+(a„-^:iT.d). 

Whence,  by  addition, 
2AS'„=(ai  +  a„)  +  (ai  +  a,)+... +(ai+a,)  +  (ai  +  a„), 
wherein  there  are  n  binomials  Oi  +  a„. 

Therefore,  2  aS'^  =  n  (ai  +  a^),  or  S^  =  |(«i  +  ««)• 

6.  If  the  value  of  a„,  given  in  (I.),  be  substituted  for  Oj  in 
(II.),  we  obtain 

«»  =  |[2a, +  (»-!)</].  an.) 

Formula  (II.)  is  used  when  Oj,  a„,  and  n  are  given;  and 
(III.)  when  tti,  d,  and  n  are  given. 
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7.  Ex.  1.  If  tti  =  1,  rta  =  3,  then  fl^^  =  f  (1  +  3)  =  10. 

Ex.  2.  If  Oj  =  -  4,  d  =  2,  n  =  12, 

then  ^u  =  ¥[2(- 4)  + 11  x  2]  =  84. 

Either  (II.)  or  (III.)  can  be  used  to  determine  any  one  of 
the  five  elements  a^  a^  d,  n,  S^,  when  the  three  others  involved 
in  the  formula  are  known. 

Ex.  a  Given  aj  =  -  3,  d  =  2,  5«  =  12,  to  find  n. 

From  (III.),  12  =  ^[_64-2(n~  1)], 

or  n*  —  4  n  =  12  5    whence  w  =  6  and  —  2. 

The  result  6  gives  the  series  —  3  —  1  -h  1  +  3  +  6  +  7,  =12. 

Since  the  number  of  terms  must  be  positive^  the  negative 
result,  —2,  is  not  admissible.  But  its  meaning  may  be 
assumed  to  be  that  two  terms,  beginning  with  the  last  and 
counting  toward  the  first,  are  to  be  taken. 

ft  Formulae  (I.)  and  (II.),  or  (1.)  and  (lil.)>  ^^J  ^  ^^ed 
simultaneously  to  determine  any  two  of  the  five  niunbers  Oj, 
<*nf  ^j  ^n)  w>  when  the  three  others  are  given. 

Ex.  1.  Given  d=^,  n  =  9,  o^  =3:  d>  to  find  ai  and  8%^ 

Ftom  (I.),        6  =  «!  +  8  '  I,  whence  ai  ==  1. 

From  (II.)|  using  the  value  of  ai  just  founds 

5e  =  f(l  +  5)  =  27. 

Ex.  2.  Given  di  =  3,  n  =s  13^  StA^  1S>  to  find  d  and  (!». 
From  (II.),  13  =  Ji^  (3  +  aia),  whence  a^a «  - 1. 
From  (I.),  - 1  =  8  + 12  d,  whence  d  =  - 1- 

Ex.  3.  Given  d  =  —  2,  a^  =  — 16,  /S'„  =  —  60,  to  find  Oj  and  n. 
From  (I.),  - 16  =  Oi  -  2  (n  - 1),  (1) 

and  from  (II.),  -  60  =  ^  (a-i  - 16).  (2) 

Solving  (1)  and  (2),  we  obtain  71  =  12,  (»i  =  6;  and  n^^^ 
ai  =  -8. 
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The  two  series  are : 

6+4  +  2  +  0-2-4-6-8-10-12-14-16, 

and  -8-10-12-14-16, 

both  of  which  have  d  =  —  2,  a^  =  — 16,  S^  =  —  60. 

Kotice  that  in  this  example  the  sum  of  the  terms  which  are 
not  common  to  the  two  series  is  0. 

Ex.  4.  Given  ai  =  1,  d  =  2,  a^  =  18,  to  find  n. 
From  (I.),  18  =  1  +  2  (n  - 1),  whence  n  =  J^. 

This  result  is  inadmissible. 

A  glance  at  the  data  will  reveal  the  meaning  of  this  result. 
Since  the  first  term  is  odd  and  the  common  difference  even, 
the  last  term  cannot  be  even. 

This  example  also  illustrates  the  fact  that,  although  one  of 
the  formulae  determines  one  of  the  elements  when  the  other 
three  elements  are  given,  yet  these  three  elements  cannot  be 
arbitrarily  assumed. 

9.  In  many  examples  the  elements  necessary  for  determin- 
ing the  required  element  or  elements  directly  from  (I.)-(III.) 
are  not  given,  but  in  their  place  equivalent  data. 

Ex.  1.  Given  a^  =  17,  an  =  32,  to  find  ai  and  d. 

From  (I.),      17  =  Oi  +  5  d,  and  32  =  ai  + 10  d. 

Solving  these  equations,  a,  =  2,  d  =  3. 

Or,  we  could  have  regarded  17  as  the  first  term  and  32  as 
the  last  term  of  a  progression  of  6  terms.  Then,  by  (I.), 
32  =  17  +  5  d,  whence  d  =  3. 

By  (I.)  again,  17  =  Oj  +  5  x  3 ;  whence  Oi  =  2,  as  above. 

Ex.  2.   Given  8s  =  80,  S^  =  168 ;  find  ai  and  d. 

From  (III.),   80  =  f  (2  ai  +  7  d),  and  168  =  ^  (^  «!  +  H  d). 

From  these  equations,  (ii  =  3,  d  =  2. 
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EXBBCISBS  L 

Find  the  last  term,  and  the  sum  of  the  terms,  of  each  of  the  following 
arithmetical  progressions : 

1.   2  +  6  +  ...  to  10  terms.  2.   3  +  1 to  13  terms. 

8.  -  5  -  2  +  ...  to  21  terms.  4.    13  +  11  +  ...  to  25  terms. 

6.  3  +  IJ  +  ...  to  40  terms.  6.   4+1} to  31  terms. 

7.  9  +  11  +  ...  to  n  terms.  8.   1  +  f  H —  to  »  terms. 

9.  n  +  2  n  +  ...  to  16  terms,  to  m  terms. 

10.  a  +  (a  +  6)  H —  to  20  terms,  to  n  terms. 

11.  a;  +  (3  X  —  2  y)  H —  to  16  terms,  to  n  terms. 

12.  (w  +  2)  +  (4  m  +  5)  +  ...  to  40  terms,  to  n  terms. 

18.  ^5^  +  5-11^+  ...  to  30  terms,  to  n  terms. 

a  a 

14.   55-^  +  ^^^^^^+...  to  32  terms,  ton  terms. 
a  +  b       a  +  6 

16.   n  -  1  +  Vl.±1  +  ...  to  11  terms,  to  x  terms. 
n  —  1 

16.  Find  the  sum  of  the  series 

(e.+i  _  e*  +  1)  +  (€*+!  +  e«  -  1)  +  ...  +  (€*+i  +  19  e«  -  19). 

In  each  of  the  following  arithmetical  progressions  find  the  values  of 
the  two  elements  not  given  : 

17.  ai  =  4,  d  =  5,  n  =  10.  18.    ai  =  1.2,  d  =  - 3,  n  =  16. 

19.  a„  =  -  4,  d  =  .3,  n  =  10.         20.   On  =  16,  d  =  2,  »  =  9. 

21.  ai  =  -  6,  n  =  72,  a„  =  37|.  22.  ai  =  2|,  n  =  6,  a„  =  -  1.9. 

23.  d  =  6,  n  =  10,  Sn  =  3i0.  24.  d  =  -  4.8,  n  =  3,  5„  =  28.6. 

26.  ai  =  3,  71  =  16,  Sn  =  90.  26.  a„  =  13,  n  =  8,  Sn  =  100. 

27.  ai  =  4J,  w  =  10, /S;  =  73i.  28.  a„  =  2J,  n  =  12, /S;  =  -  7. 
29.  ai  =  9,  d  =  -  1,  an  =  6.  30.  oi  =  7,  d  =  6,  an  =  227. 

81.   ai=-7.6,  an=10.5,  >^n=15.   82.   ai  =  22^,  an  =  -  19f ,  ;9„  =  20. 
38.    ai  =  2,  d  =  6,  ;9„  =  245.  84.    ai  =  -  },  d  =  f , /SV  =  282i. 

86.   an  =  56,  d  =  5, /S„  =  324.         86.   an  =  4i,  d  =~  J,  5n  =  69J. 

Arithmetical  Means. 

10.  The  Arithmetical  Mean  between  two  numbers  is  a  third 
number,  in  value  between  the  two,  which  forms  with  them  an 
arithmetical  progression. 
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E.g.,  2  is  an  arithmetical  mean  between. 1  and  3. 
Let  A  stand  for  the  arithmetical  mean  between  a  and  6; 
then  by  the  definition  of  an  arithmetical  progression, 
-4  —  a  =  6  —  -4, 

whence  A  =  ^  "T    > 

r^a^  iSy  the  arithmetical  mean  betioeen  two  numbers  is  half 
their  sum. 

IX.  Arithmetical  Means  between  two  numbers  are  numbers,  in 
value  between  the  two,  which  form  with  them  an  arithmetical 
progression. 

JE.g,,  2,  3,  and  4  are  three  arithmetical  means  between  1  and  5. 

Ex.   Insert  four  arithmetical  means  between  —  2  and  9. 

We  have  w  =  6,  aj  =  —  2,  a^  ==  9. 

From  (I.),  9  =  -2  +  5d,  whence  d  =  Y- 

The  required  means  are  |,  -*/,  ^,  ^. 

12.  If  n  arithmetical  means  be  inserted  between  a  and  6,  we  have  an 
arithmetical  progression  oi  n -\- 2  terms,  the  first  term  being  a  and  the 
last  b.  

Therefore,  from  (I.),  6  =  a  +  (w  +  2  -  1) d, 

whence  d  =  » 

n+  1 

The  resulting  series  is  therefore 

^  ,,  I  b  —  a    „  I  nb  —  a    „  ,  ob  —  a  »,, 

n+1  w+1  w+l 

^   wa  +  6     (n-l)a  +  26     (n  -  2)  g  -f  3  6  ;, 

or  a,  — -,   — ,    ^— — ,  •••,  u. 

n+l  w+1  n+l 

EXERCISES  II. 
Insert  an  arithmetical  mean  between 

1.   46  and  31.  2.    ITJ  and  14J.  8.   2  a  and  -  2  6. 

A    «-&  and  «+-^.  6.   ^+i  and  -^^+1. 


*a^5  a-6  a  —  1  05*  —  1 

6.  Insert  6  arithmetical  means  between  7  and  35. 

7.  Insert  12  arithmetical  means  between  37  and  —  28. 
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8.  Insert  0  arithmetical  means  between  ^  and  12. 

9.  Insert  6  aritlimetical  means  between  17{  and  1^. 

10.  Insert  20  aritlimetical  means  between  —  16  and  26. 

11.  Insert  6  arithmetical  means  between  a  +  b  and  8  a  —  13  &. 

ProbleiUB. 

13.  Pr.  1.  The  sum  of  four  numbers  in  arithmetical  pro- 
gression is  16,  and  their  product  is  105.  What  are  the 
numbers  ? 

We  can  express  the  four  required  numbers  in  terms  of  two 
unknown  numbers. 

Let  a?  —  3d,  x  —  d,  ar-hd,  x  +  Sd  be  the  four  required  num- 
bers.    Then,  by  the  first  condition, 

(aj-  3d)  +  (a? -  d)  -f-  (a?  +  d)  +  (a?  +  3d)  =  16; 
whence  a  =  4. 

By  the  second  condition, 

(a?-3d)(aj-d)(a;  +  d)(«  +  3d)  =  105, 
or  (aj2-9d»)(«2-d2)  =  105. 

Substituting  4  for  x  and  reducing,  9  d*  — 160  d*  =  — 151. 

From  this  equation  we  obtain  d  =  ±  1,  and  ±  ^y^l51. 

The  corresponding  numbers  are, 
when  d  =  1 :  1,  3,  5,  7 ;  when  d  =  —  1 :  7,  5,  3, 1 ; 
when  d  =  ^V^^^  • 

4-V151,  4-iVl51^  4  + JV151,  4-hVi^i; 
when  d  =  — ^y'151: 

4+ Viol,  4-hiVl51^  4-iVl51»  4.-^151, 
Notice  the  advantage  of  assuming  the  required  numbers  as 
in  the  above  example.  Had  we  assumed  x,  «  +  d,  a:4-2d, 
a;  +  3  d  as  the  required  numbers,  the  solution  would  have 
involved  an  equation  of  the  fourth  degree  which  .could  not 
have  been  solved  as  a  quadratic. 

Pr.  2.  Find  the  sum  of  all  the  numbers  of  three  digits  which 
are  multiples  of  7. 

The  numbers  of  three  digits  which  are  multiples  of  7  are 
7  X  15,  7  X  16,  7  X  17,  -.,  7  x  142.       • 
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Their  sum  is         7  (15  +  16  +  •  •  •  +  142). 
The  series  within  the  parentheses  is  an  arithmetical  progres- 
sion, in  which  Oj  =  15,  d  =  1,  n  =  128,  and  Aug  =  142. 
Therefore  S^ss  =  10,048. 

The  required  sum  is  therefore  7  x  10,048,  =  70,336. 

EXBBCISBS  III. 

1.  Find  the  sixth  term,  and  the  sum  of  eleven  terms,  of  an  A.  P. 
whose  eighth  term  is  11  and  whose  fourth  term  is  —  1. 

2.  The  sixteenth  term  of  an  A.  P.  is  —  6,  and  the  forty-first  term  is 
45.      What  is  the  first  term,  and  the  sum  of  twenty  teims  ? 

8.    Find  the  sum  of  all  the  even  numbers  from  2  to  60  inclusive. 

4.  Find  the  sum  of  thirty  consecutive  odd  numbers,  of  which  the  last 
is  127. 

5.  The  sum  of  the  eighth  and  fourth  tenns  of  an  A.  P.  of  twenty 
terms  is  24,  and  the  sum  of  the  fifteenth  and  nineteenth  terms  is  68. 
What  are  the  elements  of  the  progression  ? 

6.  The  product  of  the  first  and  fifth  terms  of  an  A.  P.  of  ten  terms 
is  86,  and  the  product  of  the  first  and  third  terms  is  55.  What  are  the 
elements  of  the  progression  ? 

7.  The  first  term  of  an  A.  P.  of  thirty  terms  is  100,  and  the  sum  of 
the  first  six  terms  is  five  times  the  sum  of  the  six  following  terms.  What 
are  the  elements  of  the  progression  ? 

8.  The  sum  of  the  second  and  twentieth  terms  of  an  A.  P.  is  10,  and 
their  product  is  23|J.     What  is  the  sum  of  sixteen  terms  ? 

9.  The  sixth  term  of  an  A.  P.  is  30,  and  the  sum  of  the  first  thirteen 
terms  is  455.     What  is  the  sum  of  the  first  thirty  terms  ? 

10.  What  value  of  x  will  make  the  arithmetical  mean  between  x^  and  x* 
equal  to  6  ? 

11.  Find  the  sum  of  all  even  numbers  of  two  digits. 

12.  How  many  consecutive  odd  numbers  beginning  with  7  must  be 
taken  to  give  a  sum  775  ? 

13.  Insert  between  0  and  6  a  number  of  arithmetical  means  so  that 
the  sum  of  the  terms  of  the  resulting  A.  P.  shall  be  39. 

14.  Find  the  number  of  arithmetical  means  between  1  and  19,  if  the 
first  mean  is  to  the  last  mean  as  1  to  7. 

15.  The  sum  of  the  terms  of  an  A.  P.  of  six  terms  is  66,  and  the  sum 
of  the  squares  of  the  terms  is  1006.  What  are  the  elements  of  the 
progression  ? 
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16.  The  sum  of  the  tenns  of  an  A.  P.  of  twelve  terms  is  354,  and  the 
sum  of  Uie  even  terms  is  to  the  sum  of  the  odd  terms  as  32  to  27.  What 
is  the  common  difference  ? 

17.  How  many  positive  integers  of  three  digits  are  there  which  are 
divisible  by  0  ?    Find  their  sum. 

18.  If  the  sum  of  m  terms  of  an  A.  P.  is  n,  and  the  sum  of  n  tenns  is 
m,  what  is  the  sum  of  m  +  n  terms  ?    Of  m  —  n  terms  ? 

19.  Show  that  the  sum  of  2  n  +  1  consecutive  integers  is  divisible  by 
2n  +  l. 

90.  Prove  that  if  the  same  number  be  added  to  each  term  of  an  A.  P., 
the  resulting  series  will  be  an  A.  P. 

91.  Prove  that  if  each  term  of  an  A.  P.  be  multiplied  by  the  same 
number,  the  resulting  series  will  be  an  A.  P. 

99.  Prove  that  if  in  the  equation  y  =  ax  +  6,  we  substitute  c,c-{-d, 
e  +  2  d,  ••*,  in  turn  for  z,  the  resulting  values  of  y  will  form  an  A.  P. 
98.   Prove  that  if  aS  h\  c^  form  an  A.  P.,  then 

__L.,   _JL_,   __1_  form  an  A.  P. 
b  +  c    c+  a    a  +  h 

9ft.   If  a,  b,  c  form  an  A.  P.,  then 

Ko  +  6  +  c)8  =  a\b  +  c)  +  62(a  +  c)  +  c\a  +  b). 

9ft.  A  laborer  agreed  to  dig  a  well  on  the  following  conditions :  for  the 
first  yard  he  was  to  receive  $2,  for  the  second  $2.50,  for  the  third  $3, 
and  so  on.    If  he  received  $42.50  for  his  work,  how  deep  was  the  well  ? 

96.  On  a  certain  day  the  temperature  rose  i°  hourly  from  5  to  11  a.m.^ 
and  the  average  temperature  for  that  period  was  8°.  What  was  the  tem- 
perature at  8  A.M.  ? 

97.  Twenty-five  trees  are  planted  in  a  straight  line  at  intervals  of  5  feet. 
To  water  them,  the  gardener  must  bring  water  for  each  tree  separately 
from  a  well  which  is  10  feet  from  the  first  tree  and  in  line  with  the  trees. 
How  far  has  the  gardener  walked  when  he  has  watered  all  the  trees  ? 

98.  Two  bodies,  A  and  B,  start  at  the  same  time  from  two  points,  C 
and  Z),  which  are  76  feet  apart,  and  move  in  the  same  direction.  A  moves 
1  foot  the  first  second,  3  feet  the  second,  5  feet  the  third,  etc. ;  B  moves  3 
feet  the  first  second,  4  feet  the  second,  5  feet  the  third,  etc.  How  long 
will  it  take  A  to  overtake  B  ? 

99.  A  number  of  equal  balls  are  placed  in  the  form  of  a  solid  equi- 
lateral triangle  in  the  following  way :  one  ball  is  placed  at  the  vertex, 
under  this  are  placed  two  balls,  under  these  two  are  placed  three  balls, 
and  so  on.  If  the  number  of  balls  is  increased  by  4,  they  can  be  plaxjed 
in  the  form  of  a  solid  rectangle  whose  base  is  equal  to  the  base  of  the  tri- 
angle, and  whose  altitude  is  3  balls  shorter  than  the  base.  How  many 
balls  are  in  the  triangle  ? 
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§3.     GEOMETRICAL  PROGRESSION. 

X.  A  Geometrical  Series,  or  as  it  is  more  commonly  called 
a  Geometrical  Progression  (G.  P.),  is  a  series  in  which  each  term 
after  tlie  first  is  formed  by  multiplying  the  preceding  term  by 
a  constant  number.     See  §  1,  Art.  1,  (2). 

Evidently  this  definition  is  equivalent  to  the  statement  that 
the  ratio  of  any  term  to  the  preceding  is  constant. 

Por  this  reason  the  constant  multiplier  of  the  first  definition 
is  called  the  Ratio  of  the  progression. 

Xiet  Oi  stand  for  the  first  term  of  the  series, 

a„  for  the  nth  (any)  term, 
r  for  the  ratio, 
and  Sn  for  the  sum  of  n  terms. 

The  five  numbers  ai,  a^  r,  aS„,  n,  are  called  the  Elements  of 
the  progression. 

2.  The  ratio  may  be  either  larger  or  smaller  than  1 ;  in  the 
former  case  the  progression  is  called  a  rising  or  ascending  pro- 
gression; in  the  latter  si,  falling  or  descending  progression. 

E.g,,  l  +  f  +  f  +  ¥+-,  in  which  r  =  f, 

and  I  —  1  4-  2  -  4  +  8  .••,  in  which  r  =  —  2, 

are  ascending  progressions ;  while 

1 +i  +  i+ff+-^i^  which  r  =  ^, 

and  1  —  I  + 1  —  W  H y^^  which  r  =  —  |, 

are  descending  progressions. 

If  the  terms  are  all  positive,  the  words  increasing  and  decreas- 
ing may  be  used  for  ascending  and  descending,  respectively. 

3.  In  a  geometrical  progression  any  term  is  equal  to  the  first 
term  multiplied  by  a  power  of  the  ratio  whose  exponent  is  one  less 
than  the  number  of  the  required  term,  i.e., 

an  =  a,r"-\  (L) 

By  the  definition  of  a  geometrical  progression 

ai  =  tti,  aa  =  air,  a^  =  a^r  =  air^,  a^  =  a^r  =  a^r^,  etc. 
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The  law  expressed  by  the  relations  for  these  first  four  terms 
is  evidently  general,  and  since  the  exponent  of  r  is  one  less 
than  the  number  of  the  corresponding  term,  we  have 

Ex.  1.  If        ai  =  J,  r  =  3,  n  =  5,  then  ag  =  ^  •  3*  =  ^^. 

This  relation  may  also  be  used  to  find  not  only  a«  when  o^, 
r,  and  n  are  given,  but  also  to  find  the  value  of  any  one  of  the 
four  numbers  when  the  other  three  are  given. 

Ex.  2.  If  tti  =  4,  Oe  =  I,  n  =  6,  then  |  =  4  r*,  whence  r  =  J. 

It  is  important  to  notice  that,  while  ai,  a^  and  r  may  be  posi- 
tive or  negative,  integral  or  fractional,  n  must  be  a  positive 
integer.     Consequently  ai,  a„,  r  cannot  be  assumed  arbitrarily. 

As  yet  the  value  of  n  can  be  determined  from  (I.)  only  by 
inspection. 

4.  In  a  geometrical  progression 

1 —r  r— 1 

or  Sn  =  ?V=^^^  =  ?^^^^-  (HI.) 

1  — /•         r  — 1 

We  have  aS„  =  ai  +  Oii-  -h  air^  H h  a^T'^  +  aTf^\  (1) 

and  rS^=z  air-\-a^r^-\ h  ^ir""^  +  ai**"^  +  "i^.   (2) 

Consequently,  subtracting  (2)  from  (1), 

whence  ^„  =  a^^^zJ^  =  ^i(^-^X 

1  —  r  r  —  1 

Substituting  a„  for  aii^"^  in  (II.),  we  have 

o  _  «i  -  an^-  _  Qn^  -  Ol 
1  —  r  r  —  1 

The  first  forms  of  (II.)  and  (III.)  are  to  be  used  when  r  <  1, 
the  second  when  r  >  1. 

5.  Ex.  1.   Given  ai  =  3,  r  =  2,  n  =  6,  to  find  S^i 
From  (IL),  S,  =  ^^f  "/)  =  189. 
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Formulae  (II.)  and  (III.)  may  be  used  not  only  to  find  Sn 
when  Ori,  r,  and  n,  or  ai,  a^  and  r  are  given,  but  also  to  find  the 
value  of  any  one  of  the  four  elements  when  the  other  three 
are  given. 

Ex.  2.  Given  >S„  =  ~63^,Oi  =  -|,a^  =  -32,  to  find  r. 
By  (III.),     - 63^  =  -|^^^^  whence  r  =  2. 

6-  Formulae  (I.)  and  (II.),  or  (I.)  and  (III.)>  inay  be  used 
simultaneously  to  determine  any  two  of  the  five  elements, 
Oi,  a«,  r,  Sn9  n,  when  the  three  other  elements  are  given. 

Ex.  1.   Given  r  =  —  ^,  w  =  5,  aa  =  —  J,  to  find  ai  and  S^. 
Erom  (I.),         —  ^  =  ai(—  ^)*,  whence  ai  =  —  4 ; 
and  from  (II.),  using  the  value  of  ai  just  found, 

-4[l-(-OT 11 

'"'-       l-(-i)       -      4- 

Ex.  2.  Given  r  =  2,  o„  =  16,  S„  =  31^,  to  find  ai  and  n. 
From  (III.),  31^  =  ^^^^~"^,  whence  Oj  =  f 

From  (I.),        16  =  i  •  2«-^  whence  n  =  6. 

Ex.  3.   Given  n  =  7,  ay  =  16,  ^S'y  =  31|,  to  find  r  and  % 
From  (I.),  16  =  a^r^, 

and  from  (II.),  31f  =  5^LIl!:!). 

1  —  r 

Eliminating  ai  between  these  two  equations,  we  obtain 
63r^-127r«  =  -'64. 

Thus  this  example  leads  to  an  equation  of  the  seventh  degree, 
which  cannot  be  solved.  The  value  of  r  in  such  equations  can 
often  be  found  by  inspection.  In  the  above  equation  r  =  2. 
AVe  then  have  ai  =  \. 

7.  In  many  examples  the  elements  necessary  for  determin- 
ing the  element  or  elements  directly  from  (I.)-(III.)  are  not 
given,  but  in  their  place  equivalent  data. 
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Ex.  1.   Given  a,  =  48,  Og  =  384,  to  find  Oj  and  r. 

From  (I.),  48  =  ai?^,  and  384  =  Oir' ; 

whence  r"  =  8,  or  r  =  2.    Therefore  a^  =  3. 

Or,  we  could  have  regarded  48  as  the  first  term  and  384  as 
the  last  term  of  a  progression  of  four  terms.  Then  by  (I.), 
384  =  48  r',  whence  r  =  2,  as  before. 

Ex.  2.  Given  Se  =  63,  /S9  =  511,  to  find  Oi  and  r. 

From  (II.),     63  =  "'^^"/),  and  511  =  5i(?lzill ;  (l) 

r  —  1  r  —  1 

whence  ^^^  =  ^,  or  ^  +  ^  +  ^  =  ^. 

7^-1      63'  7^  +  1  63 

Therefore  63  ?-•  -  448  7^  =  448 ; 

whence    r^  =  8,  and  —  |  j  and  r  =  2,  and  —  |v^3. 

We  then  have  from  (1) :  Oi  =  1,  when  r  =  2 ; 
and  ai  =  100^  (2^  3  -h  3),  when  r  =  - 1^3. 

Such  examples  as  the  last  in  general  lead  to  equations  of 
higher  degree  than  the  second. 

EXBBCISBS  IV. 

Find  the  last  term  and  the  sum  of  the  terms  of  each  of  the  following 
geometrical  progressions : 

1.   3  +  6  + ...to  6  terms.  2.   2  -  4  +  ...to  10  terms. 

8.  32  -  16  +  ...  to  7  terms.  4.    If  +  2}  +  ...  to  6  terms. 

5.   2-22  +  ...toll  terms. 

7.  l+(l  +  a)  + 

8.  ap  +  aP+«  +  •. 

In  each  of  the  following  geometrical  progressions  find  the  values  of  the 
elements  not  given : 

9.  ai  =  1,  r  =  4,  n  =  5.  10.   ai  =  2J,  r  =  -  2,  n  =  6. 
11.   On  =  10,  r  =  2,  n  =  4.  12.   a„=1.2,  r  =  -.2,  n  =  5. 

18.   r  =  2,  n  =  5,  Sn  =  62.  14.   r  =  10,  n  =  7,  Sn  =  3,333,333. 

16.  ai  =  6,  n  =  9,  «„  =  327,680.        16.   ai  =  74J,  n  =  6,  ««  =  2J. 

17.  an  =  96,  n  =  4,  iS;  =  127.6.         18.   an=7,  n  =  9,  /yn  =  68,887. 


y/2        2 

..  to  4  terms,  to  n 

...ton 
terms. 

terms. 

to  7  terms,  to  n  terms. 
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19.  ai  =  1,  r  =  2,  a*  =  64.  20.  ai  =  7,  r  =  10,  On  =  700. 

21.  ai  =  74},  On  =  2J,  Sn  =  147.  22.  ai  =  1,  a*  =  512,  Sn  =  1023. 

28.  an  =  44,  r  =  4,  i^n  =  55.  24.  o„  =  3125,  r  =  5,  aSh  =  3905. 

25.  ai=40,  r  =  i,  iS;  =  75.  26.  ai  =  4,  r  =  3,  ^,  =  118,096. 

27.  ai  =  3,  n  =  3,  /^^  =  1953.  28.  ai  =  100,  n  =  3,  Sn  =  700. 

Sum  of  an  Infinite  Gkeometaical  ProgresBion. 

8.    When  r  is  less  than  1,  the  term  air"  in  the  formula 

1-r 

decreases  as  n  increases.    As  n  grows  indefinitely  large,  ait^  becomes 
indefinitely  small.    For,  as  in  Ch.  XVII.,  Art.  15,  we  have 

Now  let  a  =  1,  6  =  1  —  d,  wherein  d  is  a  positive  proper  fraction.    Then 
l>(l-d)«+i+(n  +  l)d(l-(0-;  or,  1  >(1  -  d)«(l  +  nd)'. 

Therefore  (1  -  d)»  <  — - — 

Evidently, can  be  made  less  than  any  assigned  number,  however 

1  +  na 

small,  by  increasing  n  indefinitely.    Therefore,  (1  —  d)",  which  may  rep- 
resent any  proper  fraction,  say  r,  can  be  made  less  than  any  assigned 
number,  however  small.    That  is,  when  n  =  oo,  air»  =  0. 
We  therefore  have,  when  r  <  1  and  n  =  oo, 

1  —  r 
Ex.  1.  Find  the  sum  of  the  infinite  series 

l  +  i  +  J  +  }  +  — ,  in  which  r  =  }. 
We  have  S^  =  — —  =  2. 

The  meaning  of  this  result  is  that  the  sum  of  the  given  series  approaches 
the  finite  value  2  more  and  more  nearly  as  more  and  more  terms  are 
included  in  the  sum,  and  that  the  sum  can  be  made  to  differ  from  2  by  as 
little  as  we  please,  by  taking  a  suflficient  number  of  terms.  The  exact 
sum  2,  however,  can  never  be  obtained. 

This  theory  can  be  applied  to  find  the  value  of  a  repeating  (recurring) 
decimal. 
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Ex.  %.  Verify  that  ,6  =  f 

We  have  .666 ...  =  A  +  T»iy  +  tt/W  +  -» 

a  geometrloal  progression  whose  first  term  is  ^  and  whose  ratio  is  ^. 
Consequently 

EXERCISES  V. 

Find  the  sum  of  the  following  infinite  geometrical  progressions : 

1.   6  +  4  +  —.  a.   60  +  15+....  8.    10-6  +  .... 

4.   1  +  J  +  ....  6.    1  -  J  +  ....  6.   6  -  i  +  .... 

7.   1-}+....  8.    vf  +  V}+-.  ».   V-2  +  VTk  +  -. 

10.   l  +  a;  +  xa  +  ...,  when  nB<l.         11.   l  +  i  +  i+ ...,  when  a;>l. 

z     x^ 

Find  the  value  of  each  of  the  following  repeating  decimals : 
12.    .44....  18.    .»9....  14.   .2727....  15.    .016016    .. 

16.   .199....         17.   1.0909....         18.    .122323....        19.   .201476476.... 

Verify  each  of  the  following  identities : 
90.   V-44-=.66....  21.   V.6»44...  =  .833.... 

Geometrical  Means. 

9.  A  Geometrical  Mean  between  two  numbers  is  a  number^  in 
value  between  the  two,  whicli  forms  with  them  a  geometrical 
progression. 

E.g.,  +  2,  or  —  2,  is  a  geometrical  mean  between  1  and  4. 
Let  G  be  the  geometrical  mean  between  a  and  b. 
Then  by  definition  of  a  geometrical  progression, 

^  =  -^ ;  whence  G  =  ±  V W- 
a      it 

That  18,  the  geometrical  mean  between  two  numbers  is  the 

square  root  of  their  product. 

Ex.   Find  the  geometrical  mean  between  1  and  ^.     We  have 

10.  Geometrical  Means  between  two  numbers  are  numbers,  ir 
value  between  the  two,  which  form  with  them  a  geometrical 
progression.     E.g.,  4  and  16  are  two  geometrical  means  between 
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1  and  64 ;  and  2, 4,  8, 16, 32  are  five  geometrical  means  between 
1  and  64. 

Ex.    Insert  five  geometrical  means  between  2  and  11. 
We  have  11  =  2  r*,  whence  r  =  v^^. 

The  required  means  are 

2</^,  2-^i^y,  2^(1^)*,  2^(i^y,  2</(V/. 

XX.    If  n  geometrical  means  be  inserted  between  a  and  6,  we  have  a 
geometrical  progression  of  n  +  2  terms. 
Consequently,  by  (I.), 

b  =  ar^-^\  or  r  =    -%/— 
lid 
The  progression  is  therefore, 

or  a,  '*+^(a»6),  •+i/(a«-i62)^  •+J/(a«-268),  ...6. 

EXERCISES  VI. 
Insert  a  geometrical  mean  between 
1.   2  and  8.  2.   12  and  3.  3.   |  and  yf^. 

4.    V«  aiid  V(2  o).  5.   75  m*  and  3  mn^.  6.  ^  and  ^. 

7.    (o  -  6)2  and  (a  +  6)2.  8.    (a2  +  i)(a2  _  i)-i  and  i(a*  -  1). 

9.   Insert  6  geometrical  means  between  2  and  1458. 

10.  Insert  7  geometrical  means  between  2  and  512. 

11.  Insert  6  geometrical  means  between  3  and  —  384. 

12.  Insert  6  geometrical  means  between  5  and  —  640. 

13.  Insert  8  geometrical  means  between  4  and  —  ^f  Jf. 

14.  Insert  9  geometrical  means  between  1  and  ^yj^. 

Problems. 

12.  Pr.  The  sum  of  the  terms  of  a  geometrical  progression 
of  five  terms  is  484 ;  the  sum  of  the  second  and  fourth  terms 
is  120.     What  is  the  progression  ? 

Let  -^,  -,  X,  xr,  xf^he  the  required  terms, 
r  r 
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By  the  first  condition,       -^-|---ha;H-a?r  +  a»'*  =  484.         (1) 

IT     r 

By  the  second  condition,  -  +  or  =  120.  (2) 

Subtracting  (2)  from  (1),  ^  -h  a?  -h  or*  =  364.  (3) 

IT 

Dividing  by  a?,  and  adding  1  to  both  members, 

i  +  2  +  r«  =  ^-hl.  (4) 

r  X 

Squaring  (2),  as'f^  +  2  +  A=  14400,  (6) 

l  +  2  +  ^  =  lf«.  (6) 

Equating  second  members  of  (4)  and  (6), 

X  ar 

whence  x  =  36,  and  —  400. 

Substituting  36  for  x  in  (2),  we  obtain 

r  =  3,  and  ^. 
The  value,  —  400,  of  x  gives  imaginary  values  of  r,  and  there- 
fore must  be  rejected. 

When  aj  =  36  and  r  =  3,  the  series  is  4,  12,  36,  108,  324- 
when  a:  =  36  and  r  =  i,  the  series  is  324,  108,  36,  12,  4. 


EXEBCISBS  VII. 

1.  The  first  term  of  a  G.  P.  of  six  terms  is  768,  and  the  last  term  is 
one-sixteenth  of  the  fourth  term.  What  is  the  sum  of  the  six  terms  of 
the  progression  ? 

2.  The  first  term  of  a  G.  P.  of  ten  terms  is  3,  and  the  sum  of  the  first 
three  terms  is  one-eighth  of  the  sum  of  the  next  three  terms.  Find  the 
elements  of  the  progression. 

8.  The  twelfth  term  of  a  G.  P.  is  1636,  and  the  fourth  term  is  6. 
What  is  the  ratio,  and  the  sum  of  the  first  eleven  terms  ? 

4.  The  sum  of  the  first  and  fourth  terms  of  a  G.  P.  of  ten  terms  is  456, 
and  the  sum  of  the  second  and  third  terms  is  140.  What  are  the  element* 
of  the  progression  ? 
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6.  In  a  G.  P.  of  eight  terms,  the  sum  of  the  first  seven  terms  is  444J, 
and  is  to  the  sum  of  the  last  seven  terms  as  1  to  2.  Find  the  elements  of 
the  progression. 

6.  The  sum  of  the  first  four  terms  of  a  G.  P.  is  16,  and  the  sum  of  the 
terms  from  the  second  to  the  fifth  inclusive  is  30.  What  is  the  first  term, 
and  the  ratio  ? 

7.  Find  the  elements  of  a  G.  P.  of  six  terms  whose  first  term  is  1,  and 
the  sum  of  whose  first  six  terms  is  twenty-eight  times  the  sum  of  the  first 
three  terms. 

8.  The  sum  of  the  first  three  terms  of  a  G.  P.  is  21,  and  the  sum  of 
their  squares  is  189.     What  is  the  first  term  ? 

9.  The  product  of  the  first  and  third  terms  of  a  G.  P.  of  seven  terms  is 
64,  and  the  sum  of  the  fourth  and  sixth  terms  is  6.  What  are  the  ele- 
ments of  the  progression  ? 

10.  The  product  of  the  first  three  terms  of  a  G.  P.  is  216,  and  the  sum 
of  their  cubes  is  1971.     What  is  the  first  term,  and  the  ratio  ? 

11.  Find  the  mth  and  the  nth  terms  of  a  geometrical  progression  whose 
(m  +  n)th  term  is  k,  and  (m  —  w)th  term  is  L 

12.  If  the  numbers  1,  1,  3,  9  be  added  to  the  first  four  terms  of  an 
A.  P.,  respectively,  the  resulting  terms  will  form  a  G.  P.  What  is  the 
first  term,  and  the  common  difference  of  the  A.  P.  ? 

18.  A  G.  P.  and  an  A.  P.  have  a  common  first  term  3,  the  difference 
between  their  second  terms  is  6,  and  their  third  terms  are  equal.  What 
is  the  ratio  of  the  G.  P.,  and  the  common  difference  of  the  A.  P.  ? 

14.  The  sum  of  the  eight  terras  of  an  A.  P.,  whose  first  term  is  1,  is 
3,294,176.  The  first  and  last  terms  of  a  G.  P.  of  eight  terms  are  equal  to 
the  corresponding  terms  of  the  A.  P.    Find  the  fifth  term  of  the  G.  P. 

15.  The  first  and  last  terms  of  an  A.  P.  of  fifteen  terms  are  equal  to 
the  corresponding  terms  of  a  G.  P.  of  fifteen  terms,  and  the  ninth  term 
of  the  A.  P.  is  equal  to  the  eighth  term  of  the  G.  P.  What  is  the  ratio  of 
the  G.  P.  ? 

16.  The  ratios  of  two  geometrical  progressions  having  the  same  number 
of  terms  are  ^  and  J  respectively,  and  their  first  terms  are  equal.  The 
last  term  of  the  first  progression  is  243,  and  the  last  term  of  the  second  is 
32.     Find, the  elements  of  each  progression. 

17.  Show  that,  if  all  the  terras  of  a  G.  P.  be  multiplied  by  the  same 
number,  the  resulting  series  will  form  a  G.  P. 

18.  Show  that  the  series  whose  terms  are  the  reciprocals  of  the  terms 
of  a  G.  P.  is  a  G.  P. 

19.  Show  that  the  product  of  the  first  and  last  terms  of  a  G.  P.  is  equal 
to  the  product  of  any  two  terms  which  are  equally  distant  from  the  first 
and  last  terms  respectively. 
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90.  If  the  numbers  a,  b,  c,  d  form  a  6.  P.,  show  that 
(a-(?)«  =  (6-c)«+  (c  -  a)«  +  (d -  6)«. 

21.  A  merchant's  investment  yields  him  each  year  after  the  first,  three 
times  as  much  as  the  preceding  year.  If  his  investment  paid  him  $  9720 
in  four  years,  how  much  did  he  realize  the  first  year  and  the  fourth  year  ? 

28.  On  one  of  the  sides  of  an  acute  angle  a  point  is  taken  a  feet  from 
the  vertex  ;  from  this  point  a  perpendicular  is  let  fall  on  the  second  side, 
cutting  off  b  feet  from  the  vertex.  From  the  foot  of  this  perpendicular 
a  p  rpeiidicular  is  let  fall  on  the  first  side,  and  from  the  foot  of  this  per- 
pendicular a  third  perpendicular  is  let  fall  on  the  second  side,  and  so  on 
indefinitely.    Find  the  sum  of  all  the  perpendiculars. 

23.  Given  a  square  whose  side  is  2  a.  The  middle  points  of  its  adja- 
cent sides  are  joined  by  lines  forming  a  second  square  inscribed  in  the 
first.  In  the  same  manner  a  third  square  is  inscribed  in  the  second,  a 
fourth  in  the  third,  and  so  on  indefinitely.  Find  the  sum  of  the  perimeters 
of  all  the  squares. 

§4.    HARMONICAL  PROGRESSION. 

1.  A  Harmonlcal  Progression  (H.  P.)  is  a  series  the  recipro- 
cals of  whose  terms  form  an  arithmetical  progression. 

^g^y  1  +  i  +  i  +  i-H- 

is  a  harmonical  progression^  since 

1  +  2  +  3  +  4  +  ... 
is  an  arithmetical  progression. 

Consequently  to  every  harmonical  progression  there  corre- 
sponds an  arithmetical  progression,  and  vice  versa. 

2.  If  three  numbers  he  in  haiinonical  progression,  the  ratio  of 
the  difference  between  the  first  and  second  terms  to  the  difference 
between  the  second  and  third  terms  is  equal  to  the  ratio  of  the 
first  term  to  the  t/iird  term. 

Let  the  three  numbers  a,  b,  c  be  in  harmonical  progression. 
By  the  definition  of  a  harmonical  progression, 

111 

a    b    c 

are  in  arithmetical  progression.     Consequently 

1      1     1      1    ^^  a  —  b     b  —  c   ,  v^„^^  a  —  b     a 

-  —  -  =  -  —  -,  or  — 7— =  -7 — y  whence =-. 

b     a     c      b  ab  be  0  — cc 
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3.  Any  term  of  a  harinonical  progression  is  obtained  by 
finding  the  same  term  of  the  corresponding  arithmetical  pro- 
gression and  taking  its  reciprocal. 

Ex.  rind  the  eleventh  term  of  the  harmonical  progression 
4,  2,  I,  .... 

The  corresponding  arithmetical  progression  is 

h  h  h  -, 

and  its  eleventh  term  is  ^^, 

Therefore  the  eleventh  term  of  the  given  progression  is  ^. 

4.  No  formula  has  been  derived  for  the  sum  of  n  terms  of  a 
harmonical  progression. 

5.  A  Harmonical  Mean  between  two  numbers  is  a  number,  in 
value  between  the  two,  which  forms  with  them  a  harmonical 
progression. 

^.gf.,  f  is  a  harmonical  mean  between  \  and  —  f . 

Let  H  stand  for  the  harmonical  mean  between  a  and  b,  then 

—  is  an  arithmetical  mean  between  -  and  -.     Consequently 
If  a         b 

lab  rr        ^<^^ 

H        2  a  +  b 

Ex.   Insert  a  harmonical  mean  between  2  and  5. 

We  have  ^^2x2x5^20, 

2^6  7 

6.  Harmonical  Means  between  two  numbers  are  numbers,  in 

value  between  the  two,  which  form  with  them  a  harmonical 
progression. 

E.g.^  f ,  1, 1,  f ,  \  are  five  harmonical  means  betweeu  3  and  f . 

Ex.   Insert  four  harmonical  means  between  1  and  10. 

We  have  first  to  insert  four  arithmetical  means  between  1 
and  3^,  and  obtain 

5ir>    TO'     5Tr>     57* 

The  required  harmonical  means  are  therefore 

M,  li  M.  M- 
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7.  To  insert  n  harmonical  means  between  a  and  6,  we  insert  n  arith- 
metical means  between  -  and  -,  and  take  their  reciprocals.    The  n 

a  b 

arithmetical  means  are 

nl+1     (n-l)l-f2l     (n-2)l  +  3l 

a     0  a       0    ?L_^-? 

n  +  1  '  n+l        '  nTl        ' 

or  fl-i-  w6       2a+(n-l)b^    3a+(n-2)6    ... 

(n  +  l)a6'       (n  +  l)ab    '       (n  +  l)a6 

Consequently  the  required  harmonical  means  are 

(n  +  l)ab        (n  -f  l)ab  (w  +  l)a6 

o  +  n6   *    2o+(n-l)6'    3o+(n--2)6' 

ProbleiUB. 

8.  Pr.  1.  The  geometrical  mean  between  two  numbers  is  J, 
and  the  harmonical  mean  is  ^.    What  are  the  numbers  ? 

Let  X  and  y  represent  the  two  numbers. 

Then  V(^)  =  i,  or  a^  =  i;  (1) 

and  .?^  =  |  or  5ajy  =  a;-|-y.  (2) 

x  +  y     5 

Solving  (1)  and  (2),  we  obtain  aj  =  1,  y  =  J,  and  aj  =  J,  y  =  1. 

Pr.  2.  If  to  each  of  three  numbers  in  geometrical  progression 
the  second  number  be  added,  the  resulting  series  will  form  a 
harmonical  progression.     What  are  the  numbers  ? 

Let  -,  a,  ar  represent  the  three  numbers. 
r 

Then  we  are  to  prove  that 

a  -. 

--ha,  2a,  ar -h  a 
r 

is  a  harmonical  progression ;  that  is,  that 

r  1  1 


a(l-h^)     2a     a(l-hr) 
is  an  arithmetical  progression. 

2  2a 
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1  r 

That  is,  -—  is  an  arithmetical  mean  between and 

^  2a  ^  a(l-hr) 

Consequently,  -  -|-  a,  2  a,  ar  -|-  a  is  a  harmonical  pro- 


a(lH-r)  ^         -^'r 

gression. 

EXERCISES  VIII. 

Find  the  last  term  of  each  of  the  following  harmonical  progressions : 

1.    1  +  I  +  i  +  —  to  8  terms.         2.   J  +  J  +  A  +  —  to  15  terms. 

•  to  16  terms. 


3. 

2-2-I-. 

..  to  11  terms.       4. 

-8- 

4-A-- 

5. 

I4--I  +  J. 
a     2a     3a 

+  •••  to  25  terms. 

6. 

y/2        1+V2 

1         ^          1    . . .  tn  f^O 

terms. 

'2+^/2'    ^°^^ 

Find  the  harmonical  mean  between 

7. 

2  and  4. 

8.    -3  and  4. 

9.  ^and 

10. 

^-  and- 

1    .                 11. 

a-b 

and«  +  ^ 

a  +  6  a  —  b 

12.   Insert  5  harmonical  means  between  5  and  J. 
18.   Insert  10  harmonical  means  between  3  and  J. 

14.  Insert  4  harmonical  means  between  —  7  and  i. 

15.  If  x^,  y^,  «2  be  in  A.  P.,  prove  that  y-{-z,  z-^-x^  and  x+y  are  in  H.  P. 

16.  If  y  be  the  harmonical  mean  between  x  and  z,  prove  that 
1      .      1    .^1^.1. 


y -X     y  —  2     X     z 

17.  The  arithmetical  mean  between  two  numbers  is  6,  and  the  har- 
monical mean  is  ^.     What  are  the  numbers  ? 

18.  If  one  number  exceeds  another  by  two,  and  if  the  arithmetical 
mean  exceeds  the  harmonical  mean  by  ^^  what  are  the  numbers  ? 

19.  The  seventh  term  of  a  harmonical  progression  is  ^,  and  the 
twelfth  term  is  ^.    What  is  the  twentieth  term  ? 

20.  The  tenth  term  of  a  harmonical  progression  is  J,  and  the  twentieth 
term  is  ^.    What  is  the  first  term  ? 


CHAPTER  XXVIII. 

THS   BINOMIAL    THIiOREM    FOR    POSITIVE    INTEGRAL 
EXPONENTS. 

1.  The  expansions  of  the  powers  of  a  binomial,  from  the  first 
to  the  sixth  inclusive,  were  given  in  Ch.  VI.,  §  1,  Art.  8,  and 
the  laws  governing  the  expansions  of  these  powers  were  stated. 

As  yet,  however,  we  cannot  infer  that  these  laws  hold  for 
the  seventh  power  without  multiplying  the,  expansion  of  the 
sixth  power  by  a  -f  6 ;  nor  for  the  eighth  power  without  next 
multiplying  the  expansion  of  the  seventh  power  by  a  +  b] 
and  so  on. 

If,  however,  we  prove  that,  provided  the  laws  hold  for  any 
particular  power,  they  hold  for  the  next  higher  power,  we  can 
infer,  without  further  proof,  that  because  the  laws  hold  for  the 
sixth  power,  they  hold  also  for  the  seventh ;  then  that  because 
they  hold  for  the  seventh,  they  hold  also  for  the  eighth,  and  so 
on  to  any  higher  power. 

2.  If  the  laws  (i.)-(vi.)  hold  for  the  rth  power,  we  have 

Notice  that  only  the  first  four  terms  of  the  expansion  are 
written.  But  it  is  often  necessary  to  write  any  term  (the  Arth, 
say)  without  having  written  all  the  preceding  terms. 

To  derive  this  term,  observe  that  the  following  laws  hold  for 
each  term  of  the  expansion : 

(i.)  The  exponent  of  b  is  one  less  than  the  number  of  the  term 
(counting  from  the  left). 

Thus,  in  the  first  term  we  have  b^~^  =  6°  =  1 ;  in  the  second, 
6^^  =  6 ;  in  the  tenth,  ft^^-i  =  b^;  and  in  the  A;th  term,  b^'K 
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(ii.)  The  exponent  of  a  is  equal  to  the  binomial  exponent  less 
the  exponent  of  b. 

Thus,  in  the  first  term  we  have  a*'"®  =  a';  in  the  second, 
a''"^;  in  the  tenth,  a*""^;  and  in  the  A;th  term,  a*^^*~^\  =  a*^*+\ 

(iii.)  The  number  of  factors  (beginning  with  1  and  increasing 
by  1)  in  the  denominator  of  eojch  coefficient,  and  the  number  of 
factors  (beginning  with  r  and  decreasing  by  1)  in  the  numerator 
of  each  coefflcienty  is  equal  to  the  exponent  of  b  in  that  term. 

Thus,  in  the  coefficient  of  the  second  term  the  denominator 
is  1  and  the  numerator  is  r ;  in  that  of  the  second  term  the 
denominator  is  1*2  and  the  numerator  is  r(r  — 1);  in  the 
tenth  term  the  denominator  is  1  -2  •••9  and  the  numerator  is 
r(r  —  l)'-«'(r  —  8);  and  in  the  A;th  term  the  denominator  is 
1  •  2  •  3  •••  (Aj  —  1),  and  the  numerator  is 

r(r-l)...[r-(A:-2)],  =r(r- 1)  .-(r- A;  +  2). 

Therefore  the  A;th  term  in  the  expansion  of  (a  +  by  is 

,(,-l)(^-2)...(r-fe  +  2)  _, 

1.2.3...(&-1)  a       0    . 

In  like  manner,  any  other  term  can  be  written. 
Thus,  the  (k  —  l)th  term  is 

r(r-l)(r-2)...(r-fe  +  3)  ., 

1.2.3...(Ar-2)  "*       ^     • 

3.  We  can  now  prove  that,  if  the  laws  (i.)-(vi.)  hold  for  (a  +  by, 
they  also  hold  for  (a  +  6)''+i ;  that  Is,  if  they  hold  for  any  power  they 
hold  for  the  next  higher  power.  Assuming,  then,  that  the  laws  hold  for 
(a  +  by,  we  have 

(a  +  by  =  o*"  +  rcr-^b  +  ^^\  ~^^  ar-%^  +  ... 

1  *  i2 

r(r-l)(r-2)...(r-A:  +  3)     ^ 
^  1.2.3...(A;-2)  "^        ^ 

r(r-l)(r-2)...(r-A:  +  3)(r-A:  +  2)  _, 

^  1.2.3...(A;-2)(A;-1)  "         o       +      . 

The  first  three  terms  of  the  expansion  are  written,  then  all  terms  are 
omitted,  except  the  (ifc  —  l)th  and  the  k\^ 
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Multiplying  the  expansion  of  (a  +  6)*"  by  (a  +  6),  we  obtain 
(a  +  by+^  = 

+  (Tft  +  rar-ib»  +  ...  +  ""^^  ^  ^^^  ";  ^^^-^^^  ^^ <r-*^afe.-i  +  ... 
=  oH-i  +  (r  +  l)(r6  +  [^^^^^  +  r]a'-i6»  +  ... 

^L        1.2. ..(*-!)         ^         1.2...(*-2)        J"         o—  -^     . 

But  K^-l)+r=^"^  +  ^^=(^  +  ^)^ 

1.2  1.2  1.2     ' 

and  r(r-l)...(r-A;-h2)     r(r- 1)  ...  (r- A:  +  3) 

1.2...(A:-1)         "^        1.2...  (A: -2) 

_r(r  -  1)  ...  (r-  A;  +  2)+  r(r  -  1)  ...  (r-k-h  3)(A:  -  1) 
1.2...(*-1) 

_  r(r  -  1)  ...  (r  -  fc  +  3) (r  -  A;  +  2  +  A;  -  1) 
1 .  2  ...  (A;  -  1) 

_(r+l)r(r-l)...(r-A;  +  3) 

■    "  1.2...(A;-1)  ■ 

Therefore, 

(a  +  b)r+^  =  cr+i  +  (r  +  l)(r6  +  ^^^  P^  <r-i63  +  -  ' 

1  *  ^ 

(r+l)r(r-l)...(r-A:  +  8)  ,,       ^^ 

^  1.2...  (A; -1)  "        o-     +     . 

The  laws  (i.)-(vi.)  hold  for  the  above  expansion  of  (o  +  hy+K  We 
therefore  conclude  that  if  the  expansion  holds  for  (a  +  hy,  it  also  holdi 
for  (a  +  6)»^i. 

Consequently,  since  the  expansion  holds  for  the  sixth  power,  it  holdk 
for  the  seventh,  and  so  on  to  any  positive  integral  power. 

The  method  of  proof  employed  in  this  article  is  called  Proof  by  Mathe- 
matical Induction. 

4.  We  may  now  write  tbe  expansion  of  (a  +  by,  wherein  n 
is  any  positive  integer : 

(a  +  by  =  a"  4-  na''-'b  +^^?  V^g""'^'+ '". 

1  . 2 

In  particular,  if  a  =  1, 

1  * « 
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5.  The  expansion  of  (a  —  by  can  be  at  once  written  from 
that  of  (a  -I-  b)\ 

We  have  (a  -  6)*  =  [a  +  ( —  6)]" 

=  a*  +  ria»-\-  6)  +  ^^^^^a""X-  &)'  +  — 
X  •  ^ 

=  a»  -  nar-'b  +  "^"~  "^^a'-'S* -  .... 
1  •  2 

Observe  that  the  signs  of  the  terms  alternate,  -f-  and  — , 
beginning  with  the  first,  or  that  the  terms  containing  even 
po-wers  of  b  are  positive,  and  those  containing  odd  powers  of  b 
are  negative, 

6.  Ex.  1.  Find  the  seventh  term  in  (2  a?  +  3  2^)". 

In  the  seventh  term  the  exponent  of  3y(=b)  is  6;  the 
exponent  of  2  «(=  a)  is  11  —  6,  =5.  The  denominator  of 
the  coefficient  contains  six  factors  beginning  with  1,  and  the 
numerator  contains  six  factors  beginning  with  11.  Therefore 
the  seventh  term  is 

^I'.f.'s.'A.'J.'e^^^  '"^'^^  ^^*'   =  10777336  ^f. 
Ex.  2.  Find  the  first  Jive  terms  of  (a~*  -  2  ft-*)". 
"We  have  (a"*  -  2  b'Y 
=  (a-i)"  -  ll(a-i)'<'(2  6-«)  +  lll|2(o-i)»(2  b-*)* 

=a"^-22  a-«6-*+220  a"V*-1320  a-*6-«+5280  a"^>-«-^.... 

Ex.  3.   Write  the  term  containing  a?^°  in  [  2  ic* )  • 

Let  k  stand  for  the  number  of  the  required  term.  Then, 
neglecting  the  coefficient,  we  have  (2  i»*)"-*+^[ -— j     . 

The  power  of  x  obtained  from  this  expression  is 
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In  order  that  this  power  of  9  may  be  equal  to  o^j  we  must 
have 

whence  Ac  =  9,  the  number  of  the  required  term. 
We  now  have 

nintli  term  =  ^^'^^'^^ ^'^2  x^^ 

1.2.3 7.8    ^      ^VajV 

=  13  .  11 . 5  .  9  .  2' .  3V« 

7.  The  coefficients  in  the  expansion  of  (a  +  2))**  are  called  Binomial 
Coefficients.    They  may  be  represented  by  the  following  abhreviatlons : 

^^n_ln\     n{n-\)_ln\     n(n  -  l)(n  -  2)  _^n^ 

"•-T-ViA      1-2    "UJ'         1.2.3       "U/' 

n(n-l)>'»Cn-A;  +  2)_/     n    \ 
1.2.3...  (A- 1)  U-1/ 

Observe  that  in  the  symbolic  notation  the  upper  number  is  the  bi- 
nomial exponent  and  the  lower  number  is  the  number  of  factors  In 
numerator  and  denominator. 

*"  V4/     1.2.3.4 

The  binomial  expansion  may  now  be  written 

(a  +  by  =  a*  +  (  j)«"~^&  +  (2)^*"*^'  +  ••• 

The  terms  beginning  at  the  right-hand  end  of  the  expansion  are 
determined  from  the  principle  that  the  lower  number  in  any  binomial 
coefficient  is  equal  to  the  exponent  of  h  in  that  term. 

EXERCISES. 
Write  the  expansion  of  each  of  the  following  powers : 
1.   (5o6-3a2)*.  2.   (a*  +  2  a«a;-i)*.         8.    (aJ-V-3y)*. 

4.    (4a-2-5a;)».  5.    (i  a* +  !««)•.  6.   {y/a+y/b)^. 

7.    (n-i)«.  8.    («2  +  2  a-2a;)6.  9.   (3n*-inV^)^- 

10.   f    2    -^A^y.  11.    f„.  +  2^V.  12.   (^-.lA\\ 
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13.    (V-2+2x"V.  14-    (a^  +  xy.  15.    (^a  +  ^hy, 

16.    (a-V-«)®-  17.    (x-i-a;)».  18.    (06-2  -  ft^a.)*. 

19.    (a;2_v-aj)9.  20.    (a;2  _  i)io.  2I.    (a^fe  +  6-8)io. 

26.  l^ix  +  l)-y/(x-l)y,  26.    [^(a  +  6)  +  ^(a-6)]«. 

Simplify  each  of  the  following  ezpressions : 

27.  (l+V-aj)8+(l-V-«)^-  JW.    (a;  +  V-3)»-(a;-V-3)*. 
Write  the  expansion  of  each  of  the  following  powers : 

29.    (l-a;  +  a;2)».  30.  (H-a*-a-»)«. 

31.    (2  -  3  a;  +  a;2)*.  82.  (1  -  x  V^  +  a^V^)*. 

Write  the 

33.    3d  term  of  (a  +  b^^,  84.  5th  term  of  (a  -  6)ie. 

35.    3d  term  of  (x*  +  J)^^  36.  8th  term  of  (a^  -  ftS)". 

37.   6th  term  of  (a^  +  &*)^^  38.   7th  term  of  (a"  -  a"")". 

89.   6th  term  of  ^  ^m  — p^Y'  *0.   16th  term  of  ^a»  +  i)^- 

41.    12th  term  of  (x  -  V-  a;)^').  48.   9th  term  of  (  y/aJ  -  ox*)". 

43.  9th  term  of  [1  -  ^(1  -  V2)]i2. 

44.  Write  the  middle  term  of  (xy'x  —  1)*. 

45.  Write  the  middle  terms  of  (o*  +  x*)®. 

46.  Write  the  term  of  f  6  x* ]  which  contains  x^^. 

V  2xV 

47.  Write  the  term  of  (2  «-*  —  27  a^)i*.  which  contains  a~^' 


CHAPTER  XXIX. 
PERMUTATIONS  AND  COMBINATIONS. 

§  1.     DEFINITIONS. 

1.  The  following  examples  will  illustrate  the  character  of 
an  important  class  of  problems. 

Pr.  1.   Write  the  numbers  of  two  figures  each  which  can  be 
formed  from  the  three  figures,  4,  5,  6. 
We  have  45,  54,  46,  64,  56,  65. 

Pr.  2.  What  committees  of  two  persons  each  can  be  ap- 
pointed from  the  three  persons.  A,  B,  C? 

The  committees  may  consist  of  A,  B ;  A,  C ;  or  B,  C. 

These  problems  make  clear  the  difference  between  groups  of 
things,  selected  from  a  given  number  of  things,  in  which  the 
order  is  taken  into  account,  as  in  Pr.  1,  and  in  which  the  order 
is  not  taken  into  account,  as  in  Pr.  2. 

2.  We  are  thus  naturally  led  to  the  following  definitions: 

A  Permutation  of  any  number  of  things  is  a  group  of  some 
or  all  of  them,  arranged  in  a  definite  order, 

A  Combination  of  any  number  of  things  is  a  group  of  some  or 
all  of  them,  without  reference  to  order. 

3.  It  follows  from  these  definitions,  that  two  permutations 
are  different  when  some  or  all  of  the  things  in  them  are 
different,  or  when  their  order  of  arrangement  is  different; 
and  that  two  combinations  are  different  only  when  at  least 
one  thing  in  one  is  not  contained  in  the  other. 

Thus,  ab  and  ba  are  different  permutations,  but  the  same 
combination. 
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§2.    PERMUTATIONS. 
1.  The  permutations  of  a,  b,  c,  d  are : 


2        3 

4 

1 

2        3 

4 

r\^ 

abed 

6ac(f 

abdc 

bade 

"C 

acbd 

b 

[bed 

bead 

acdb 

bcda 

'-ff 

adbc 
adcb 

'-1^ 

bdac 
bdea 

[cad 

cabd 
cadb 

i-{r 

dabc 
daeb 

I  chd 

cbad 
cbda 

d 

*ir 

dbae 
dbca 

'^i:^ 

cdab 

'*is 

dcab 

cdba 

dcba 

The  permutations  two  at  a  time  are  formed  from  those  one 
at  a  time,  by  annexing  to  each  of  the  latter  each  remaining 
letter  in  turn  ;  those  three  at  a  time  from  those  two  at  a  time 
in  like  manner ;  and  so  on.  Evidently  the  permutations  thus 
formed  are  all  different. 

Of  four  things,  only  four  permutations  one  at  a  time  can  be 
formed.  And  since  the  permutations  two  at  a  time  are 
formed  from  those  one  at  a  time,  none  of  the  former  are  omit- 
ted. For  a  similar  reason,  none  of  those  three  and  four  at  a 
time  are  omitted.  Therefore  the  above  representation  includes 
all  permutations  of  the  four  letters,  one,  two,  three,  and  four 
at  a  time. 

2.  The  number  of  permutations  of  n  things  taken  r  at  a 
time  is  denoted  by  the  symbol  „P^. 

Then  from  the  enumeration  of  the  preceding  article,  we  have 


,  A  =  4,  ,P,  =  12,  ,Ps  =  24,  ,P,  =  24. 
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3.  When  the  number  of  things  is  large,  the  preceding 
method  of  enumeration  becomes  laborious. 

The  following  example  illustrates  a  method  of  deriving  a 
general  formula  for  ^P^ 

We  have  4P1  =  4. 

Each  permutation  one  at  a  time  gives  as  many  permutations 
two  at  a  time  as  there  are  things  remaining  to  annex  to  it  in 
turn,  in  this  case  three. 

Therefore  ^P,  =  3  4P1  =  4  x  3. 

Each  permutation  two  at  a  time  gives  as  many  permutations 
three  at  a  time  as  there  are  things  remaining  to  annex  to  it  in 
turn,  in  this  case  two. 

Therefore  4P8 «  2  4P2  =  4  x  3  x  2. 

In  like  manner,    4P4  =  4P3  =  4  x  3  x  2  x  1. 

In  general,  „Pr  =  n(n  —  1)  (/i  —  2)  •••  (n  —  r+ 1), 

when  the  n  things  are  all  different. 

Evidently  n^i  ==  n.  (1) 

From  eaoh  permutation  of  n  things  one  at  a  time  we  obtain,  by  annex- 
ing to  it  each  of  the  n  —  1  remaining  things  in  turn,  n  —  1  permutations 
two  at  a  time. 

Therefore  nP2  =  (n- l)„Pi  =  n(»  - 1).  (2) 

Again,  from  each  permutation  of  n  things  two  at  a  time  we  obtain,  hy 
annexing  to  it  each  of  the  n  —  2  remaining  things  in  turn,  n  —  2  permuta- 
tions three  at  a  time. 

Therefore         nP9  =  (n  -  2)nPi  =  n(n  - 1)  (n  -  2) .  (3) 

In  like  manner, 

nP4  =  (n-3)„P8=n(n-l)(n-2)(n-3).  (4) 

The  method  is  evidently  general.  The  number  subtracted  from  n  in 
the  last  factor  in  (l)-(4)  is  one  less  than  the  number  of  things  taken  at  a 
time.    Therefore, 

nPr  =  n(n-l)(n-2)...[n-(r-l)]  =  w(n-l)(n-2)...(n-r4-l). 
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4-    Observe  that  the  number  of  factors  in  the  formula  for 
^Pr  is  equal  to  the  number  of  things  taken  at  a  time. 

E,g,,  8P4  =  8x7x6x5x4  =  6720. 

5.  If  all  the  things  are  taken  at  a  time,  i.e.,  if  r  =  n,  we  have 
,P„=  n (n-1)  (71-2). ..(w-n-|-l)  =  n(w-l)(w-2)... 3x2x1. 

E.g.,  5iP5  =  6x4x3x2x  1  =  120. 

6.  The  continued  product 

w(n-l)(n-.2)... 3x2x1 

is  called  Factorial-/!,  and  is  denoted  by  the  symbol  [n  or  n ! 
Therefore  the  formula  of  the  preceding  article  may  be  written 

E.g.,     7P7  =  [7,  or  7!,  =7  x  6  x  6  x  4  X  3  x  2  xl. 

7.  In  many  applications  the  things  considered  are  not  all  different. 
We  will  now  derive  a  formula  for  the  number  of  permutations  of  n  things, 
taken  all  at  a  time,  when  some  of  them  are  alike. 

Let  p  of  the  n  things  be  alike,  and  suppose  the  permutations  n  at  a 
time  to  be  formed.  In  any  one  of  these  permutations,  let  the  p  like  things 
be  replaced  by  p  unlike  things,  different  from  all  the  rest.  Then  by 
changing  the  order  of  these  p  new  things  only,  we  can  form  \p  permutations 
from  the  one  pennutatiou.  In  like  manner,  \p  permutations  can  be  formed 
from  each  of  the  given  permutations.    Therefore 

nPn  (all  different)  =  \p  „Pn  (p  alike), 

»/>n(p  alike)  =^  =  i|. 
In  like  manner,  it  can  be  proved  that 

nPn  {p  alike,  q  alike,  — )  r 


[px^: 


E.g.,  gPg  (3  alike)  =  ^-  =  6720. 
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BXBBCI8BS  L 


Find  the  values  of 

1.  18P4.         «.  isPs. 

8.  loPio.            4.  i2P». 

6.  »Pb. 

6.  »+iPi.        7.  »H-ii*»- 

••    n+lPii-l.           9.    n+kPk- 

10.       M+.P«-.. 

Find  the  value  of  n, 

11.   WhennPi  =  3,Pi. 

12.    »P6  =  20«P4.        18. 

«+2P4  =  15, Pj. 

14.   When»+iP4=30,^iP2 

15.    n+4P8=8n+8P..      16. 

2„+lP4  =  140.P,. 

Find  the  value  of  A:, 

17.   WhenioP»+«=3ioP»+5.    18.  7P*+i=12  7P*-i.    19.  i2P*=20i2P*-* 
90.    How  many  numbers  of  4  figures  can  be  formed  with  1,  2,  3, 
4.  5,  6,  7  ? 

81.    How  many  numbers  of  4  figures  can  be  formed  with  0,  1,  2, 

3,  4,  6,  6,  7  ? 

88.   How  many  even  numbers  of   4  figures  can   be    formed   with 

4,  6,  3,  2  ? 

88.   In  how  many  ways  can  6  pupils  be  seated  in  10  seats  ? 

84.  In  how  many  ways  can  4  tickets  be  placed  in  6  different  boxes, 
so  that  no  box  shall  contain  more  than  1  ticket  ? 

85.  How  many  numbers  of  6  figures  can  be  formed  with  1,  2,  3,  4, 5, 
6,  7,  8,  9,  if  the  figure  7  be  in  the  middle  of  each  number  ? 

86.  If  the  x)ermutations  of  1,  2,  3,  4,  taken  all  at  a  time,  be  arranged 
in  a  column,  how  many  times  is  each  figure  found  in  each  column  ? 

87.  How  many  permutations  can  be  formed  with  the  lettera  in  the 
word  Philippine? 

88.  How  many  permutations  can  be  formed  with  the  letters  in  the 
word  lloilo  9 

29.   In  how  many  ways  can  7  men  be  seated  at  a  round  table  ? 
80.   In  how  many  ways  can  a  bracelet  be  made  by  stringing  together 
7  pearls  of  different  shades  ? 

§3.    COMBINATIONS. 

1,  The  formula  for  the  number  of  combinations  of  n  things, 
r  at  a  time,  which  is  denoted  by  „(7^,  is  most  readily  obtained  by 
deriving  a  relation  between  „P,  and  „(7^  The  method  will  be 
illustrated  by  a  particular  example. 
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The  combinations  of  the  four  letters  a,  b,  c,  d,  taken  three  at 
a  time,  evidently  are :  abCy  ahd,  acd,  bed.  From  the  combina- 
tion abc  we  obtain,  by  changing  the  order  of  the  letters  in  all 
possible  ways,  |3  permutations.  In  like  manner,  each  of  the 
combinations  gives  [3  permutations. 

Therefore 

p  —  I  ^  r'    nr   p  —  -t^s  —  4x3x2 

In  general, 

p  ^  „(„-l)(n-2)...(n-r  +  l)  ^  /n\ 

wherein  the  n  things  are  all  different. 

For  from  each  combination  that  con  tarns  r  things  can  be  formed  \r 
l)3riiiutatioiis,  by  changing  the  order  of  the  things  in  all  possible  ways. 
Therefore 

„P,  =  Lr,a,  or  ,a  =  ttfi  =  "(»-l)(»-2)-(n-r+l). 

12 

2.  The  formula  for  JJ^  can  be  put  in  a  more  convenient 
form  for  purposes  of  theory. 
We  have 

p  _  n{n—l)  "'  (n  — r-f-1)  X  (n-'r){n  —  r'-  1)  »»'3  x  2  x  1 
[r  X  (w  -  r)  (n  -  r- 1)  ...  3  X  2  X  1 

[r  \n  —  r 


3.   We  have 

"^'-[r^^/ 

and 

c    -           ^ 

\n—r\n  —  (n  - 

_       \n 

-r)     \n-r\r' 

therefore, 

rPr  —  nCn-r' 
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That  is,  the  number  of  combincUions  of  n  dissimilar  things  r 
at  a  tims  is  equal  to  the  number  of  combinaJtions  of  the  n  things 
n  —  r  al  a  time. 

This  relation  is  also  evident  from  the  definition  of  a  com- 
bination. For,  every  time  that  r  things  are  taken  from  the  n 
things  to  form  a  combination,  there  is  left  a  combination  of 
n  —  r  things. 

E.g.,  mC»  =  ,«C,  =  ^y^j^.f  =  4950. 

This  relation  is  thus  useful  in  computing  the  number  of  com- 
binations when  the  number  of  things  taken  at  a  time  is  large. 

BXBBOISBS  II. 

Find  the  values  of 

1.   iiCfi.      2.   uCt.      3.   mCjo.      4.   wCw      «•   «Cn-5. 

Find  the  value  of  n, 

6.    When2»Cfi  =  »n-2C5.  7.    When  S.Cg  =  lOn-sCj. 

8.   When4«+iC4  =  15«>iC8.  9.   When  n+iP4  =  112  n-iCj. 

10.    Whenn+iP4  =  84n-iC8.  11.    When  nP2  =  24  nCn-i- 

Find  the  value  of  ^%  when 

12.  8P*  =  24  80*.  13.   6P*+i  =  48«C4.  14.    loP*  =  144ioC^-i. 

16.    Prove  that  „(7r  +  nCV-l  =  n+lCr. 

16.  In  how  many  ways  can  a  committee  of  4  men  be  appointed  from 
26  men  ? 

17.  In  how  many  ways  can  3  books  be  selected  from  15  books  ? 

18.  In  a  plane  are  20  points,  no  3  of  which  are  in  the  same  straight 
line.  How  many  triangles  can  be  formed  with  3  of  the  points  as  vertices  ? 
How  many  quadrilaterals,  with  4  of  the  points  as  vertices  ?  How  many 
hexagons,  with  6  of  the  points  as  vertices  ? 

19.  How  many  triangles  are  formed  by  7  straight  lines  in  a  plane,  if 
no  2  are  parallel  and  no  3  intersect  in  a  common  point?  How  many 
by  10  lines  ?    How  many  by  n  lines  ? 

§4.    TWO  IMPORTANT  PRINCIPLES. 

1.  The  following  example  illustrates  an  important  principle. 

Pr.  Between  two  cities  A  and  B  there  are  five  railroad  lines. 
In  how  many  ways  can  a  man  go  from  A  to  B  and  return  by  a 
different  road  ? 
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He  can  go  to  B  in  either  of  five  ways. 

With  each  of  these  five  ways  he  has  a  choice  of  four  ways  of 
returning.  Hence  he  can  make  the  round  trip  in  5  x  4,  =  20, 
ways. 

Evidently,  if  he  were  not  required  to  return  by  a  different 
road,  he  could  make  the  trip  in  5  x  5,  =  25,  ways. 

The  general  principle  is  : 

If  oiie  thing  can  he  done  in  a  ways,  and  another  thing  can  he 
done  in  b  ways,  and  the  doing  of  the  first  thing  does  not  interfere 
with  the  doing  of  the  second,  the  two  things  can  he  done  in  ab  ways. 

The  truth  of  the  principle  is  evident. 

2.  The  following  relation  will  be  usefal  in  subsequent  work : 

m+nCr=mCr-\-  mCr-i  nCi-\-  mCr—2  nC2-\-  • "  -{■  mC2  nCr-2-^  mCi  nCr—i+ nCrj  (1) 
in  which  m  >  or  =  r,  n  >  or  =  r. 

The  number  of  combinations  of  the  m  +  n  things  r  at  a  time  is 
evidently  the  sum  of: 

The  number  of  combinations  of  m  things  taken  r  at  a  time,  or  mCr- 
The  number  of  combinations  of  m  things  taken  r  —  1  at  a  time,  multi- 
plied by  the  number  of  combinations  of  n  things  taken  one  at  a  time,  or 

mCr-lnCl. 

And  so  on. 

This  relation  may  be  written 

3.  The  relation  of  the  preceding  article  requires  m,  ?i,  and  r  to  be 
integers.  Evidently,  however,  the  second  member  of  (2)  could  be 
made  identical  with  the  first  member  by  ordinary  reduction.  We,  there- 
fore, conclude  that  tliis  relation  holds  for  all  rational  values  of  m  and  n, 
provided  r  is  a  positive  integer. 

§  6.     PROBLEMS. 

1.  Pr.  1.  In  how  many  ways  can  a  committee  of  3  Eepnb- 
licans  and  4  Democrats  be  appointed  from  18  Eepablicans  and 
12  Democrats? 

The  3  Republicans  can  be  chosen  in  jgCi,  =  816,  ways,  and 
the  4  Democrats  in  12O4,  =  495^  ways.    8inc«  any  3  Republicans 
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can  be  associated  with  any  4  Democrats  to  form  the  committee 
the  required  number  of  ways  is  816  x  495,  =  403,920. 

Pr.  2.  A  box  contains  20  balls  numbered  1  to  20.  In  how 
many  ways  can  7  balls  be  selected,  if  1  be  included,  and  2,  3 
be  excluded  ? 

We  first  set  aside  1  to  be  included,  and  2,  3  to  be  excluded, 
and  from  the  remaining  17  balls  select  6  balls.  Then  1  may 
be  combined  with  each  of  the  latter  in  one  way,  giving  a  com- 
bination of  7  balls.  Therefore  the  problem  is  equivalent  to 
determining  the  number  of  combinations  of  17  things,  6  at 
a  time. 

is  the  required  number  of  ways. 

BXEBCISBS  III. 

1.  A  man  has  3  coate,  4  vests,  and  6  pairs  of  trousers.  In  how  many 
ways  can  he  dress  ? 

8.  In  how  many  ways  can  4  white  balls,  3  black  balls,  and  2  red  balls 
be  selected  from  8  white  balls,  7  black  balls,  and  6  red  balls  ? 

8.  In  how  many  ways  can  permutations  be  formed,  with  10  con- 
sonants and  4  vowels,  each  one  to  contain  5  consonants  and  2  vowels  ? 

» 

4.  In  how  many  ways  can  4  hearts,  3  diamonds,  2  clubs,  and  1  spade 
be  drawn  from  a  pack  containing  13  cards  of  each  kind  ? 

5.  In  how  many  ways  can  7  pears,  6  apples,  and  4  oranges  be  given 
to  16  children,  each  child  to  receive  a  piece  of  fruit  ? 

6.  How  many  numbers  of  7  figures  can  be  formed  with  1,  2,  3,  4,  5, 
6,  7,  if  the  figures  4,  5,  6  be  kept  together  ? 

7.  In  a  company  are  10  men,  12  women,  and  16  children.  In  how 
many  ways  can  a  party  be  formed,  consisting  of  4  men,  6  women,  and  10 
children  ? 

8.  How  many  permutations  of  10  letters  can  be  formed  from  6  con- 
sonants and  6  vowels,  if  no  two  consonants  be  adjacent  ? 

9.  How  many  permutations  of  0  letters  can  be  formed  from  5  conso- 
iiftats  and  4  voweli,  if  each  vowel  be  placed  between  two  oonsonants  ? 
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10.  In  how  many  ways  can  a  committee  of  5  men  be  appointed  from 
20  men,  if  there  be  no  restriction  in  the  choice  ?  In  how  many  ways,  if 
a  particular  man  be  always  chosen  ?  In  how  many  ways,  if  a  particular 
man  be  always  excluded  ? 

11.  In  a  school  are  96  pupils.  In  how  many  ways  can  a  teacher  divide 
them  into  sections  of  12  ? 

12.  In  how  many  ways  can  4  ladies  and  4  gentlemen  be  seated  at  a 
square  table,  so  that  a  gentleman  and  a  lady  shall  be  seated  at  each  side  ? 

13.  How  many  throws  can  be  made  with  2  dice,  if  such  throws  as  1,  2 
and  2,  1  be  regarded  as  the  same  ?    How  many  with  3  dice  ? 

14.  In  how  many  ways  can  the  sum  10  be  thrown  with  2  dice  ?  With 
3  dice  ? 

15.  In  how  many  ways  can  52  cards  be  divided  into  4  sets  of  13  cards 
each  ? 

16.  A  box  contains  15  balls,  numbered  1  to  15.  In  how  many  ways 
can  5  balls  be  selected,  if  1,  2,  3  be  included  ?  In  how  many  ways,  if  1,  2 
be  included,  and  3  excluded  ?  In  how  many  ways,  if  any  two  of  the 
numbers  1,  2,  3  be  included,  the  other  excluded  ? 

17.  In  how  many  ways  can  10  different  coins  be  arranged  in  a  row,  if 
the  faces  of  each  coin  are  distinct?  In  how  many  ways  can  they  be 
arranged  in  a  circle  ? 

18.  In  how  many  ways  can  a  number  of  6  figures  be  formed  with  1,  1, 
1,  2,  2,  3,  the  first  and  last  figure  of  each  number  to  be  an  even  digit  ? 

19.  A  man  can  go  to  his  oflBce  in  3  ways.  In  how  many  ways  can  he 
arrange  to  go  to  his  office  for  6  days  ? 

20.  In  how  many  ways  can  7  gentlemen  and  10  ladies  arrange  a  game 
of  lawn  tennis,  each  side  to  consist  of  1  lady  and  1  gentleman  ? 


CHAPTER  XXX. 

VARIABLES  AND  LIMITS. 
I  1.     VARIABLES. 

1.  A  Variable  is  a  number  that  may  have  a  series  of  different 
values  in  the  same  investigation  or  problem. 

A  Constant  is  a  number  that  has  a  fixed  value  in  an  investi- 
gation or  problem. 

Thus,  if  d  is  the  number  of  feet  a  body  has  fallen  from  rest 
in  s  seconds,  it  has  been  shown  by  experiment  that 

d  =  16^. 

As  the  body  falls,  the  distance  d  and  the  time  s  are  variables, 
and  16  is  a  constant. 

Again,  time  measured  from  a  past  date  is  a  variable,  while 
time  measured  between  two  fixed  dates  is  a  constant. 

2.  The  constants  in  a  mathematical  investigation  are,  as  a 
rule,  general  numbers,  and  are  represented  by  the  first  letters 
of  the  alphabet,  a,  6,  c,  etc. ;  variables  are  usually  represented 
by  the  last  letters,  x,  y,  z,  etc. 

3.  A  variable  which  has  a  definite  value,  or  set  of  values, 
corresponding  to  a  value  of  a  second  variable,  is  called  a  Func- 
tion of  the  latter. 

Thus,  16  ar^,  ±  y/(a^  —  a^),  etc.,  are  functions  of  x ;  correspond- 
ing to  any  value  of  x,  the  first  function  has  one  value,  the 
second  has  two  values. 

Again,  the  area  of  a  circle  is  a  function  of  its  radius ;  the 
distance  a  train  runs  is  a  function  of  the  time  and  speed. 

418 
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4.  Much  simplicity  is  introduced  into  mathematical  investi- 
gations by  employing  special  symbols  for  functions. 

The  symbol  f{x),  read  function  of  x,  is  very  commonly  used 
to  denote  a  function  of  x. 

Thus, /(a?)  may  denote  «*+!  in  one  investigation,  aj^-\-bx+c 
in  another. 

5.  The  result  of  substituting  a  particular  value  for  the 
variable  in  a  given  expression  may  be  indicated  by  substi- 
tuting the  same  value  for  the  variable  in  the  functional 
symbol. 

Thus,  if  fix)  =  »2  + 1,  then  /(a)  =  a*  + 1,  /(2)  =  22-|- 1  =  5, 

/(0)  =  0-hl  =  l. 

BXEBOI8B8  I. 

1.  Given /(x)=6x2-3x+2;  find/(4),/(3),/(0),/(- 4),/(xa). 

2.  Given  /(x)=  a'  ;  find/(0),/(4),/(-  5),/(x2),/(a). 

8.   Given/(m)==l+mx  +  ^^^^^^^f^«2+--.;  find/(5),/(f),/(-8),/(0). 

li 

§2.     LIMITS. 

1.  When  the  difference  between  a  variable  and  a  constant 
may  become  and  remain  less  than  any  assigned  positive  num- 
ber, however  small,  the  constant  is  called  the  Limit  of  the 
variable. 

Let  the  point  P  move  from  A  towards  B  (Fig.  4)  in  the  fol- 
lowing way :  First  to  Pi,  one-half  of  the  distance  from  Ato  B 
next  from  Pi  to  P2,  one-half  of  the  distance  from  Pi  to  B 
then  from  P2  to  Pg,  one-half  of  the  distance  from  P,  to  B 
and  so  on. 

A  Pj  P»         Pt    Pi    B 

o -o o o— — o— o 

Fia.  4. 

Evidently,  as  P  thus  moves  from  A  to  5,  its  distance  from 
A  becomes  more  and  more  nearly  equal  to  ABj  and  the  differ- 
ence between  AP  and  AB  can  be  made  less  than  any  assigned 
distance,  however  small,  by  continuing  indefinitely  the  motion 
of  P.     Therefore  AB  is  the  limit  of  AP. 
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If  we  call  the  distance  from  Ato  B  unity,  we  have 

Hence, 

But,  by  Ch.  XXVII.,  §  3,  Art.  8,  the  sum  of  the  series  on 
the  right  approaches  1  as  a  limit.     That  is, 

limit  of  (APi  +  PiPf  +  fPPs  +  PsPa  +  -)  =  ^^• 

Again,  1  -|-  -  becomes  more  and  more  nearly  equal  to  1,  as 

n  increases  indefinitely,  and  [  1  -|-  -  j  —  1,  =  -,  will  become  and 

remain  less  than  any  assigned  positive  number,  however  small. 

2.  It  follows  from  the  definition  of  a  limit  that  the  variable 
may  be  always  greater,  or  always  less,  or  sometimes  greater 
and  sometimes  less  than  its  limit. 

Thus,  by  Ch.  XXVII.,  §  3,  Art.  8,  we  have 

limit  (l-i-i-i-...)  =  0,  (1) 

limit  (l  +  |  +  J  +  |  +  ...)  =  2,  (2) 

limit  (l-.|  +  J_|4--)  =  f  (3) 

Andin(l),      S,  =  l,  >S2=i  8s  =  h  8,=   i,  ...;             (4) 

in  (2),      S,  =  l,  S,=^i,  8s  =  h  ^4  =  ¥.  •••;             (5) 

in  (3),      8^  =  1,  8,  =  i,  8,  =  i,  8,  =   |,  -..              (6) 

3.  The  symbol,  ==,  read  approacJies  as  a  limit,  or  simply 
approaches,  is  placed  between  a  variable  and  its  limit. 

The  word  limit  may  be  abbreviated  to  lim. 

Thus,  J!]^  J  (l—x)  =  0,  read  the  limit  ofl—x,asx  approaches 
1,  IS  0. 

4.  The  difference  between  a  variable  and  its  limit  is  evi- 
dently a  variable  whose  limit  is  0.     That  is, 

if  lim x  =  a,  then  lim (jr  —  a)=  0. 
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5.  If  the  limit  of  a  variable  be  0,  the  limit  of  the  product 
of  the  variable  and  any  finite  number  is  0.     That  is, 

if  lim  X  =  0y  and  a  be  any  finite  number,  lim  ax  =  0. 

Let  k  be  any  number,  however  small.    Then  x  can  be  made  less 

k 
numerically  than  -,  and,  therefore,  ax  less  than  k.     Hence,  lim  ax  =  0. 
a 

Fundamental  Principles  of  Limits. 

6.  (i.)  If  two  variables  he  always  equal,  and  one  of  them 
approach  a  limit,  tJie  other  approaches  the  same  limit.    That  is, 

if  X  =/,  and  x  =  a,  then  /  =  a. 

(ii.)  If  ttvo  variables  be  altvays  equal  a«  they  approach  their 
limits,  their  limits  are  equal.     That  is, 

if  lim  jr  =  a,  lim/  =  6,  and  x  =/,  then  a  =  b, 

(iii.)  The  limit  of  the  algebraical  sum  of  a  finite  number  of 
variables  is  the  sum  of  their  limits.     That  is, 

if  limjr  =  a,  lim/=  6,  •••,  then  lim(jr  -f-/  -f  •••)  =  ^  +  *  +  •**• 

(iv.)  The  limit  of  the  product  of  a  finite  number  of  vaiiables 
is  the  product  of  their  limits,  if  none  of  the  limits  be  oo.     That  is, 

if  limjr  =  a,  lim/ =  6,  •••,  then  lim(jr;f  •••)  =  a6  •••. 

(v.)    The  limit  of  the  quotient  of  two  variables  is  the  quotient 

of  their  limits,  if  the  limit  of  y  4=0,     That  is, 

•• 

if  lim  x  =  a,  lim/  =  6,  then  lim  (  -  J  =  t  . 

The  proofs  follow : 

(i.)  We  have  x  =  a-{-  x\  wherein,  by  Art.  4,  x'  is  a  variable  whose 
limit  is  0.  Then,  since  y  =  x  always,  we  have  y  =  a  -k-  x'.  Hence 
lim  y  =  a, 

(ii.)   This  principle  follows  directly  from  (i.). 

(iii.)  We  have  x  =  a  +  a:',  y  =  6  +  y,  ...,  wherein,  by  Art.  4,  x\  y'  ••• 
are  variables  whose  limits  are  0,  and  which  can  therefore  be  made  numer- 
ically less  than  any  assigned  number,  however  small. 

Then  x  +  y  +  ...  =(«  +  6  +  ...)  +  (a;'  -I- y' +  ...). 
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Ijet  k  be  any  assigned  number,  however  small.     Then  each  ol  the 

k 
variables  x',  y',  •••  can  be  made  less  than  ~,  wherein  n  is  the  number  of 

variables.  Therefore,  x'-\-  y'-\-  "-  can  be  made  less  than  k.  Consequently 
lim  {x  -\-  y  —)  =  a  -H  6  -f  •••. 

(iv.)  We  have  x  =  a  +  jc',  y  =  6  +  y',  •••,  wherein  x',  y',  —  are  vari- 
ables whose  limits  are  0,  and  a,  &,  •••  are  finite. 

Then  zy  —  =  ab  +  bx'  +  ay'  +  a  finite  number  of  terms  each  of  which 
has  one  or  more  of  the  factors  x',  y',  •••. 

Therefore,  by  (iii.), 

lim  (xy  •••)  =  lim  ab  +  lim  bx'  +  lim  ay'  +  ••• 

=  ab,  since  lim  bx'  =  0,  •••,  by  Art.  6. 

(v.)    Let  ^  =  q,  or  X  =  yq. 

Then,  by  (iv.),  lim  x  =  lim  y  lim  q. 

Therefore  lim  q  =  ^^  or  lim  ?  :=  ^ELI. 

lim  y  y      lim  y 

Infinitesimals  and  Infinites. 

7.  A  variable  which  may  become  and  remain  numerically 
less  than  any  assigned  positive  number,  however  small,  is 
called  an  Infinitesimal. 

A  variable  which  may  become  and  remain  numerically 
greater  than  any  assigned  positive  number,  liowever  great,  is 
called  aa  Infinite  Number,  or  simply  an  Infinite. 

It  is  imi)ortant  to  keep  in  mind  that  both  infinitesimals  and 
infinites  are  variable. 

8.  The  conclusions  reached  in  Ch.  III.,  §  4,  Arts.  14  and  19, 
may  be  restated  thus : 

—  =  00,  as  X  =  0:    and  —  =  0,  as  a;  =  oo. 
X  '  X 

Indeterminate  Fractions. 

9.  The  fraction  ^  "  '    becomes  -   when  a;  =  3,  and  has  no 

X  -  ;3  0 

definite  value.  But  so  long  as  a:  ^  3,  however  little  it  may 
differ  from  3,  we  may  perform  the  indicated  division.  We 
therefore  have 
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± ^  =  a?  -f  3,  when  x^S. 

X—  3 

Now,  since  the  limit  of  the  fraction  depends  upon  values  of 
X  w^hich  differ  from  3,  however  little,  we  have 

lim   aJ*  —  9        lim  /^  •   q\       a 
:c  =  37r3=x  =  3(^  +  ^)  =  ^- 

Although  the  given  fraction  is  indeterminate,  it  is  clearly 
desirable  that  it  shall  have  a  definite  value.       We  therefore 

assign  to  — ^—^  the  value  6,  when  a?  =  3. 

X  ~~  o 

That  is,  we  define  an  indeterminate  fraction  to  be  the  limit 
of  the  fraction  as  the  variable  approaches  that  value  which 
renders  it  indeterminate. 

EXERCISES  n. 
Find  the  limiting  values  of  the  following  fractions 
1.    ^'-^^-^^,  when  a;  =^  5. 


9  a2  +  12  a6  +  4  6^' 

?!±l^i.=l£^,  whence  £=1. 

a:2  4-  X  -  2 

^-2«^  +  2    whenx  =  l. 


xa  _  6  a;  4-  5 


x^Zl6x+^,  whenx  =  l. 

«»  -  2  X  -f  2' 

8.   «!!-lli,  when  a;  =  0. 
a'-\ 

2  aft  -  a^  -  62  +  c2' 
10.   x2  +  2a:.v-fr--.^   when  X  =  -(!,  + ^). 


CHAPTER    XXXI. 

CONVXSRGENT   AND  DIVERGENT  SERIES. 

1.  In  this  chapter  we  shall  briefly  discuss  the  nature  of 
infinite  series. 

It  follows  from  Ch.  XXVII.,  §  3,  Art.  8,  that  the  sum  of  n 
terms  of  the  decreasing  geometrical  progression 

a  +  ar  -^ai^  -\ 4-  a^*  H , 

wherein  r  is  numerically  less  than  1,  approaches      ^     as  a 
limit,  as  n  increases  indefinitely.  •    ~  ^ 

Let  S=l-i  +  \-\+^^-..., 

We  then  have  S  =  -i— =  --i-  =  ?, 

1-r     1-f-^     3 

and    ^,  =  1,  ^2  =  i,  ^3  =  1,  ^4=1,  S,  =  \i,  /Se  =  |i,.... 

Evidently  these  sums  approach  |  more  and  more  nearly,  as 
more  and  more  terms  are  included. 

This  infinite  series  may  therefore  be  regarded  as  having  the 
finite  sum  |. 

But  the  sum  of  the  series 

1  +  2  +  4+8 -h- 

increases  beyond  any  finite  number,  as  the  number  of  terms 
increases  indefinitely. 

2.  The  examples  of  the  preceding  article  illustrate  the  fol- 
lowing definitions : 

An  infinite  series  is  said  to  be  Convergent,  when  the  sum  of 
the  first  n  terms  approaches  a  definite  finite  limit,  as  n  increases 
indefinitely. 

424 
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An  infinite  series  is  said  to  be  Diyergent  when  the  sum  of  the 
first  n  terms  increases  numerically  beyond  any  assigned  num- 
ber, however  great,  as  n  increases  indefinitely. 

3.  Infinite  series  arise  in  connection  with  many  mathematical 
operations.  Thus,  for  example,  if  the  division  of  1  by  1  —  x 
be  continued  indefinitely,  we  obtain  as  a  quotient  the  infinite 
series 

1 -h  a?  +  ar^ -f  «^ +*•••+ a;**  +  •••• 

This  series  is,  by  Art.  1,  convergent  when  x  is  numerically 
less  than  1.  Evidently,  when  x  =  1,  the  series  is  divergent. 
When  ic=— 1,  we  have  1—1+1  — !  +  •••.  The  sum  of  n  terms 
of  this  series  is  4- 1  or  0,  according  as  n  is  odd  or  even  The 
series  is  said  to  oscillate  and  is  neither  convergent  nor  diver- 
gent. W^hen  X  is  numerically  greater  than  1,  we  have,  by 
Ch.  XXVIL,  §3,  Art.  4, 

1  —  X 

By  taking  n  sufficiently  great  this  expression  can  be  made  to 
exceed  numerically  any  number,  however  great.  Therefore  the 
series  is  then  divergent. 

It  is  obvious  that  we  can  regard  the  series  as  equivalent  to 

only  when  it  is  convergent,  that  is,  when  x  is  numeri- 

1  —  X 

cally  less  than  1.  Thus  it  becomes  important  to  decide  whether 
a  series  which  arises  in  connection  with  a  mathematical  opera- 
tion is  convergent  or  divergent. 

4.  In  the  theory  which  follows  we  shall  let  S  stand  for  the 
limit  of  the  sum  of  n  terms  of  the  series 

Ui-{-U2-\ +w«H , 

as  n  increases  indefinitely. 

Also  let  S„  =  Ui-\-U2+  •  ••  +  Un, 

and  ^R^  =  u^^i  + 1^„+2  H h  w«+« ; 

that  is,  «22„  denotes  the  sum  of  m  terms  after  the  first  n  terms. 
Then  S^  +  „R,=  S„^„. 
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&  The  series  Wi  -|-  tt,  +  •  •  •  +  m^  +  •  •  •  tj  convergent  if  S^  remain 
finite,  and  ^R^  approach  0  for  aU  values  of  m,  a^  n  increases 
indefinitely;  and,  conversely j  if  the  series  be  convergent,  these  two 
conditions  are  satisfied. 

For,  by  the  first  condition,  the  limit  of  8n  is  finite.  By  the  second 
condition, 

llm  {Sn+n,  -  8h),  =  lim  «!?«,  =  0. 

Therefore  lim  Sn^-m  =  lim  ^n*  Hence,  since  Sn  cannot  have  one  finite 
limit  for  one  value  of  n,  and  a  different  finite  limit  for  another  value 
of  n,  the  limit  of  ^S'n  is  a  definite  finite  number. 

Also,  if  the  series  is  convergent,  Sn  must  be  finite  by  definition ;  and, 
since  lim  8n+m  =  lim  /S«,  we  have 

lim  (iSfn+m  -  Sn),  =  Hm  «!?«,  =  0. 

6.  If  a  series  he  convergent  when  its  terms  are  all  positive,  it 
is  convergent  when  some  or  all  of  them  are  made  negative. 

For,  if  iS^n  is  finite,  and  mUn  approaches  0,  as  n  increases  indefinitely, 
with  greater  reason  Sn  is  finite,  and  M^n  approaches  0,  when  some  or  all 
of  the  terms  are  made  negative. 

7.  A  series  which  is  convergent  when  all  its  negative  terms 
are  made  positive  is  said  to  be  Absoltttely  Ck)]iverge]it. 

8.  If  the  sum  of  n  terms  of  an  infinite  series  of  positive  terms 
remain  finite,  as  n  increases  indefinitely,  the  series  is  convergent 

For,  since  the  sum  continually  increases,  but  remains  finite,  it  must 
approach  some  finite  number  as  a  limit. 

9.  An  infinite  series  is  convergent  if,  after  some  partictdar 
term,  the  ratio  of  each  term  to  the  preceding  be  numerically  less 
than  some  fixed  positive  number  which  is  itself  less  than  unity. 

Let  the  series  be  mi  +  mj  +  Ws  +  —  +  tt«  +  •••,  and  let  the  ratio  of  each 
term  after  the  kth  be  numerically  less  than  r,  which  is  itself  less  than  1. 
First,  let  the  terms  be  all  positive. 

Then,  from  !f^i  <  r,  "^^  <  r,  ^  <  r,  ••., 

Uk  Ui+i  Uk+2 

we  obtain  Ut+i  <  rw*,  Uk+2  <  ruk+i  <  r^Uk,  w*+8  <  rUk+2  <  r^w*,  .... 

Hence 

Uff+l  +  Uff+2  +  M*+3  +  —  <  tt*(r  +  r^-\-r»'\-  •••),  =m*  •  — ^,  since  r  <  1, 

X  —  r 
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Hence,  since  the  sum  of  the  finite  number  of  terms  ui  +  lia  +  —  +  u*  is 
finite,  the  entire  sum  must  be  finite.  Therefore,  by  Art.  8,  the  given 
series  is  convergent ;  and,  by  Art.  6,  it  is  absolutely  convergent. 

XO.  If  an  infinite  series  Oq  -f  «ia?  +  0,^^  +  Qt^^  -{-•••  &«  conver- 
gent for  values  of  x  greater  than  0,  tlie  »um  of  the  series  ap- 
proaches a^  a^  X  approaches  0. 

Let  flo  +  aix  +  a«a?^  +  as*'  +  —  =5  ao  +  xSu 

wherein  /S'l  ^  ai  +  a2X  4-  flsx^  4-  •••• 

Since,  by  the  preceding  artiole,  the  ieries  S\  is  convergent  for  all  values 
of  X  for  which  the  given  series  is  convergent,  its  sum  approaches  a  finite 
limit  as  a;  =  0,  and  consequently  x^S'i  =  0,  when  x  =  0.    Hence 

ao  +  flix  +  a2«*  +  •••»  p=  ao  +  xS^  ^  oq  when  x  :t  0. 

11.  If  two  integral  series,  arranged  to  ascending  powers  of  x, 
be  equal  for  all  values  of  x  which  make  them  both  convergent,  the 
coefficients  of  like  povjers  of  x  are  equal. 

Let  oo  +  ai5c  +  a^x^  H =  &o  +  hx  +  b2X^  +  ••• 

for  all  values  of  x  which  make  the  two  series  convergent. 

Then  the  sums  of  the  two  series  approach  equal  limita  when  x  ==  0.  But, 
by  the  preceding  article,  the  sum  of  the  one  series  approaches  ao,  that  of 
the  other  6o ;  consequently  ao  =  ^o, 

and  aix  +  aax^  +  ...  =  6ix  +  bzx^  +  ••.. 

Since  these  two  series  are  convergent  for  all  values  of  x  for  which  the 
original  series  are  convergent,  they  are  equal  for  values  of  x  other  than 
zero,  and  the  last  equation  may  be  divided  by  x. 

Hence 

ai  +  a2X  +  asx^  -\ —  =  6i  +  62a;  +  ba^  +  — ; 

and,  as  before,  ai  =  61, 

and  a2X  +  dsx^  +  ...  =  h2X  +  b^x^  +  •••• 

In  like  manner,  we  can  prove  02  =  &2,  08  =  h,  etc. 

12.  Evidently  the  principle  of  the  preceding  article  holds 
with  greater  reason  if  either  or  both  of  the  series  be  finite, 
I.e.  have  a  limited  number  of  terms.  There  is,  in  this  case, 
no  question  of  convergence  of  the  finite  series.     The  series 
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must  be  equal  for  all  values  of  x,  if  tliey  be  both  finite ;  or,  if 
one  be  infinite,  for  all  values  of  x  which  make  that  series  con- 
vergent. 

13.  The  following  application  of  the  principle  of  Art.  9  will 
be  useful  in  the  next  chapter. 
The  aeries 

ia  abadiUely  convergent  when  x<l  numerically. • 
For  ^^^\k} ^n-^+l^^/n+2_^\ 

Hence  for  all  values  of  jfe  >  n  +  1,  this  ratio  will  be  numerically  less 
than  the  absolute  value  of  x.  Consequently,  when  x  <  1  numerically,  the 
series  is  absolutely  convergent  by  Art.  9. 

EXEBCISBS. 

Examine  the  following  series  with  respect  to  their  convergency  or 
divergency  : 

1  3  I  3.4     3.4.6  3.4...(«  +  2) 

■   4     4.6     4.6.8  4.6...  (2n  +  2)  ' 

2  3.  3 -6      3.5.7  3-5...  (2n  +  l)  I  . 
44. 74. 7. 10             4. 7...  (3  n+1)      "" 

3  1     1^     r^3^  1.3...(2n^l)        , 
3     3.6     3.6    9  3.6...3« 

4.    1  4- 2x +  3x2 +  4x8-1-....  6.    x+f  +  ^  +  ^+.... 

^        o       4 

6.  -^  +  -^  +  -^  +  -^+ ....      7.  x  +  — +  — +  ^+.... 
1.2      2.3      3.4      4.6  ^[2^[3      '^ 

o  X  ,  X2  ,  X*  ,  X*  , 


V(1.2)      V(2-3)      V(3'4)      V(4-5) 


CHAPTER   XXXII. 

THE    BINOMIAL    THEORIIM. 

§  1.    THE  BINOMIAL  THEOREM  FOR  POSITIVE  INTEGRAL 
EXPONENTS. 

1.   In  Ch.  XXVIII.,  it  was  proved  by  induction  that,  when 
n  is  a  positive  integer, 

We  will  here  give  a  briefer  proof,  based  upon  the  theory  of 
combinations. 

Consider  the  following  continued  product  of  n  factors : 


n  factors 


a  +  b 
a-hb 


a  +  b 


The  first  term  of  the  product  is  formed  by  taking  an  a  from  each 
factor,  giving  a".  The  second  term  is  formed  by  taking  an  a  from  w  —  1 
factors  and  a  b  from  the  remaining  factor,  giving  a^-^b.  But  such  a 
term  can  be  formed  in  as  many  ways  as  one  b  can  be  taken  from  n  6's, 
i.e.,  in  «(7i  ways.     Therefore  the  product  so  far  is  a"  +  nCia^-^b, 

A  third  term  is  formed  by  taking  an  a  from  w  —  2  factors  and  a  b  from 
the  remaining  two  factors,  giving  a^-^ft'^.  But  such  a  term  can  be  formed 
in  as  many  ways  as  two  6's  can  be  taken  from  n  6's,  i.e.,  in  „C2  ways. 
Consequently,  the  product  to  this  point  is  a«  +  rJO\a'^~'^b  +.„C2a"~252^ 

In  general,  an  a  can  be  taken  from  each  of  n  —  k+\  factors  and  a  b 
from  each  of  the  remaining  k  —  \  factors,  giving  a"-*+^6*-i.  But  such 
a  term  can  evidently  be  formed  in  nC*-i  ways. 

We  thus  obtain 

(a  +  6)n  =  a«  +  «0ia«-i6  +  nC^a^'-^b'^  +  -  +  „0*-iO»»-*+i6*-i  +  — . 
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But        .C.=  (»),.0.=  (»),.C.=  («).«C.,=  (^:J 

Therefore,  (a  +  &)•  =  a"  +  ('*]o»-i6  +  (^]a"-262  +(^]a*- »6» 

2.  The  itth  term,  counting  from  the  beginning  of  the  expansion,  con- 
tains 6*-*,  and  is  nCu  -ia"-*-''^6*^*.  The  ikth  term,  counting  from  the 
end,  contains  a*  ^  and  therefore  6»-*+i,  and  is  „Cn-*+iO*~^6"~*+^  But, 
by  Ch.  XXIX.,  f  3,  Art  3,  we  have  «C7^-i  =  «C,_»+i.  We  therefore  con- 
clude : 

In  the  expansion  of  (a  +  &)",  wherein  n  is  a  positive  integer, 
the  coefficients  of  terms  equally  distant  from  the  beginning  and 
end  of  tJie  expansion  are  equal, 

§2.     BINOMIAL  THEOREM  FOR  ANY  RATIONAL  EXPONENT. 
L  From  Ch.  XXVIII.,  Art  4,  we  have 

(i+xr=.i+(jy^(^^y+...,       (1) 

when  n  is  a  positive  integer.  In  this  case  the  expansion  ends 
with  the  n-f-lth  term,  since  the  coefficients  of  the  n-|-2th 
and  all  succeeding  terras  contain  n  —  n,  or  0,  as  a  factor.  But 
if  n  be  not  a  positive  integer,  the  expression  on  the  right  of  (1) 
will  continue  without  end,  since  no  factor  of  the  form  n  —  Ac  -f  1 
can  reduce  to  0.  Therefore  this  series  will  have  no  meaning 
unless  it  be  convergent. 

2.  In  Ch.  XXXI.,  Art.  13,  it  was  proved  that  the  series 

is  convergent  when  x  lies  between  —  1  and  4- 1.  It  remains 
to  be  proved,  therefore,  that  in  this  case  the  above  series  rep- 
resents (1  -f-  a;)",  when  n  is  a  fraction  or  negative. 
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3.   Since  the  reasoning  will  turn  upon  the  value  of  n,  we  shall  call  the 
expression 

l  +  (^)x  +  (^).^  +  ... 

a  function  of  n,  and  abbreviate  it  by /(ii), /or  all  rational  values  of  n.  To 
understand  the  following  reasoning,  the  student  should  notice  that  for  all 
positive  integral  values  of  w,  (1  +  3?)"  =/(w),  as,  (1  +  «)•  =/(3)  ;  and 
that  it  remains  to  prove  that  (1  +x)»=/(n),  when  n  is  a  fraction  or 
negative,  as,  for  example,  that  (1  +  x)*  =/(i). 

4.    We  now  have 

for  real  values  of  x  between  —  1  and  +  1. 

We  will  tentatively  assume,  what  will  be  proved  in  Part  II.,  Text- 
Book  of  Algebra,  that  the  product 


/wx/(«)=i-f[(T)+(!)>4(:)+(T)W+(l)> 


+  ... 


+  1 

is  convergent.    But 

(7).(';)=('»t").  (:)HT)(")-0=C"r)' 

and  by  Ch.  XXIX.,  §  4,  Art.  2, 

therefore  f(.m)xf(n)  =  fim  + «)»  (1) 

for  all  rational  values  of  m  and  n. 

Then    /(m)  x  /(n)  x  /(p)  =  /(m  +  n)x  f{p)  =  f(m  +  n  +  i>)  • 

In  general, 
/(m)  x/(tt)  x/(|>)  X  ...  X  fir)=:fCm  +  »  +!>+•••  +  r),  (2) 

for  all  rational  values  of  m,  n,p,  «..,  r. 
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Sl  Fractional  Exponents.  —  Let 

u 
m  =  n  =p  =  ...  =  r  =  -» 

wherein  u  and  v  are  positive  integers.    Taking  v  factors,  we  now  have 

'(i)  "-^("j " /(i)  ■"■■■' '"'°" =■'(;*  i +;  +  ■■■•  "°'°*^)' 

Now,  since  ti  is  a  positive  integer,' 

Therefore      (1  +  x)«  =  [/(^) ]'» <>'  0  +  «)'  =/(")* 


That  is, 


(l  +  x)'=l  + 


V 

11  J 


x  + 


V 

1*2  ) 


a;-'^4-- 


6.   Negatiye  Exponents,  Integral  or  Fractional.  —  In  (1),  Art.  4,  let 

w  =  —  n. 
We  then  have    /(-  «)  x  /(n)  =/(n  -  n)  =/(0)  =  1, 
since  /(U)  =  1  +  0  •  x  +  ...  =  1. 

1 


Therefore 


/(w) 


=/(-n). 


Since  n  is  a  positive  integer  or  fraction,  (1  +  x)*  =/(n),  and  therefore 
^^-l-^=/(-n),or(l  +  x)-=/(-n). 

That  is,      (1  +  a;)-«  =  1  +  (  -^^^  x  +  (  "  "^x^  +  .... 

7.  Expansion  of  (a +4)". — We  have 

(a  +  6)-  =  [a(l+^)J=a-(l+|):  (1) 

aad  (o  +  6)»  =  r6A  +|^T=6«A+|Y  (2) 
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When  b  is  numerically  less  than  a, 

and,  by  (1)  above, 

(„+»)....[i^0|+(»|;^...] 

=  a"  +  (J)""-'*  +  (a)""-'**  +  ••••        (3) 

In  a  similar  way  it  can  be  shown  that,  when  a  is  numerically 
less  than  6, 

(a  +  by=b^  +  (^b--'a  +  ('^b^V+  ....        (4) 

Notice  that  when  w  is  a  fraction  or  negative,  formula  (3)  or 
(4)  must  be  used  according  as  a  is  numerically  greater  or  less 
than  b. 

8.  Ex.    Expand  — — — —  to  four  terms. 

^(a  — 46^ 

If  we  assume  a>4:b^,  we  have,  by  (3),  Art.  7, 
-^^^^^^=(a-460-*=a-*+(-i)a-*(-4y) 
+  "j^~^^a-^(>-460« 

+  ^^lT|^3~^^^"^(-^^y  +  '" 

^    1  4y  326*         896y 

■^a     3  a  ^a     9  a^^a     81  a^^a      '"" 

If  a  <  4  V,  we  should  have  used  (4),  Art.  7. 

Any  particular  term  can  be  written  as  in  Ch.  XXVIII.,  Art.  6. 
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.9.  Extraction  of  Roots  of  Kumbers. — Ex.   Find  y/11  to  four 
decimal  places.    We  have 

V17  =  V(16  +  1)  =  4(1  +  ^)1 

[  ^2'^i6^  1.2  \uy     1.^.3    Viey     J 

=  4(1  +  .03125  -  .00048  -h  .00001 ) 

=  4  X  1.03078  =  4.12312. 
Therefore  ^17  =  4.1231,  to  four  decimal  places. 

BXBBOISES. 

Expand  to  four  terms 

1.  (l  +  a)*.       8.  {\-xy\          8.    (a;«  +  y)'l    4.    (x-y2)-4. 

6.  (27  + 5a;)*.    6.  (8a8-36)  *'    7.    (3  +  2*)*.  8.    (5a2-363)-J- 

9.  (2x*  +  xy-2)-8.  10.  [^(a6)-v/(a&)]*.    11.  (a^a;""*  -  a^^x^)^. 

12.    ^ ^-  13.     .  .  }     ,   '  14.  ^ 


V(a^-&-0  ^(a»-6)  v(2x-i-34V 

Find  the 

15.   4th  term  of  (1  -  2  x)i  16.   6th  term  of  (1  +  a26"*)-8. 

17.   5th  term  of  (x*  -  x-^y^j-t.     ig.   gth  term  of  (« V&  -  2  6  v'a)'^. 
19.   A;-6th  term  of  (1  ^-x^y^y^,     20.   2  Aih  term  of  [x2  _  ^{xy)^^. 

21.  Find  the  term  in  (3  x*  —  xhfy  containing  x^. 

22.  Find  the  term  in  f  a  +  — ^  )  ^  containing  a'^\ 

Find  to  four  places  of  decimals  the  values  of 

23.  V5.  »4-    V27.  26.    </86.  26.    ^700.  27.    ^258. 


CHAPTER  XXXIII. 

UNDBTERMINED  COEFFICIENTS. 

§  1.     METHODS  OF  UNDETERMINED  COEFFICIENTS. 

1.  It  is  frequently  necessary  to  change  an  algebraical  ex- 
pression from  one  form  to  another.  One  method  consists  in 
equating  the  given  expression  to  an  expression  of  the  required 
form,  in  which  some  or  all  of  the  coefficients  are  at  first 
unknown,  but  can  subsequently  be  determined.  ' 

In  applying  this  method  of  undetermined  coefflcientSy  it  should 
first  be  shown  that  the  assumption  of  the  required  form  is 
legitimate,  that  is,  that  the  given  expression  can  assume  that 
form. 

The  method  depends  upon  the  principle  of  series  proved  in 
Ch.  XXXI.,  Art.  11. 

§  2.     EXPANSION  OF  CERTAIN  FUNCTIONS  INTO  INFINITE 

SERIES. 

1.  It  follows  from  the  principle  proved  in  Ch.  XXXI.,  Art.  3, 
that  the  infinite  series 

l+aj-f  aj^  +  ics^  ... 

approaches  in  value  the  fraction for  all  values  of  x  be- 

1  —  X 

tween  —  1  and  +  1.  Conversely,  we  may  look  upon  the  series 
as  the  expansion  of  the  fraction  for  all  values  of  x  between 
these  limits,  but  for  no  other  values  of  a?. 

And,  in  general,  an  infinite  series,  no  matter  how  obtained 
from  a  given  function,  can  be  regarded  as  the  expansion  of  that 
function  only  when  the  series  is  convergent. 

This  fact  should  be  kept  in  mind,  without  further  emphasis, 
in  all  the  expansions  that  we  shall  derive. 
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'    Rational  Fractions. 

2.  In  assuming  as  the  expansion  of  a  rational  fraction  an 
infinite  series  of  ascending  powers  of  a?,  we  first  determine  with 
what  power  the  series  should  commence.  This  is  done  by 
division,  when  both  numerator  and  denominator  are  arranged 
to  ascending  powers  of  x.  In  fact,  this  step  also  determines 
completely  the  first  term  of  the  series. 


Ex.1.  Expand 


2-x 

l+x  —  a^ 


in  a  series,  to  ascending  powers  of  x. 

Since  the  first  term  of  the  expansion  is  evidently  2,  we 
assume  i 

1  -l-aj  — ar 

wherein  B,  C^Dy*"  are  constants  to  be  determined. 
Clearing  the  equation  of  fractions,  we  obtain 


2-aj=2  +jB 
2 


x+C 

a?  +  D 

a?  +  E 

+  B 

+  c 

+  D 

-2 

-B 

-C 

»*+' 


The  series  on  the  right  is  infinite ;  that  on  the  left  may  be 
regarded  as  an  infinite  series  with  zero  coefficients  of  all 
powers  of  x  higher  than  the  first.  By  Ch.  XXXI.,  Art.  11, 
we  have 

2  =  2;  jB  +  2  =  -1, 

C+B-2  =  0, 
i>  +  C7-jB=0, 
^  +  2>-(7=0, 
etc.. 

Hence,  substituting  these  values  of  B,  C,  D, 
series,  we  have 

2-x 


whence  jB  =  — 3; 
whence- (7  =  5; 
whence  X)  =  — 8; 
whence  -E?  =  13 ; 
etc. 

in  the  assumed 


l  +  «-a* 


=  2-3a?  +  6a^-8iB»  +  13a^+— . 
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liet  the  student  compare  this  result  with  that  obtained  by 
division.  In  fact,  the  latter  method  of  expanding  a  fraction  is 
to  be  preferred  when  only  a  few  terms  are  wanted.  But  the 
successive  coefficients,  after  a  certain  stage,  may  be  computed 
with  great  facility  by  the  method  of  undetermined  coefficients. 
A  moment's  inspection  of  the  preceding  work  will  convince  the 
student  that  the  coefficient  D,  and  all  which  follow  it,  are  each 
connected  with  the  two  immediately  preceding  coefficients  by 
a  definite  relation.    Thus, 

2>+(7-J3=0,  E-^D-C=0,  F-^E'-D  =  0,  etc. 

Ex.  2.  Expand  ^^ 

in  a  series,  to  ascending  powers  of  x. 

The  first  term  in  the  expansion  is  evidently  ^x"^. 
We  therefore  assume 
1-x 


^ 


=  i  a?-*  +  Bx'^  -i-C+Dx  +  Ea^+Fa^-^*'*. 


Clearing  of  fractions,  we  obtain 


l-a?  =  l  +  3B  x-^3C  m^  +  SD 
-i        -B  -0 

By  Ch.  XXXI.,  Art.  11,  we  have 

1  =  1.     35-|=-l,  whence  B  =  -|; 
SC-'B=      0,    whence  C=-^; 
3D-C=      0,    whence  2>=-^; 
etc.,  ^      etc. 

Hence         ^^^  =  ^0.-^- 2^-i^^_^^^ .... 

EXERCISES  I. 
Expand  the  following  fractions  in  series,  to  ascending  powers  of  x,  to 
four  terms : 

1    1±£.  2      I  +  2a?    .  3    2  +  x-3a;^ 

'  l-x  ■  1  +  X  +  «2* 

'  '  6.  ^JL,.  6. 


l  +  aj  +  jcs  l-a8 

3^-3x8  +  1  g        1-a; 


3  -  X  +  3  x2 
x2  +  3x 

x  +  2 

1 

2x2-6x8  +  x* 
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Surds. 

3.  Not  every  surd,  even  with  only  integral  powers  of  x 
under  the  radical  sign,  can  be  expanded  in  a  series  of  inte- 
gral powers  of  x.  If  the  terms  under  the  sign  be  arranged 
in  order  of  ascending  powers  of  aj,  the  first  step  in  the  process 
of  extracting  the  corresponding  root  will  determine  when  the 
expansion  is  possible.  That  step  will  also  indicate  the  power 
of  X  with  which  the  expansion,  when  possible,  begins. 

Thus  -yjix  —  2  aj^  cannot  be  expanded  in  iritegral  powers  of  x, 
since  the  first  term  in  any  possible  expansion  must  be  a?*. 
•  Again,  for  a  similar  reason,  ^(a^  —  2  iB*  -f  a;*)  cannot  be  ex- 
panded into  a  series  of  integral  powers  of  x. 

Ex.  1.   Expand  ^(1  -  a*  +  2  ar^, 

in  a  series,  to  ascending  powers  of  x. 

The  first  term  in  the  expansion  is  evidently  ±  1.  We 
therefore  assume 

■y/il -x" +  20^=^1 -^Bx  +  C3i^  + D3i^  + Ex* -h'" 
Squaring  both  sides  of  the  equation,  we  have 


l-x'-^2a^^l-\-2B 


Hence 


X  +  2C 

a?  +2D 

7?  +  2E 

+  s? 

+  2BC 

+  2BD 

X^-\-  ' 


1  =  1. 

2J3  =  0,  whence  5  =  0; 

2(7+^  =  ~l,  whence  C  =  -i 

2D +  2  B0=  2,  whence  D  =  +  l 

2E-\- 2  30-^0^=0,  whence  E  =  -\ 
etc.,  etc. 

We  consequently  have 


§  3]  REVERSION   OF   SERIES. 


EXERCISES  II. 

Expand  the  following  expressions  in  series,  to  ascending  powers  of  «, 
to  four  terms : 

1.    va+«)-  2-    Va-2a;2).  3.    ^(1  -  jk2). 

4.    V(4-2a;  +  «2).         6.    ^{b  +  Sx  +  dx^).         6.    ^(l-x  +  a^). 

§3.     REVERSION  OF  SERIES. 

1.  If  one  variable  be  equal  ix)  a  series  of  positive  integral 
ascending  powers  of  a  second  variable,  the  second  variable  can 
be  expressed  in  a  series  of  positive  integral  ascending  powers 
of  the  first.    This  process  is  called  reversion  of  series. 

Ex.  1.     Revert  the  series 

Assume  x  =  Ay-\'  By^  +  Cy  H ,  (1) 

and  substitute  in  the  second  member  of  the  last  equation  the 
value  of  y  given  by  the  first.     Then 


+    B 


»8+« 


ar'  +  S^ 
+  45 
+    C 
Hence  -4  =  1. 

2^  +  5  =  0,    whence  J5  =  -2; 
3^  +  45+ (7  =  0,    whence  (7=     5; 
etc.,  etc. 

Substituting  these  values  of  A,  B,  C,  •••,  in  (1),  we  have 
0^  =  ^-21/2^5^3..., 

If  the  series  for  y  in  terms  of  x  contain  a  term  free  from  x, 
we  must  find  a  value  of  x  in  a  series  of  powers  of  y  minus 
that  term. 
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Ex.  2.   Revert  the  series 

or  y-l  =  a;  +  aj*  +  aj'+ ....  (2) 

We  assume 

aj  =  ^(y-l)+J5(y-l)«  +  C7(y-l)»  +  ...  (3) 

Substituting  in  (3)  the  value  of  (y— 1),  given  in  (2),  we  obtain 

x  =  A{x  +  a?  +  oi^+-")'^B(x  +  iji^  +  3t^-\-—y 
+  C  (a; +aj'  +  aj' +-..)*+.... 
Collecting  terms  containing  like  powers  of  x,  we  have 

x^Ax-j-A  ix^-\-  A  a? -!-•••. 
-^B       +2B 
+  C 
Equating  coefficients  of  like  powers  of  »,  we  obtain 

-4  =  1,  whence  A=l; 

jB  +  -4=0,  whence  J3=-l; 

^  +  2J5+(7  =  0,  whence  C=l. 
etc.,  etc. 

Substituting  these  values  of  the  coefficients  in  the  assumed 
series,  we  have 

EXERCISES  III. 
Revert  each  of  the  followmg  series  to  four  terms : 
1.   y  =  a;  +  a;2  +  x8+-.                      2.  y  =  aj +  3x2  + 6{k«+ .... 
8.   y  =  a;-ix2  +  Jx8 .  4.   y  =  l-x  +  2x* . 

§4.     PARTIAL  FRACTIONS. 

1,  It  is  frequently  desirable  to  separate  a  rational  algebrai- 
cal fraction  into  the  simpler  (partial)  fractions  of  which  it  is 
the  algebraical  sum. 
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2a:  1  1 


E^g> 


1  —  a^     1— a;     l  +  a? 


The  process  of  separating  a  given  fraction  into  its  partial 
fractions  is,  therefore,  the  converse  of  addition  (including  sub- 
traction) of  fractions ;  and  this  fact  must  guide  us  in  assuming 
the  forms  of  the  partial  fractions.  We  shall  separate  the 
given  fractions  into  the  simplest  partial  fractions,  that  is,  frac- 
tions which  cannot  themselves  be  further  decomposed. 

We  shall  also  assume  that  the  degree  of  the  numerator  is  at 
least  one  less  than  that  of  the  denominator.  A  fraction  whose 
numerator  is  of  a  degree  equal  to  or  greater  than  that  of  its 
denominator  can  be  first  reduced  by  division  to  the  sum  of  an 
integral  expression  and  a  fraction  satisfying  the  above  condi- 
tion.   The  latter  fraction  will  then  be  decomposed. 

The  denominators  of  the  partial  fractions  can  be  definitely 
assumed.  For  they  are  evidently  those  factors  whose  lowest 
common  multiple  is  the  denominator  of  the  given  fraction. 
But  there  is  one  case  of  doubt,  namely,  when  a  prime*  factor  is 
repeated  in  the  denominator  of  the  given  fraction. 

6^20^       _     3  2  1 


(l-xy(l  +  x)     l-a;^(l-a!)''     l  +  a;' 
3  +  a?        _      2  1 


(l-a;)2(l+a;)      (l-xY  '  1-^x 

We  could  not  have  decided,  in  advance,  whether  eitljer  of 
the  two  given  fractions  is  the  sum  of  two  or  of  three  partial 
fractions.  There  must  necessarily  be  a  partial  fraction  having 
(1  —  xy  as  a  denominator,  since,  otherwise,  the  L.  C.  M.  of  the 
denominators  would  not  contain  the  prime  factor  1  —  a?  to 
the  second  power.  But  it  cannot  be  determined,  in  advance, 
whether  there  is  a  partial  fraction  having  1  —  a;  as  a  denomi- 
nator. 

In  such  cases,  therefore,  it  is  advisable  to  make  provision 
for  all  possible  partial  fractions  by  assuming  as  denominators 
all  repeated  factors  to  the  first  power,  second  power,  etc. 
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The  numerators  of  partial  fractions  thereby  assumed,  which 
should  not  have  been  included,  will  acquire  the  value  zero 
from  the  subsequent  work,  so  that  those  fractions  drop  out  of 
the  result. 

The  numerators  of  the  partial  fractions  must  be  assumed 
with  undetermined  coefficients.  Since  the  numerator  of  the 
given  fraction  is,  by  the  hypothesis,  of  degree  at  least  one  less 
than  the  denominator,  the  same  must  be  true  of  each  partial 
fraction.  We  therefore  assume,  for  each  numerator,  a  complete 
rational  integral  expression  with  undetermined  coefficients  of 
degree  one  lower  than  the  corresponding  denominator. 

If  any  term  in  the  assumed  form  of  the  numerator  should 
not  have  been  included,  its  coefficient  will  prove  to  be  zero. 

An  exception  to  this  principle  occurs  when  the  denominator 
of  the  partial  fraction  is  the  second  or  higher  power  of  a  prime 
factor,  as,  (1  —  a:)*.  In  that  case  the  numerator  is  assumed  as 
it  would  be  according  to  the  above  principle  if  the  prime  factor 
occurred  .to  the  first  power  only. 

We  may  briefly  restate  the  above  principles : 

Separate  the  denominator  of  the  given  fraction  into  its  prime 
factors.  Assume  as  the  denominator  of  a  partial  fraction  each 
prime  factor ;  in  paHicular,  when  a  prime  factor  enters  to  the  nth 
power,  assume  that  factor  to  the  first  power,  second  power,  and  so 
on,  to  the  nth  power,  as  a  denominator. 

Assume  for  each  numerator  a  rational  integral  expression,  with 
undetermined  coefficients,  of  degree  one  loioer  tJian  the  prime 
factor  in  the  corresponding  denominator. 

Let  us  first  decompose  the  two  fractions  which  we  have  used 
to  illustrate  the  theory. 

Ex  1  6-2a^       ^    ^     \       ^        I      ^ 

•    •  (1  __  a;)2(H- aj)      1- x'^  (1^  xf^  1 -{- x 

Since  the  prime  factor  in  the  denominator  of  each  partial 
fraction  is  of  the  first  degree,  each  numerator  is  assumed  to  be 
of  the  zeroth  degree. 
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Clearing  the  equation  of  fractions,  we  have 

6  -  2i;^  =  A(l  -^  x)  (1  +  x)  +  B(l  -^ x)  -i-  0(1  -  xy 

=  (-^-f  0)aj2-f  (5  -  2  C)aj +  ^+ iB  4- O. 

Since  this  equation  must  be  true  for  all  values  of  x,  we  have 

B-2C=      0,    Whence^  =  3,  B  =  2,  0  =  1. 

A^B-hC=      6.. 

Consequently 

6^20^  3  2  1 


(1  _  a;)2(i  ^  a.)     1  _  fc  ■  (1  -  a)2     1  +  a? 
Ex.  2.  3  +  a'  ^      .        B  O 


(l~aj)Xl+aj)      l-a?  '  (!-»)'     1  +  a; 

The  forms  of  the  partial  fractions  are  assumed  the  same  as  in 
Ex.  1.     We  have 

and  then     —^  +  (7=1, 

Whence  ^  =  0,  5  =  2,  C7=  1. 


B-2C  =  0y 

A-\-B-\'C=3.} 

Therefore  3  +  ar* 


5  +  : 


(1  -  xy(l  +  a?)      (1  -  a;)2  '  1  +  a? 

When  the  factors  of  the  denominator  of  the  given  fraction 
are  of  the  first  degree,  as  in  Exx.  1  and  2,  the  work  may  be 
shortened. 

Begin  with  the  equation 

6-2a^  =  A(l-x)(l-i-x)+B(l-hx)  +  C(l-xy, 

of  Ex.  1.     Since  this  equation  is  true  for  all  values  of  x,  we 
may  substitute  in  it  for  x  any  value  we  please.     Let  us  take 
such  a  value  as  will  make  one  of  the  prime  factors  zero. 
Substituting  1  for  x,  we  obtain 

4  =  25,  whence  -B  =  2. 
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Next,  letting  05=  —1,  we  have 

4  =  4(7,  whence  (7=1. 

There  is  no  other  value  of  x  which  will  make  a  prime  factor 
zero,  but  any  other  value,  the  smaller  the  better,  will  give  an 
equation  in  which  we  may  substitute  the  values  of  B  and  C 
already  obtained. 

Letting  a;  =  0,  we  obtain 

6=-4  +  jB+(7,  whence  A  =  S. 
The  same  method  can  be  applied  to  Ex.  2. 

^^•3-        ar^_l         (a;-l)(aj»  +  a:-hl)     x-l'^  x'-^-x  +  l 
In  this  example  the  one  prime  factor  being  of  the  second 
degree  we  assume  the  corresponding  numerator  to  be  a  com- 
plete linear  expression. 
Clearing  of  fractions,  we  have 

aj*_aj  +  3  =  ^(ic»  +  aj-hl)  +  (i5aj+(7)(aj-l)  = 

{A^B)7?+{A-B'-\-C)x  +  A-a 

Equating  coefficients  of  like  powers  of  x,  we  obtain 

^  +  5  =  1,  ^-jB-hO=-l,  ^-(7=3; 

whence,  ^  =  1,  B  =  0,  (7=  - 2. 

Or,  we  might  have  used  the  second  method,  beginning  with 

»2  ^  a;  +  3  =  ^  (aj2  +  a;  +  1)  H-  (^  +  (7)  (a?  -  1). 

Letting  a;  =  1,  we  obtain 

3  =  3  J[,  whence  J.  =  1. 

Since  no  other  value  of  x  will  make  a  factor  vanish,  we  take 
any  simple  values.     When  a?  =  0,  we  have 

3=^A-C,  whence  (7  =  — 2. 
Finally,  letting  x  =  —  1,  we  have 

5  =  ^  +  25-2  (7,  whence  J5  =  0. 


Ex.  4. 


2-2a?  +  4a:'  ^Ax+B      Cx  +  D         E 
(l^aFf(l-x)       1-f-ar^  "*"  (1  +  a^*     1  -  «' 
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The  prime  factors  in  the  denominators  of  the  first  two  partial 
fractions  being  of  the  second  degree,  expressions  of  the  first 
degree  are  assumed  as  numerators. 

Clearing  of  fractions,  we  have 

2— 2a?  +  4a52 

=  (^  + J5)(l +  arO(l -oj)  +  (ar  +  2>)(l -aj)+^(l  +  a^> 

Equating  coefficients  of  like  powers  of  x,  we  obtain 
-A  +  E=0,  A-B  =  0,  -^  +  jB-(7  +  2^=4, 
A-B  +  C-D=:'-2,  B-^D  +  E=2; 
whence         A  =  l,  5=1,  (7  =  -2,  Z)  =  0,  E  =  l. 

EXEBCISBS  IV. 

Separate  the  following  fractions  into  partial  fractions : 
1  1  2       ^^  8    x^  +  2 X  - 1 

4       ^'                                 5  5                       g    7gg+19x 

'  x^-i                               '  l-x^'                   •       x2_9    • 

^    2  a;^  4-  3 a;  -  1                  ^  1 -f  a?                   ^          3a;g  +  1 

xs-x       *                   *  9-x2*                    '    (x+l)(«-l)^* 

jQ       4x  jj            x«4-5x+10 

*   x2~l'  ■  (x  +  l)(x  +  2)(x  +  3)* 

j2    5x(x  +  3) ^g  3-x 

(2x+l)(2x-l)(x+l)"  *  (2x+l)(2x  +  3)(x-l)' 

j^       xg  +  90a?-9  J5  3x  +  2 

6(x2-9)(x-3)*  "   (x2-l)(x-2)* 

16.  ^ 17.   -^ii-.  18.   -i 

(X-l)8  (X-l)* 

19.   -J^ —  20.   -^il.  21. 

X8  +  1  X8  -  1 

22.   --i —  23.   -—J 24. 


X*  -  1  X2(X2  +  1) 

^A^lll.  26.  -L-. 

x9  +  64  x*  +  x  x8-l 


X8-1 

X-1 

X8+1 

x2-15x- 

-18 

(x2-9)(x. 

-1) 

X 

CHAPTER  XXXIV. 

COHTUSrUBD  FRACTIONS. 

1.  If  the  numerator  and  denominator  of  ||  be  divided  by 
the  numerator^  we  have 

30     30^30         1 


43     43H-30     l+i^ 

Reducing  J^,  and  subsequent  fractions,  in  a  similar  way,  we 
obtain 

30  1  1  1 


43     1  +  13  +  13     i  +  _i_      1+1 


30-hl3  2  +  A  2+     ^ 


13  3  +  i 

4 

The  complex  fraction  thus  obtained  is  usually  written  more 
compactly  thus : 

1111 

1+2+3+4; 

Observe  that  in  the  last  form  the  signs  +  are  written  on  a 
line  with  the  denominators  to  distinguish  the  complex  fraction 
from  the  sum  of  common  fractions.  It  is  important  to  keep 
in  mind  that  in  both  forms  the  numerator  at  any  stage  is  the 
numerator  of  a  fraction  whose  denominator  is  the  entire  com- 
plex fraction  which  is  written  below  and  to  the  right  of  that 
particular  numerator. 

2.  A  Continued  Fraction  is  a  fraction  whose  numerator  is  an 
integer,  and  whose  denominator  is  an  integer  plus  a  fraction 

446 
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whose  numerator  is  an  integer,  and  whose  denominator  is  an 
integer  plus  a  fraction,  etc. 

A  continued  fraction  frequently  occurs  in  connection  with 
an  integral  term. 

^'  1+-1 ^1+2+3  +  4 

2+     ^ 


^^\ 


In  such  cases  it  is  customary  to  call  the  entire  mixed 
number  the  continued  fraction. 

The  general  form  of  a  continued  fraction,  therefore,  is: 

^  _l_     na  c^i  -f  c«2  +  ag  + 

3.  We  shall  confine  ourselves  in  this  chapter  to  continued 
fractions  in  which  the  numerators  are  all  1,  and  the  denomi- 
nators all  positive  integers ;  of  the  general  form,  therefore, 

,111 

71  +  - 


in  which  the  d's  are  all  positive  integers,  and  w  is  a  positive 
integer  or  0. 

The  n  and  the  d's  are  called  Partial  Quotients. 

4.  A  Terminating,  or  Finite  Continued  Fraction,  is  one  in 
which  the  number  of  partial  quotients  is  limited,  as  in  the 
example  given  above. 

A  Non-terminating,  or  Infinite  Continued  Fraction,  is  one  in 
which  the  number  of  partial  quotients  is  unlimited  or  infinite. 
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To  Convert  a  Common  Fraction  into  a  Terminating  Continued 
Fraction. 

&  Compare  the  work  in  Art.  1  of  reducing  |^  to  a  continued 
fraction,  with  the  work  of  finding  the  G.  C.  M.  of  30  and  43 : 

30)43(1 
30 

13)30(2 
26 
4)13(3 
12 
1)4(4 
4 

Observe  that  the  successive  quotients  in  the  latter  process 
are  the  partial  quotients  of  the  continued  fraction.  This  is  as 
it  should  be,  since  a  comparison  of  the  two  processes  shows 
that  the  successive  steps  of  division  in  getting  the  partial 
quotients  are  identical  with  those  in  finding  the  G.  C.  M. 

The  method  is  evidently  perfectly  general  and  may  be  ap- 
plied to  any  common  fraction.  If  the  fraction  be  improper, 
the  first  quotient  will  be  the  integral  part  of  the  continued 
fraction,  and  the  remaining  quotients  the  successive  partial 
quotients  of  the  continued  fraction  proper. 

151 
Ex.   Reduce  —  to  a  continued  fraction. 
45 

By  the  method  of  G.  C.  M.,  we  have 

45)151(3 
135 

16)45(2 
32 

13)16(1 
13 

3)13(4 
12 
1)3(3 
3 

Therefore,  1^  =  3  +  —  —  —  -. 

'  45         ^2+  1+4+3    . 
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To  Reduce  a  Terminating  Continued  Fraction  to  a  Common 
Fraction. 

6.  We  have  only  to  retrace  the  steps  taken  in  the  preceding 
article  in  forming  a  continued  fraction  from  a  common  frac- 
tion.   Thus, 


1111 

114 

1    13 

_30 

1+2+3+4 

1  +  2+13 

1  +  30 

43 

Evidently  this  method  is  also  perfectly  general. 

We  therefore  conclude  that  any  common  fraction  can  be 
converted  into  a  terminating  continued  fraction,  and,  con- 
versely/that  any  terminating  continued  fraction  can  be  reduced 
to  a  common  fraction. 

The  latter  reduction  becomes  laborious  in  the  case  of  a  con- 
tinued fraction  with  many  partial  quotients,  and  a  simpler 
method  will  now  be  given. 

7.  A  Convergent  of  a  continued  fraction  is  that  part  of  it  ob- 
tained by  stopping  with  a  definite  partial  quotient. 

Thus,  in  ?_1_1_1, 

'  1+2+3+4 

1  .112 

the  first  convergent  is  -;  the  second  is  - — ->    =-; 

^  1  1  +  2         3 


the  third  is 


the  fourth  is 


1_1_1_    ^7_, 
l_l_2  +  3+'       10' 

1  +  2  +  3+4'       43 


For  convenience,  we  will  call  the  integral  term,  when  there 

is  one,  the  zeroth  convergent,  so  that  the  nth  convergent  will 

always  end  with  the  nth  partial  quotient.    We  will  denote  the 

iV  iV   iV 
successive  convergents  by  — ^,  --i,  -p,  etc. 

Jjq  Jj\  iJf 
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The  above  convergents  may  then  be  written  thus : 
^  =  1.^2  =  ?. 

JVa^  7  ^3  X  2  4-1^3  xJy^  +  ^i. 
A     10     3x3  +  1     3xA+A' 

^4^30^4x    7'^2^4:XNs'^JSr^ 
D\     43     4x10  +  3     4xA  +  A* 

That  is,  to  form  the  numerator  of  the  third  convergent, 
multiply  the  numerator  of  the  second  by  the  third  partial 
quotient,  and  to  the  product  add  the  numerator  of  the  first 
convergent.  To  form  the  numerator  of  the  fourth  convergent, 
multiply  the  numerator  of  the  third  convergent  by  the  fourth 
partial  quotient,  and  to  the  product  add  the  numerator  of  the 
second  convergent.  In  like  manner,  form  the  denominators 
from  the  denominators  of  the  two  preceding  convergents. 

In  general, 

Tlie  numerator  of  any  convergent  after  the  second  (after  the 
first  if  there  he  a  zeroth  convergent)  is  formed  by  multiplying  the 
numerator  of  the  immediately  preceding  convergent  by  that  partial 
quotient  with  which  the  convergent  to  be  computed  ends,  and  to 
the  product  adding  the  numerator  of  the  second  preceding  conver- 
gent ;  the  denominator  of  the  same  convergent  is  formed  in  like 
manner  from  the  denominators  of  the  two  convergents  immediately 
preceding. 

The  principle  holds  for  the  second  convergent  when  there  is  a  zeroth 
convergent ;  and  in  all  cases  for  the  third  convergent. 

For  ^  =  ^   ^=,i+l  =  !!^L±l, 

Do      1     Z>i  di  dx 

Di  di  +  d2  didi  +  1  dids  +  1 

_  d^Cndi  -f  1)  +  n  _  ^ggA^i  -K  iVo^ 
did2  -f  1  d2Di  -f  Do 
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^=n-\--^ 1     1  ^  n  I     ^  ^»      =  n  I         ^^^«  +  ^ 

2>8  di-{-  d2-\-  ds  di-\-  doda  +  1  di^Ms  -\-  di-\-  ds 

_  ndidzds  -t-  n<?i  H-  w(?8  -i-  <^<?8  +  1 

did2C?8  +  ^1  +  ^^8 

_  (^3(h(Zi(^2  -h  n-\-d2)  +  (ndi  4-1)  _  (f3^2H-  -^y 
"  dfiidid2  +  ^)+di  ""  d3i>2  -f  I>i 

If  the  principle  holds  up  to  and  including  any  convergent,  it  holds  for 
the  next  convergent. 

Suppose  it  holds  up  to  and  including  the  A;th  convergent.  We  then 
have 


du     duDu-i  -f  I>*_8 


Now  ^^z^d  +  ^i'    1 

»2  +  « 


«*+l 


differs  from  the  preceding  convergent  only  in  having 

«A+1 

as  a  denominator  where  the  preceding  has  dk.    Therefore,  if  we  substitute 
d,4._i_  for  dn  in  ^*J^*-i  -^-  ^'-'^. 


(2*+i  dkDk^i  +  i)*-8 

we  obtain  an  expression  for  _*±1, 

without  assuming  that  the  principle  holds  beyond  the  A;th  convergent. 
Consequently, 


\         djc+i  / 

<?*+i(d*/>*-i  -f  />*-2)  -f  />*-!     d*+i2>*  4-  A-i' 

a  result  in  accordance  with  the  principle. 

Therefore,  since  the  principle  holds  to  and  including  the  third  con- 
vergent, it  holds  for  the  fourth  ;  then,  since  it  holds  for  the  fourth,  it 
holds  for  the  fifth  ;  and  so  on. 

This  method  of  proof  is  called  Proof  by  Mathematical  Induction. 
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Properties  of  Convergent*. 

&  (i.)  77te  successive  convergerUs,  beginning  with  the  zeroth, 
are  altemately  less  and  greater  than  the  continued  fraction. 

Thus,  from  1^  =  3  +  -^  J-^i, 

'  45         ^2+1+4+3' 

we  have       ^"-^     ^>-''    ^'-^^    "^'-'^^     J^4_151 
we  nave      --j,   ---,  ^-^,  ---,  ^—^, 

,  3^151    7^151    10^151    47^161 

and  —  <  — t  —  > .   —  < .   —  > • 

1^45'   2*^45'    3       45'   14*^45 

The  symbol  ^^  read  difference  between^  is  placed  between 
two  numbers  to  indicate  that  the  less  is  to  be  subtracted  from 
the  greater.    E.g.,  3'-'4  =  4'^3  =  4  —  3  =  1. 

(ii.)  The  difference  between  any  two  consecutive  convergent8 
is  1  divided  by  the  product  of  their  denominators. 

Thus, 

3     7        1       7     10        1       10     47         1 

—  /^w  —  = ,   —  ^^^  —  = ,    - —  '^^  —  = ,  etc. 

1     2     1x2'   2      3      2x3'    3      14     3x14' 

(iii.)  Each  convergent  is  nearer  in  value  to  the  continued 
fraction  than  any  preceding  convergent. 
Thus, 

151     3^16.     151     7^13.    151     30^  3 
45 '"l     45'     45  ^^2     90'     45 '^  3      135' 

and  —  >  —  > • 

45     90     135 

(iv.)  The  convergents  of  even  order  continually  increase,  but 
are  always  less  than  the  continued  fraction ;  while  the  convergents 
of  odd  order  continually  decrease,  but  are  always  greater  than  the 
continued  fraction, 

JPn  3^10^151.     7^47 
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In  a  terminating  continued  fraction,  the  last  convergent 
will,  of  course,  be  the  continued  fraction,  and  therefore  neither 
greater  nor  less  than  itself. 

The  proofs  follow: 

Let  v=n-\--^— . 

di+  d2+  ds-\- 

(i.)  The  zeroth  convergent  is  too  small  by 

J^ 1 

di+  d2+  '"' 

In  the  first  convergent,  the  partial  quotient  di  is  too  small  by •••; 

1  1  ^"*" 

hence  —  is  too  great,  and  therefore  n-\ —  is  too  great. 
di  di 

In  the  second  convergent,  the  second  partial  quotient  d^  is  too  small 

by ;  hence  —  is  too  great,  and  therefore  di-\ —  is  also  too  great; 

da  +  <^2  d2 

finally is  too  small,  and  n  H — ■■ is  too  small. 

di+  d2  di-\-  d2 

And  so  on. 

(ii.)  Since  ^^^±tl  =  ^*^*^i  -  DkN-.^i 

we  have  only  to  prove 

The  law  holds  for  the  first  two  convergents. 

For  ^  ,^  :^  =  !*  ^  n<?i  +  1  _  ndi  -^  (nd^  4- 1  "^  __  1^ 

Do"' A      l"'      di  I'di  ~di 

If  it  holds  for  any  two  consecutive  convergents,  it  holds  for  the  second 
of  these  two  and  the  next  convergent. 
We  have 

=  iViD*_i  -^  DuNu-i. 
Therefore,  if  the  principle  holds  for 


it  holds  for 
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(ill.)  ^^  differs  from  Fonly  in  having  dk+i  where  V  has 

Ojk+2 

Then  iVt^dtAVi-l-iVt-2     y^K?^±J^ 


But 


Dt{KD„  +  />*-i) 


and 


Z>»-i(A7>»  +  Z>».i) 
But  fi'>l  and  Z>»_i<i)*.    Therefore, 

Hence,  any  convergent  is  nearer  in  value  to  the  continued  fraction 
than  the  immediately  preceding  convergent,  and  consequently  than  any 
preceding  convergent. 

(iv.)  The  proof  follows  at  once  from  (iii.)  and  (i.). 

Limit  to  Error  of  Any  Convergent. 

9.  Since,  by  Art.  8  (i.),  the  value  of  a  continued  fraction 
is  between  the  values  of  any  two  consecutive  convergents,  it 
must  differ  from  either  of  them  by  less  than  they  differ  from 
each  other. 

Therefore,  an  error  of  taking  — ^  for  the  continued  fraction 

is,  by  Art.  8  (ii.),  less  than  -— - — • 

But  A^i  =  d.^^D,  +  A-i  >  ^*+iA. 

Therefore,  the  error  of  ^^  is  less  than 


A  ^*+iA' 
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Hence,  to  find  a  convergent  which  differs  from  the  continued 
fraction  by  less  than  — ,  we  have  only  to  compute  successive 

convergents  up  to  — -*,  wherein  dj^^J)^  <  m. 

Ex.   Find    an  approximation    to   3.14159,  correct   to   five 
decimal  places. 
We  have 

1111111 


3.14159  =  3  + 


7+15+1  +  25+1  +  7  +  4 


rnt,  .  .  3  22  333  355 

The  successive  convergents  are  -,  — ,  - — ,  — — ,  •••. 
^  1'  7  '  106'  113' 

The  error  of  — -  is  less  than  and  with  greater 

113  25(113) 

reason  less  than  ,  =  .000004. 

^o(lUU) 

355 
Therefore  — —  is  the  required  approximation. 


To  Reduce  a  Quadratic  Surd  to  a  Continued  Fraction. 

10.  The  general  method  may  be  illustrated  by  particular 
examples. 

Ex.   Reduce  ^4  to  a  continued  fraction. 

Since  the  greatest  integer  contained  in  ^14  is  3,  we  assume 

Since  the  greatest  integer  in  this  value  of  di  is  1,  we  assume 

Then  d,=        ^        ^5(vU  +  2)^Vl4+2. 
'     V14-2  10  2 
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In  like  manner,  we  assume 

Similarly, 

dii  = .  etc. 

Since  this  process  may  be  continued  indefinitely,  we  obtain 
an  infinite  continued  fraction  by  substituting,  in  succession, 
the  values  obtained  for  c^i,  c?j,  dj,  •••. 

We  then  have 

^Q      .      J_J_J_J_ 

■^14-2+1+6-f  '"" 
Observe  that  the  value  obtained  for 

1 


d.  =  - 


V14-3 

is  the  same  as  that  for  dj,  so  that 

dfl  =  ^2,  dj  =  dg,  c?8  =  d^  (ig  =  dg  =  di,  etc. 

Therefore  the  partial  quotients  1,  2,  1,  6,  are  repeated 
indefinitely. 

11.  A  Periodic  Continued  Fraction  is  an  infinite  continued 
fraction  in  which  the  partial  quotients  are  repeated  in  sets  of 
one  or  more. 

Ex.   Reduce  -  ^^^^  to  a  periodic  continued  fraction. 

0 

Since  ^"'^^<  1,  we  assume  ^~V^  =  1. 
6  '  6  di 

Then  cf,  =  — ^  =  ^(^+V^)  =  l+l. 

5-V3  11  di 
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'     4  +  3V3  -11  1  ^d. 

Similarly,  d3=3-^  =  ?^  =  5+|. 

Likewise,  d,=  -_|_-  =  3V3-f5  =  10+i 

finally,      d,  =  — — — ^  =  ^3. 

Therefore,  only  the  third  and  fourth  partial  quotients  are 
repeated,  and  the  required  fraction  is 

111111 
1+1+6+10+5+10+'**' 

Application  of  ConvergentB. 

12.  It  is  often  convenient  to  substitute  for  a  fraction  with 
large  terms,  or  for  a  quadratic  surd,  a  convergent  with  com- 
paratively small  terms,  provided  that  convergent  approximates 
closely  enough  to  the  true  value. 

Ex.1.  Ay^= ^ 


1  + 


6+-1 

^50 

By  Art.  9,  we  should  expect  the  third  convergent  to  be  a 
close  approximation,  since  the  following  partial  quotient,  50, 
is  large. 

We  have  -;  =  -,   _;  =  -,    -3^- 

Therefore,  by  Art.  9,  the  error  of  the  third  convergent  is 
less  than 

1 


50  X  20-^ 


=  .00005. 


Consequently,  ^^^  represents  the  true  value  of  j%^^^  correctly 
to  four  decimal  places. 
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Ex.  2.    Given  -y/U  =  3  -|-  -i-  J^^^J^ » ^^^  ^^^  ^J^ror 

of  the  seventh  convergent.         -t     -r     -t     -r 

N      449 
The  student  may  satisfy  himself  that  — ^  =  — --. 

Therefore  f|^  is  correct  to  four  decimal  places. 

To  Reduce  a  Periodic  Conttnued  Fraction  to  an  Irrational 
Number. 

13.  We  will  take  as  an  example  the  result  of  Ex.  Art.  10. 

Assume  a;  =  3  -f  -^  -^  -^  J^  J^ , 

^1+2+1+6+1+      ' 

then  a;- 3  =  -i-  -L  -1-  -L- .... 

1+24-1+6  + 

Since  the  partial  quotients  1,  2,  1,  6  are  repeated  in- 
definitely in  that  order,  the  continued  fraction  whose  first 
partial  quotient  is  the  first  periodic  number  (i.e.,  1)  at  any 
stage,  and  which  is  continued  indefinitely,  differs  in  no  respect 
from  the  given  periodic  continued  fraction.  For  example,  the 
periodic  continued  fraction  which  follows  the  heavy  plus  sign 
(+),  in  the  value  of  a;  —  3  above,  is  the  same  as  the  entire  con- 
tinued fraction,  which  is  the  value  of  x  —  S. 

We  may  therefore  substitute  a;  —  3  for  the  part  of  the  con- 
tinued fraction  which  follows  that  particular  plus  sign.  We 
thus  have 

^3^   111  1         ^1111     ^ll+3a? 

l+2+l+6  +  aj-3     1+2+1+3  +  aj      15  +  4ic' 

From  this  equation  we  obtain 

4  or^  =  56,  or  a;  =  y^l4. 

14.  If  the  continued  fraction  be  not  periodic  from  the 
beginning,  we  first  reduce  the  periodic  part  by  itself  as  above, 
and  substitute  its  value  in  the  given  continued  fraction.  The 
latter  is  then  a  terminating  continued  fraction  and  can  be 
reduced  to  a  simple  fraction,  whose  numerator  and  denominator 
will  not,  however,  be  rational. 


CONTINUED  FRACTIONS.  459 

w  a.^    1       1       1       1       1       1 

2+  1+3+5+3+5+      ' 

the  periodic  part  commencing  with  the  third  partial  quotient. 
Assume        ,  =  J- ^...  =^  ^-1_  =  j|±l-; 

hence  3  y^  +  16  2/  =  5  -f  2/, 

and       y=-15+V285.     But  .  =  J- -^  =  I^^. 
^  6  2  -h  1  +  y  166 

BXEROISBS. 
Compute  the  successive  convergenls  to 

1  J_JLJ_J-1.  2  2  +  -I-J--I--LI 

1+  2+  2+  1+  3*  '6+  3+  2+  1+  4* 

Reduce  each  of  the  following  fractions  to  a  continued  fraction,  find  its 
convergents,  and  determine  a  limit  to  the  error  of  the  third  convergent. 

8-   A%-  ^-  %V-  W.  27|J.  11.  .4761.  12.  5.0372. 

Reduce  each  of  the  following  surds  to  continued  fractions,  find  the 
first  five  convergents,  and  determine  a  limit  to  the  error  of  the  fourth 
convergent. 
13.    V7.  14.    V23.  16.    V2.5.  16.    ^29-  17.    2^45. 

18.    1±^.  19.    ^^-Vl  20.    ?Jl^.  21     11±^. 

6  4  2  -  V3  6 

Reduce  each  of  the  following  periodic  continued  fractions  to  a  surd  : 

22.  L_l_l_L_L_i_.... 
1+2+3+  1+  2+  3  + 

83.   3+L-l-l-l-.... 

^  6+  1+  6+  1  + 

24    1_1_1_1_L_1 

'1+2+7+3+7+3  + 

25.  Express  the  decimal  .43429,  which  will  occur  in  the  next  chapter, 
as  a  continued  fraction,  find  its  fifth  convergent,  and  determine  the  limit 
to  the  error  of  this  convergent. 

26.  Express  the  decimal  2.71828,  which  will  occur  in  the  next  chapter, 
as  a  continued  fraction,  find  its  seventh  convergent,  and  determine  a 
limit  to  the  error  of  this  convergent. 

27.  The  true  length  of  the  equinoctial  year  is  365*  5^  48™  46".  Reduce 
the  ratio  5^  48'"  46" :  24**,  to  a  continued  fraction,  and  hence  show  how  often 
leap  year  should  come. 


CHAPTER  XXXV. 

LOGARITHMS. 

1.  An  equation  of  the  form  6"  =  a,  in  which  it  is  required 
to  find  one  of  the  three  numbers,  a,  b,  n,  in  terms  of  the  two 
other  numbers,  supposed  to  be  known,  leads  to  three  different 
operations. 

(i.)  Given  h  and  n,  to  find  a.  We  then  have  a  =  6".  Ex- 
pressions of  the  form  6**  have  been  considered  in  the  preceding 
chapters. 

(ii.)  Given  a  and  w,  to  find  6.  We  then  have  h  =  -^a.  Ex- 
pressions of  the  form  -^a  have  already  been  considered. 

(iii.)  Given  a  and  b,  to  find  w.  Designating  the  unknown 
number  by  «,  we  have 

b'  —  a. 

This  relation,  wherein  a  and  b  are  recU  and  positive,  forms 
the  subject-matter  of  this  chapter.  It  will  be  proved  later 
that  a  value  of  x  can  always  be  found  to  satisfy  the  given 
equation. 

This  value  of  x  is  frequently  an  irrational  number.  We  must 
therefore  prove  that  the  principles  established  in  Ch.  XXVI. 
for  rational  powers  hold  also  for  irrational  powers. 

Irrational  Powers. 

2.  An  Irrational  Power  is  a  power  whose  exponent  is  an  irrational 

number ;  as  x^^^ 

3.  Let  b  be  any  real  positive  number  greater  than  1,  and  /  be  a  posi- 
tive irrational  number  defined  by  the  relation  (Ch.  XVIII.,  Art.  8): 


n 
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m  m-f-l 

Then  the  two  rational  powers  6«  and  b~^  have  the  properties  (i.) 
and  (ii.),  Art.  6,  Ch.  XVIII. 

Since  -  increases  and  ^*  "*"      decreases  as  n  increases,  it  follows  from 
n  n  „ 

Ch.  XVII.,  Art.  8  (i.)  and  (ii.)  and  Art.  7  (i.),  that  6»  increases  and 
b  »*    decreases  as  n  increases,  and  that  6»  <  6  »  . 

m+l  m  "'1 

The  difference  6  »    —  6»  =  6«  (6"  —  1)  is  positive,  and  can  be  made  less 
than  any  assigned  number,  however  small. 

For,  let  6»  -  1  =  d,  (1) 

1 

wherein  d  is  positive,  since  6*»  >  1,  by  Ch.  XVII.,  Art.  8  (ii.). 

We  are  then  to  prove  that  d  can  be  made  less  than  any  assigned  num- 
ber, however  small,  by  increasing  n  indefinitely. 

From  (1),  we  have  6»  =  1  +  d,  or  6  =  (1  +  d)\ 

By  Ch.  XVII.,  Art.  15,  1  +  wd<  (1  +  d)\ 

Therefore  l-\-nd<b,  or  d<  ^^ll. 

n 

Consequently,  as  n  increases  indefinitely,     ~    ,  and  hence  also  d,  de- 

n 
creases  indefinitely,  and  can  be  made  less  than  any  assigned  number. 

m  m+l 

But  6«,  <  6  '*  ,  is  less  than  some  definite  finite  number  B,    There- 
'll*      ~      n(h  - 1) 
fore,  b  ♦*    —  6«< 

By  increasing  n  beyond  any  assigned  number,  however  great,    -    ~  ^ 
can  be  made  less  than  any  assigned  number,  however  small. 

m  m+l 

Therefore  the  two  series  of  powers  6*»  and  b  *»    determine  a  positive 
number  which  lies  between  them.    This  number  is  defined  as  aA    That  is, 

m  m+l 

4.    In  like  manner  it  can  be  shown  that  if  —  /  be  an  irrational  num- 
ber, defined  by  the  relation 

wi  -H  1  ^      .^     m 

^^ —  '^~  ^ '^  ~^^ 

n  n 

_m+l  _m 

then  the  two  seri'^s  of  powers,  b     "    and  b  ",  determine  a  positive  num- 
ber which  lies  bt.  iween  them.    This  number  is  defined  as  a-'.    That  is, 

m+l  m 

b  ~^<b-r<b  ". 
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5.  It  follows  directly  from  the  definition  of  6-^,  that  b-^  =  i- 

6.  It  can  now  be  proved  that  the  principles  of  rational  powers  hold 
also  for  irrational  powers. 

Let  h'l  and  b't  be  two  irrational  powers  defined  by  the  relations 

(i.)  If  the  corresponding  rational  powers  of  the  series  which  define 
Ml  and  b't  be  multiplied,  we  obtain  the  two  series  of  numbers 

b^'^b'**  and  6  "»  6  "»  . 
The  numbers  of  these  series  have  the  properties  (i.)  and  (ii.),  Art.  6, 
Ch.  XVIII.     The  proof  is  similar  to  that  given  in  Ch.  XVIII.,  Art.  16. 
Therefore  the  two  series 

b^b^*  and  6  "i  6  »*« 


determine  a  positive  number  which  lies  between  them, 
defined  as  the  product  ft'ift'i. 

That  is,  6»»6»'«<  bh¥t<b  ">  6  »«  . 

In  like  manner  it  can  be  shown  that  the  two  series 


This  number  is 


5»»i  «i  and  6  "*       "* 
determine  a  positive  number  which  lies  between  them, 
defined  as  ftA+'s. 


«a  * 


This  number  is 


That  is,  6"»   "»<  6'*+^*  <  6  *»» 

But  since     6"»  6"*  =  &"»   »*«  and  6  "i  6  "«    =  6  *»i       "«  ' 

the  two  numbers  6^»"*"'»  and  b^^b^*  are  determined  by  the  same  relation, 
and  are  therefore  equal. 

That  is,  6^«6'»  =  6^»+^ 

In  a  similar  manner  the  principle  can  be  proved  when  the  exponents, 
either  or  both,  are  negative  irrational  numbers. 

6'» 


(ii.)  We  have 


b'^ 


=  b^tb-^*  =  b't+(-h)  =  6/1-/2, 


wherein  Ji  and  J2,  either  or  both,  are  negative. 

Principles  (III.)-(V.),  Ch.  XXVI.,  can  be  proved  in  a  similar  manner. 
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7.  In  the  proofs  of  the  preceding  principles,  the  base  was  assumed 
to  be  greater  than  1.  Similar  reasoning  will,  however,  apply  when  the 
base  is  less  than  1  and  positive. 

For,  if  6  <  1  and  positive,  it  can  be  shown  that  the  irrational  power  is 
defined  by  the  relation 

m-fl  m 

b  "  <6^<6". 

Solution  of  the  Equation  b*  =  a. 

8.  (i.)  First,  let  6  >  1.    The  powers 

...,  b-K  6-1,  6°,  b\  62,  ..., 

increase  toward  the  right  beyond  any  positive  number,  however  great, 
as  the  exponents  increase  without  limit.    For,  by  Ch.  XVII.,  Art.  16, 

(l+<i)»>l  +  nd(, 

wherein  n  and  d  are  positive.  We  can  make  1  +  wd  greater  than  any 
assigned  number,  however  great,  by  increasing  n  without  limit.  But 
1  +  d  represents  any  number  greater  than  1. 

The  same  series  decreases  toward  the  left  below  any  assigned  positive 
number,  however  small,  as  the  absolute  values  of  the  exponents  increase 

without  limit,  by  Ch.  XXVII.,  §  3,  Art.  8.     For  6-»»  =  (-Y,  and  i  <  1. 

Then  a  will  either  be  equal  to  one  of  these  powers  or  lie  between  two 
consecutive  powers.  In  the  former  case,  x  is  equal  to  a  positive  or  a 
negative  integer.  In  the  latter  case,  x  lies  between  two  consecutive  num- 
bers of  the  series 

—  2,  :^1,  0,  +1,  +2,.... 

Let  6*  and  6*+^  be  the  two  powers  between  which  a  is  found  to  lie ; 
i.e.,  6*  <  a  <  6*+^  wherein  k  is  0,  or  any  positive  or  negative  integer. 

Then  x  lies  between  k  and  A;  +  1 ;  or.  A;  <  as  <  A;  +  1. 

The  interval  between  jfe  +  1  and  k,  =  1,  we  now  divide  into  ten  equal 
parts,  and  form  the  series  of  powers, 

Then  a,  which  lies  between  6*  and  6*+^  must  either  be  equal  to  one 
of  these  powers,  or  lie  between  two  consecutive  powers. 

In  the  former  case,  x  is  equal  to  a  fraction  A;  +  — ,  wherein  ki  is  one 
of  the  numbers  1,  •-,  9. 

In  the  latter  case,  let  6  ^^  and  6  ^^  be  the  two  powers  between 
which  a  is  found  to  lie  ;  that  is, 

6    i<»<a<6      10. 
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Wherein  k  is  one  of  the  numbers  0,  1,  •••0.    Then  x  lies  between 


By  continuing  the  process,  we  can  prove  that  a  either  is  equal  to  a 
power  of  the  form  6  ^^  lo*  w,  or  lies  between  two  consecutive  powers 
6*^io'^io«^  ^10^,  and  6    w  io»^     loi* . 

In  the  former  case,  a  =  b    *"  lo*       lo',  and  therefore 

a  rational  number. 
In  the  latter  case, 

and  therefore, 

10^102^  10j»^    ^         10     102^      ^    IOp  ^^ 

As  in  Ch.  XVIII.,  Art.  7,  we  may  designate 

10     102         ^    lOi'      -^      n 
The  relations  (1)  and  (2)  then  become 

6»<a<6«       (3),     and    ??*<x<??L±i.  (4) 

n  n 

It  follows,  from  the  nature  of  the  process  by  which  —  is  obtained, 
that  &"  increases,  but  remains  always  less  than  a,  and  therefore  becomes 

nt-f-l 

more  and  more  nearly  equal  to  a.  For  the  same  reason,  b  «  decreases, 
but  is  always  greater  than  a,  and  therefore  becomes  more  and  more 
nearly  equal  to  a. 

It  will  now  be  proved  that  as  n  increases  beyond  any  assigned  number, 

m  m+1 

however  great,  6»»  and  b  »»  differ  from  a  by  less  than  any  assigned 
number,  however  small. 
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m  m+l 

For,  6«  and  b  "  differ  from  each  other,  and  hence  from  a,  which  lies 
between  them,  by  less  than  any  assigned  number,  however  small. 

At  the  same  time,  as  was  proved  in  Ch.  XVIII.,  Art.  7,  —  and  

differ  from  each  other,  and  therefore  from  a  common  limit  which  lies 
between  them,  by  less  than  any  assigned  number,  however  small.  This 
common  limit,  therefore,  is  such  a  value  of  x  as  makes  6*  =  a. 

We  have,  therefore,  proved  that  for  given  values  of  a  and  ft,  when 
6  >  1  and  a  is  positive,  there  is  a  definite  value  of  x  which  satisfies  the 
equation 

h'  =  a. 

(ii.)  When6<l  and  positive.  Then  ->1  and  positive.  Therefore, 
by  (i.)  there  is  a  value  of  x  such  that 


Therefore,  there  is  always  a  value  of  x  such  that  b'  =  a,  when  6  <  1 
and  positive. 

Logarithms. 

9.  The  value  of  x  which  satisfies  the  equation  b'=a  is  called 
the  logarithm  of  a  to  the  base  b. 

The  Logarithm  of  a  given  number  a  to  a  given  base  b  is,  there- 
fore, the  exponent  of  the  power  to  which  the  base  b  must  be 
raised  to  produce  the  number  a. 

E.g.,  since  2^  =  8,  3  is  the  logarithm  of  8  to  the  base  2 ; 
since  10^  =  100,  2  is  the  logarithm  of  100  to  the  base  10. 

10.  The  relation  b'  =  a  is  also  written  x  =  logj  a,  read  x  is 
the  logarithm  of  a  to  the  base  b.     Thus, 

2^  =  8      and3  =  log2  8, 

102  =  100  and  2  =  logiol00, 

are  equivalent  ways  of  expressing  one  and  the  same  relation. 

11.  The  theory  of  logarithms  is  based  upon  the  idea  of 
representing  all  positive  numbers,  in  their  natural  order,  as 
powers  of  one  and  the  same  base. 
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Thus,  4,  8, 16,  32,  64,  etc.,  can  all  be  expressed  as  powers  of 
a  common  base  2 ;  as  4  =  2*,  8  =  2®,  16  =  2*,  etc.  Since,  also, 
all  the  numbers  intermediate  between  those  given  above  can 
be  expressed  as  powers  of  2,  the  exponents  of  these  powers 
are  the  logarithms  of  the  corresponding  numbers. 

The  logarithms  of  all  positive  numbers  to  a  given  base  form 
what  is  called  a  System  of  Logarithms.  The  base  is  then  called 
the  base  of  the  system, 

12.  Neither  the  number  1,  nor  any  negative  number,  can  be 
taken  as  the  base  of  a  system  of  logarithms.  For,  since  any 
power  of  1  is  1,  it  is  evident  that  any  other  number  than  1  can- 
not be  represented  as  a  power  of  1. 

It  is  also  impossible  to  represent  all  positive  numbers  as  real 
powers  of  a  given  negative  number. 

It  follows  from  Art.  8  that  any  positive  number  except  1 
may  be  taken  as  the  base  of  a  system  of  logarithms. 

13.  The  following  properties  of  logarithms  evidently  follow 
from  the  properties  of  powers. 

(i.)  Tlie  logarithm  of  1  to  any  base  is  0.  For  b^  =  1,  or 
log,l  =  0. 

(ii.)  The  logarithm  of  the  base  itself  is  1.  For  6*  =  6,  or 
logj  6  =  1. 

The  following  properties  of  logarithms  hold  when  the  base 
is  greater  than  1. 

(iii.)  The  logarithm  of  an  infinite  is  an  infinite.  For  6*  =  oo , 
or  logj  00  =  00 . 

(iv.)  The  logarithm  of  0  is  a  negative  infinite.  For  6~*  =  0, 
or  logj  0  =  —  00 . 

(v.)  The  logarithm  is  positive  or  negative,  according  as  the 
number  is  >  or  <  1. 

For  any  positive  number  >  1  lies  between  1  and  +  oo .  Therefore  its 
logarithm  lies  between  0  and  -f-  oo  ,  and  is  positive.  Any  positive  number 
<  1  lies  between  0  and  1 ;  therefore  its  logarithm  lies  between  —  oo  and 
0,  and  is  negative. 
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14.  The  following  relation  will  be  found  useful  : 

6^°«6°  =  a, 

Tor  let  logj  o  =  x,  or  6*  =  a. 

Substituting  in  the  last  relation  log*  a  for  a:,  we  have  W^h  a  =  a. 

The  truth  of  this  relation  is  self-evident.  It  asserts  that  the  logarithm 
of  a,  to  the  base  6,  is  the  exponent  log^  a ;  but  the  italicized  words  are 
just  the  words  for  which  the  expression  logb  a  stands. 

EXERCISES  I. 

Express  the  following  relations  in  the  language  of  logarithms : 
1.  62  =  26.  2.  26  =  32.  8.  ?«  =  34.3.  4.  3^  =  2187. 

6.  4*  =  266.  6.  38  =  27.  7.  68  =  125.  8.  88  =  612. 

Express  the  following  relations  in  terms  of  powers  : 
9.  log881  =  4.     10.  log981  =  2.   11.  log4  64=3.       12.  log264=6. 

18.  logs 512  =  3.  14.  logs  729=6.   16.  log,  16= -4.  16.  logio.001  =  -3. 

Determine  the  values  of  the  following  logarithms  : 

17.  logs  32.  18.  log,  128.        19.  log2.6.  20.  log2.26. 

21.  log4  64.  22.  logons.  28.  log2.125.  24.  logs .04. 

26.  log729  3.  26.  log8i26  5.        27.  Iog24oi7.  28.  logs  .03126. 

29.  log4. 16626.     80.  log27  7iT.       81.  log64.6.  82.  logs2.125. 

To  the  base  16,  what  numbers  have  the  following  logarithms  ? 
88.  0.  84.  i.  86.   -  2.  86.  f.  87.  -i. 

Solve  the  following  equations  : 

88.  log2X  =  3.  39.  log2X  =  .6.  40.  log2a;  =  ^. 

41.  log,  9  =  2.  42.  log,  27  =  -  3.  43.  log,  8  =  f 

Principles  of  Logarithms. 

15.  The  logarithm  of  a  product  is  equal- to  the  sum  of  the  logor 
rithms  of  its  factors;  or, 

log6  (m  xn)  =  log6  m  +  log^  /i. 

Let  logj  m  =  x  and  logt  n  =  y; 

then        6*  =  m  and  fty  =  n,  and  therefore,  mn  =  b*h»  =h'+y. 
Translated  into  the  language  of  logarithms,  this  result  reads 
\ogb(mn)  =  X  +  y. 
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But  X  =  logh  m  and  y  =  logi  n, 

and  consequently 

\ogb(mn)  =  log6  TO  4-  logi  n, 

for  all  poBitive  values  of  b. 

This  result  may  be  readily  extended  to  a  product  of  any  number  of 
factors.     For, 

logiCmnp)  =  log6(wn)  +  logjp  =  logi  w  +  log6  n  +  log*  p. 

And,  in  like  manner,  for  any  number  of  factors. 

E.g,     Given  log2  32  =  5,  and  log2  64  =  6;  what  is  the  loga- 
rithm of  2048  to  the  base  2  ? 
Since  2048  =  32  •  64,  we  have 

log,  2048  =  log2  32  4-  log,  64  =  5  4-  6  =  11. 

16.  The  logarithm  of  a  quotient  is  equal  to  the  logarithm  of  the 
dividend  minus  the  logarithm  of  the  divisor;  or, 

logb  (m-^n)  =  log6  m  —  log^  /»• 
Let  logi  TO  =  x  and  log&  n  =  y; 

then       6*  =  TO  and  6»  =  n,  and  therefore  TO-f-n  =  6*-j-6»  =  &*-». 
In  the  language  of  logarithms  the  last  equation  is 

logj  (to  -^  n)  =  X  -  y  =  logj  to  -  logjn, 
for  all  positive  values  of  b. 

E.g.     Given  logg  3  =  1  and  logs  2187  =  7,  what  is  the  loga- 
rithm of  729  to  the  base  3  ? 

Since  729  =  5^, 

we  have      logs  729  =  logs  2187  -  logs  3  =  7  -  1  =  6. 

17.  Both  m  and  7i  may  be  products,  or  the  quotient  of  two 
numbers. 

E.g.,    log.„  1^  =  log,.  (4  X  6)  -  log,„  (9  x  8) 
y  X  o 

=  logio4  4-  logio5  —  logio9  —  logi(r8. 

18.  The  logarithm  of  the  reciprocal  of  any  number  is  the 
opposite  of  the  logarithm  of  the  number. 
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For,  logj  -  =  logi  1  -  log5  n 

n 

=  —  logj  n,  since  logj  1=0. 
E.g.,  loga  4  =  2,  and  logj  ^  =  -  2. 

19.  Tlie  logarithm  of  any  power,  integral  or  fractional,  of  a 
number  is  equal  to  the  logarithm  of  the  number  multiplied  by  the 
exponent  of  the  power;  or, 

log{mP)  =  plogm, 

Let  logft  m  =  05,  then  6*  =  m. 

Eaising  both  sides  of  the  last  equation  to  the  pth  power,  we  have 
bp»  =  mP,  or  logft  {mf)  =px=p  logb  m. 

Kg.,  if  logs  25  =  2,  what  is  logg  (25)8  ? 

We  have        logs  {25y  =  3  logs  25  =  3  x  2  =  6. 

20.  When  the  exponent  is  a  positive  fraction  whose  numerar 
tor  is  1,  this  principle  may  be  conveniently  stated  thus : 

The  logarithm  of  a  root  of  a  number  is  the  logarithm  of  the 
number  divided  by  the  index  of  the  root. 

1 
For,  logft  (m^)  =  ilog  wi  = 


E.g.,  If  logy  2401  =  4,  what  is  logy  V2401  ? 

We  have 

logy  V2401  =  |logy  2401  =  I  •  4  =  2. 

21.  It  can  readily  be  seen  from  the  preceding  principles 
and  examples  that  if  the  logarithms  of  all  numbers  to  any  one 
base  are  given,  certain  numerical  calculations  can  be  greatly 
simplified  by  replacing  the  operations  of  multiplication  and 
division  by  those  of  addition  and  subtraction,  and  the  opera- 
tions of  involution  and  evolution  by  those  of  multiplication 
and  division. 
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BXBBCISE8  II. 

Express  the  following  logarithms  in  terms  of  log  a,  log  6,  logc,  and 
logd: 

■•'<•    »'<•    •■'^s-    «■-©■• 

Express  the  following  sums  of  logarithms  as  logarithms  of  products  and 
quotients. 

8.  log  a  +  log  6  —  log  c.  9.   log  a  —  (log  b  +  log  c). 

10.   31oga-llog(6  +  c).  11.   ilog(l-a:)+ilog(l  +  «). 

12.   21og?  +  31og^.  18.   21oga-tlog6  +  ilogc. 

0  a 

Given  logio2  =  .3010,  logio3  =  .4771,  logio5  =  .6990,  logio7  =  .8451, 
find  the  values  of  the  following  logarithms,  to  the  base  10 : 

14.  logs.  18.   logo.  16.  log 8.  17.    log 9. 

18.  log  12.  19.   log  36.  90.  log  108.  21.    log4}. 

22.  log2f  28.  log5f  24.  log5f.  26.    log  360. 

26.  log  3072.  27.   log  3500.  28.   log  5880. 

29.  logV72.  80.   logVl80.  81.   log  ^1715. 

32.   logi^.  88.   log-^JfxylOfi  84.   logi^lili. 

^  ^/96  ^^72x^1  (111)* 

Find  the  values  of  the  following  fractions : 

85    ]2Kll.  86    ?^i^.  87.  ^^^^^^ 

log  9  log  126  log  3 

88.   Prove  that  the  ratio  df  the  logarithms  of  two  numbers  is  the  same 
for  all  bases. 

Syatema  of  LogarithmB. 

22.   The  two  most  important  systems  of  logarithms  are  : 
(i.)  The  system  whose  base  is  10.      This  system  was  intro- 
duced, in  1615,  by  the  Englishman,  Henry  Briggs. 

Logarithms  to  the  base  10   are  called  Common,  or  Briggs's 
Logarithms. 


LOGARITHMS. 


471 


(ii.)  The  system  whose  base  is  the  sum  of  the  following 
infinite  series, 

1       .         1 


14-^4--^  + 

1     1.2^1.2.3 


1.2.3.4 


4-- 


Tlie  value  of  this  sum,  which  to  seven  places  of  decimals  is 
2.7182818,  is  denoted  by  the  letter  e, 

Ijogarithms  to  the  base  e  are  called  Natural  Logarithms; 
sometimes  also  Napierian  Logarithms,  in  honor  of  the  inventor 
of  logarithms,  the  Scotch  Baron  Napier,  a  contemporary  of 
Briggs.  Napier  himself  did  not,  however,  introduce  this  sys- 
tem of  logarithms. 

These  two  systems  are  the  only  ones  which  have  been  gen- 
erally adopted ;  the  common  system  is  used  in  practical  calcu- 
lations, the  natural  system  in  theoretical  investigations.  The 
reason  that  in  all  practical  calculations  the  common  system  of 
logarithms  is  superior  to  other  systems  is  because  its  base  10 
is  also  the  base  of  our  decimal  system  of  numeration. 

The  logarithms  of  most  numbers  are  irrational,  and  thus 
approximate  values  are  used. 


Properties  of  Common  Logarithms. 

23.  In  the  following  articles  the   subscript  denoting  the 
base  10  will  be  omitted. 


We  now  have 


(a) 


10"=  1,  orlogi  =0, 
10>=  10,  or  log  10  =1 
W=  100,  or  log  100  =2 
10^=1000,  or  log  1000  =  3 


rlO-'  = 

•1, 

or  log 

.1 



-1 

10-"  = 

.01, 

or  log 

01 

= 

-2 

io-»= 

.001, 

or  log 

001 

= 

-3 

[io-«= 

.0001, 

or  log 

.0001 

= 

-4 

(b) 


Evidently  the  logarithms  of  all  positive  numbers,  except 
positive  and  negative  integral  powers  of  10,  consist  of  an  inte- 
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gral  and  a  decimal  part.  •   Thus,  siuce  10'  <85  <  10^,  we  have 
1  <  log 85  <  2,  or  log 85  =  1 -{-a  decimal 

24.  The  integral  part  of  a  logarithm  is  called  its  Character- 
istic. 

The  decimal  part  of  a  logarithm  is  called  its  Mantissa. 

25.  Since  a  number  having  one  digit  in  its  integral  part,  as 
7.3,  lies  between  10°  and  10\  it  follows  from  table  (a)  that  its 
logarithm  lies  between  0  and  1,  i.e.,  is  0+a  decimal.  Since  any 
number  having  two  digits  in  its  integral  part,  as  76.4,  lies 
between  10'  and  10^,  its  logarithm  lies  between  1  and  2,  that  is, 
is  1  -|-  a  decimal.  In  general,  since  any  number  having  n  digits 
in  its  integral  part  lies  between  10'*"^  and  10",  its  logarithm 
lies  between  n  —  1  and  n,  i.e.,  is  n  —l  +  a  decimal.  We  there- 
fore have : 

(i.)  The  characteristic  of  the  logarithm  of  a  number  greater 
than  unity  is  jjositive,  and  is  one  less  than  the  number  of  digits  in 
its  integral  part. 

E.g.,  log  2756.3  =  3  -f-  a  decimal. 

Since  a  number  less  than  1  having  no  cipher  immediately 
following  the  decimal  point  lies  between  10°  and  10~^,  it  follows 
from  table  (b),  that  its  logarithm  lies  between  0  and  —  1,  i.e., 
is  —  1  +  a  positive  decimal.  Since  a  number  less  than  1 
having  one  cipher  immediately  following  the  decimal  point  lies 
between  10~^  and  10"^,  its  logarithm  lies  between  —  1  and  —2, 
i.e.,  is  —  2  4- «  positive  decimal.  •  In  general,  since  a  number 
less  than  1  having  .n  ciphers  immediately  following  the  deci- 
mal point  lies  between  10~"  and  10"^**"^^^,  its  logarithm  lies 
between  —  n  and  —  (n  +  1),  i.e.,  is  —  (n  +  l)-^a  positive  deci- 
mal.    We  therefore  have : 

(ii.)  Tlie  characteristic  of  the  logarithm  of  a  numberless  than  1 
is  negative,  and  is  numerically  one  greater  than  the  number  of 
ciphers  immediately  following  the  decimal  point. 

E.g.,  log  .00035  =  —  4  -f  a  decimal  fraction. 

It  follows  conversely  from  (i.)  and  (ii.)  : 
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(^iii.)  If  the  characteristic  of  a  logarithm  he  -f-7t,  there  are  n-\-l 
cLigits  in  the  integral  part  of  the  corresponding  number. 

(^iv.)  If  the  characteristic  of  a  logarithm  he  —  ?i,  there  are  w— 1 
cipJters  immediately  following  the  decimal  point  of  the  correspond- 
ing mumher. 

26.  It  has  been  found  that  538  =  lO^-^**  to  four  decimal 
places,  or  log  538  =  2.7308.     We  also  have 

log  .0538  =  log  y^lf  ^  =  log  538  -  log  10000  =  2.7308  -  4 
=  .7308  -  2  ; 
log  5.38  =  log  Iff  =  log  538  -  log  100  =  2.7308  -  2 
=  .7308 ; 
log  53800  =  log  (538  x  100)  =  log  538  +  log  100 

=  2.7308  4-  2  =  4.7308. 
These  examples  illustrate  the  following  principle: 
If  two  numbers  differ  only  in  the  position  of  their  decimal 
points,   their  logarithms   have  different  characteristics  hut  the 
same  positive  mantissa. 

If  n  denote  the  number  of  places  through  which  the  decimal  point  has 
been  moved  in  a  given  number  a,  we  have 

log  (a  10«)  =  log  a  -f  n  log  10  =  log  a  4-  », 
and  log  (o  -^  10«)  =  log  a  -n  log  10  =  log  o  -  n, 

since  moving  the  decimal  point  a  given  number  of  places  to  the  right  or 
left  is  equivalent  to  multiplying  or  dividing  by  a  power  of  10. 

27.  The  characteristic  and  the  mantissa  of  a  number  less  than 
1  may  be  connected  by  the  decimal  point,  if  the  sign  (— )  be 
written  over  the  characteristic  to  indicate  that  the  character- 
istic only  is  negative,  and  not  the  entire  number. 

Thus  instead  of  log  .00709  =  .8506  -  3  =  -  3  +  .8506,  we  may 
write  3.8506 ;  this  must  be  distinguished  from  the  expression 
—  3.8506,  in  which  the  integer  and  the  decimal  are  both 
negative.     Similarly, 

log  .082  =  2.9138,  while  log  820  =  2.9138. 
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28.  The  logarithms,  to  the  base  10,  of  a  set  of  consecutive 
positive  numbers  have  been  computed.  The  student  is  referred 
to  Tables  of  Logarithms,  and  to  works  on  Trigonometry,  for 
specific  directions  in  the  use  of  logarithms. 

2S9.  The  following  relation  is  sometimes  useful : 

log^a.loga6  =  l. 
If  logja  =  X  and  log. 6  =  y, 

we  have  6*  =  o    (1)    and    o"  =  6.    (2) 

Raising  (1)  to  the  yth  power,  we  obtain 

&«»  =  OF,  =  6. 
Therefore  xy  =  1,  or  log^  a  •  loga  6  =  1. 

30.  If  the  logarithms  of  any  system  (i.e.,  to  any  base)  have  been 
csllculated,  the  logarithms  of  any  other  system  (i.e.,  to  any  other  base) 
can  be  easily  obtained  from  them. 

Let  logaiV=aj  andlogjJV=y; 

then  N  =  a*  and         N  =  bK 

Consequently,  a'  =  6». 

The  last  equation  is  equivalent  to 

X  =  loga  &»  =  y  •  log.  b  ; 

X  1 

therefore,  y  = = , •  x. 

loga  b     loga  b 

Hence,  to  transform  the  logarithm  of  a  number  from  base  a  to  base  6, 
divide  it  by  loga  6,  i.e.,  the  logarithm  of  the  new  base  to  the  old  base. 

It  follows  that  if  the  logarithms  of  any  system  (say,  to  base  a)  have 
been  calculated,  the  logarithms  of  any  other  system  (say  to  base  6)  are 
obtained  by  multiplying  each  logarithm  of  the  first  system  by  the  constant 
number The  latter  number  is  called  the  Modulus  of  the  system 

loga  6 

b  with  respect  to  the  system  a. 

31.  If  the  natural  logarithm  of  a  number  If  be  denoted  by  n  and  its 
common  logarithm  by  m,  then 

JV=e*=  10» 
From  this  equation  we  obtain 

n  logio  e  =  m  logio  10  =  m, 

or  n=, .  m=, •  m. 

logio  e  logio  2.7182818... 

The  value  of  logio  2.7182818 ...  is  known  to  be  .4342945,  to  seven 
places  of  decimals. 
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Consequently,  n  =  -rrr:——  x  m  =  2.3025851  x  m, 

^         ^  .4342945 

or  loge  N=2. 3025851  logio  iV: 

Th.e  number  2.3025851  is  therefore  the  modulus  of  the  natural  system 
-witli  respect  to  the  common  system  of  logarithms,  i.e.,  is  the  number  by 
vrliicb  each  logarithm  of  the  common  system  must  be  multiplied  in  order 
to  give  the  logarithms  of  the  natural  system. 

Similarly,  logio  N  =  0.4342945  log^  iV, 

or,   4342945  is  the  modulus  of  the  common  system  with  respect  to  the 
natural  system  of  logarithms. 

EXERCISES  III. 

Given  log  2  =  .3010,  log  3  =  .4771,  log  7  =  .8451,  find  the  logarithms  of 
the  following  numbers  : 

1.    .2.  2.   .002.  8.  500.  4.    7000.  6.   .0003. 

6    ?5.  7    ^  8    ^  9    —  10    '^^ 

'    .3*  '  20*  '   .002*  *   .02i»  '    .0072' 

Determine  the  number  of  integral  places  in  the  following  powers : 

11.   2100.  12.   76\  18.   51000.  14.  2949W. 

Exponential  and  Logarithmic  Equations. 

32.  An  Exponential  Equation  is  an  equation  in  which  the  unknown 
number  appears  as  an  exponent  of  a  known  or  an  unknown  number; 
as,  a*  =  6. 

A  Logarithmic  Equation  is  an  equation  in  which  the  logarithm  of  the 
unknown  number,  or  of  an  expression  containing  the  unknown  number, 
enters ;  as,  log  (x  +  1)  =  2. 

The  solutions  of  certain  forms  of  exponential  and  logarithmic  equations 
will  be  considered. 

Exponential  Equations. 

33.  Ex.  1.     Solve  the  equation  3*  =  9. 
Taking  logarithms,      a;  log  3  =  log  9  =  2  log  3. 
Hence  a;  =  2. 

This  result  could  have  been  obtained  by  inspection,  by  writing  3*  =  32. 

Ex.  2.     Solve  the  equation       3*  =  5. 

Taking  the  logarithms  of  both  sides  of  the  equation,  we  have 

xlog3  =  log5,    or    x  =  l2SS  =  0,a9»0^j4g5_ 
logs     0.4771 
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Ex.  3.   Solve  the  equation  9v^(«+i)  =  27  •  Sv^e+D. 
Replacing  9  by  3*,  and  27  by  3',  we  obtain 

3V(»+i)  =  38 .  3v'(*+i>  =  38+\/(»^-i). 
Hence  2y/{x  +  1)=  3  -h  VCx  +  1), 

or  ac  =  8. 

Ex.  4.  Solve  the  equation  4  •  6*+*  -  5»  =  95. 

Since  6*+i  =  6-5*, 

we  have  4  •  6  •  5*  —  5*  =  96, 

or  19 .  5*  =  95 ; 

whence  5*  =  5,   or  a;  =  1. 

Ex.  5.  Solve  the  equation  10 .  2*  -2**  =  16. 

Since  22»  =  (2*)*,  we  solve  the  equation  as  an  equation  in  2*  as  the 
unknown  number.    Replacing  2«  by  y^  we  obtain 

y2-10y=-16; 
whence  y  =  8  and  2. 

We  therefore  have  the  two  exponential  equations : 
2»  =  8,  or  X  =  3, 
and  2*  =  2,  or  ac  =  1. 


Ex.  6.   Solve  the  equations  2*  •  S^  =  18, 
5« .  7i'  =  245. 
Taking  logarithms,  we  obtain  from  (1) 

a;  log  2  +  y  log  3  =  log  18, 
and  from  (2)  x  log  5  +  y  log  7  =  log  245. 

From  (3)  and  (4),  we  have 


(1) 
(2) 

(3) 
(4) 


_  log  7  .  log  18  -  log  3  .  log  245  __ 
^  ~  iog  7  •  log  2   -  log  3 .  log    5    ~    ' 


-  =  2. 


"  log  7  •  log  2   —  log  3  •  log 

-  log  5  ■  log  18  +  lo?y  2  .  log  245 
^  ~      log  7  •  log  2  -  log  3  .  log    5 

This  example  could  also  have  been  solved  by  inspection. 

Since  18  =  2  •  3'^  and  245  =  5  •  7^, 

we  have  2*  •  3^  =  2  •  3^,  (6) 

6*.7ir=:5.72.  (6) 

Assuming  tentatively  x  =  \  and   y  =  2  in  equation  (5),  we  see  that 
these  values  also  satisfy  equation  (6). 
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Logarithmic  Equations. 

34.   Ex.  1.   Solve  the  equation  J  log(a;  -  9)  +  log  V(2  x  -  1)  =  1. 
By  the  principles  of  logarithms,  we  obtain  successively 

log  VCx  -  9)  +  log  V(2  X  -  1)  =  log  10, 

log V[(x  -  9)  (2  X  -  1)]  =  log  10. 
Therefore  y/[(x-9)(2x- 1);\=  10, 

or  2x2-19x4-9  =  100. 

The  roots  of  this  equation  are  13  and  —  J. 

Ex.  2.   Solve  the  equation 

log(x  +  12)  -  logx  =  0.8451  +  log(6  -  Qx). 
By  the  principles  of  logarithms, 

log^Jli?  =  log  7(6  -  6x),  since  0.8461  =  log  7. 

X 

Consequently  ?-+i?  =  42-36  x, 

X 

or  x-|-12=42x-36x2. 

The  roots  of  this  equation  are  |  and  |J. 

Ex.  3.   Solve  the  equation  x^^«*  =  100 x. 
Taking  logarithms,  we  obtain 

(logx)2  =  logl00  +  logx, 
or  (log  x)2  —  log  X  =  2. 

Solving  this  equation  as  a  quadratic  in  log  x,  we  obtain 
logx=     2,  or  x  =  100; 
logx  =  -l,  or  x  =  t1i^. 

EXERCISES  IV. 
Solve  the  following  exponential  equations : 

1.  2*  =  64.  2.  3*  =  81.  8.   2*-i  =  .52«-«. 

4.  my  =  .75«-8.  5.  43X-1  =  .5«-5.  e.   4*  =  8. 

7.  8' =  32.  8.  5'=(v5)-i.  9.   4'+i  =  8  .  2'+2. 

10.  253^1  =  625  •  5*+3.  11.    7y/(*-9)  =  343  _  49\/(x-8). 

12.  27v^(«-3)=(V3)2^^('+3).  13.    ^^n-x^^s-*. 

14.    ^a'+2  =  V^'-^-  16.    ^a'+^=y/a'-^ 

16.   4* -6.  2*  + 8  =  0.  17.  9* +  243  =  36. 3*. 
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Given  log  2  =  .8010,  log  3  =  .4771,  log  6  =  .6990,  log  7  =  .8461,  solve  the 
following  equations : 

18.  10»  =  6.  19.  5»  =  10.  90.  100«  =  8. 

21.  1000«  =  6.3.  82.  (J)»  =  f  28.  (|)»  =  J. 

y8  =  a:». 


J3«.6r  =  76,  fl4«.8r  =  896,  ^    fi 

"*•  I  2»  .  7r  =  98.  **'•  I    6«  .  9r  =  406.  ^'  | 


Solve  the  following  logarithmic  equations : 

27.  logx  +  log (z  +  3)  =  1.  28.  log4  +  2 logx  =  2. 

29.  log8  +  3 logz  =  3.  80.  2  logx  =  1  +  log  (x  -f  H)- 

81.  log  V(7  «  +  6)  +  log  VC2  x  +  3)=  1  +  logf. 

82.  log (7  -  9a;)«  +  log(3x  -  4)^  =  2. 

88.   log(a;  +  ^x)  +  log(a;  -  y/x)  =  log  4  +  log  o^  -  log  x. 
logx«^___  log(2a;-3)  log(36-^__ 

*^'    log(3  X  -  i6)  "         •"•    iog(4  x-^- 16)  "  *"     ^'     log(6-x)  "" 


